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Preface

Block operator matrices are matrices the entries of which are linear oper-
ators between Banach or Hilbert spaces. They arise in various areas of
mathematics and its applications: in systems theory as Hamiltonians (see
[CZ95]), in the discretization of partial differential equations as large parti-
tioned matrices due to sparsity patterns (see [SADT00]), in saddle point
problems in non-linear analysis (see [BGLO5]), in evolution problems as
linearizations of second order Cauchy problems (see [EN00]), and as lin-
ear operators describing coupled systems of partial differential equations.
Such systems occur widely in mathematical physics, e.g. in fluid mechanics
(see [Cha61]), magnetohydrodynamics (see [Lif89]), and quantum mechan-
ics (see [Tha92]). In all these applications, the spectral properties of the
corresponding block operator matrices are of vital importance as they gov-
ern for instance the time evolution and hence the stability of the underlying
physical systems.

The aim of this book is to present a wide panorama of methods to
investigate the spectral properties of block operator matrices. Particular
emphasis is placed on classes of block operator matrices to which stan-
dard operator theoretical methods do not readily apply: non-self-adjoint
block operator matrices, block operator matrices with unbounded entries,
non-semi-bounded block operator matrices, and classes of block operator
matrices arising in mathematical physics. The main topics include:

localization of the spectrum and investigation of its structure,
description of the essential spectrum,

characterization and estimates of eigenvalues,

block diagonalization and invariant subspaces,

solutions of algebraic Riccati equations,

applications to concrete problems from mathematical physics.
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We shall address these problems using the particular block structure of
the operators and the properties of their operator entries. The methods
employed come from a number of different areas:

e the theory of linear operators (numerical ranges, perturbation theory),
e classical functional analysis (fixed point theorems),
e complex analysis (analytic operator functions, factorization theorems).

The book gives an account on recent research on the spectral theory of
block operator matrices and its applications in mathematical physics. It
contains results which were published roughly during the last 15 years. A
number of theorems, however, was found while this book was written and
are still in the process of being published. The three chapters may be of
interest for different groups of readers: Chapter 1 deals exclusively with
bounded block operator matrices and contains methods and results which
are of interest even in the matrix case. Chapter 2, which may be read inde-
pendently of Chapter 1, is focused on unbounded block operator matrices
and is particularly suited for applications to differential operators. Chap-
ter 3 contains applications of the results of Chapter 2 to various spectral
problems from mathematical physics.

No particular focus is placed on block operator matrices arising in sys-
tems theory and in evolution equations. Although some of the methods
presented may be applicable, it seems to be impossible for a single author
and a single book to cover also the vast range of results in these two impor-
tant areas; nevertheless, certain points of intersection will be mentioned.

This book could not have be written without the contributions and
help of many people. Sincere thanks go to my coauthors and friends Vadim
Adamjan, Margarita Kraus, Heinz Langer, Matthias Langer, Alexander
Markus, Marco Marletta, and Volodya Matsaev; my teacher Reinhard
Mennicken; my former PhD students Markus Wagenhofer (with spe-
cial thanks for providing the beautiful figures and the cover), Monika
Winklmeier, and Christian Wyss; my present PhD students Jean-Claude
Cuenin and Jan Nesemann; my colleague Alexander Motovilov; Deutsche
Forschungsgemeinschaft (DFG, Germany) and Engineering and Physical
Sciences Research Council (EPSRC, UK) for their most valuable funding;
and, finally, to Zhang Ji and Jessie Tan from World Scientific for all their
support and patience.

Bern, July 2008 Christiane Tretter



Introduction

As an introduction, we first describe the historical background of the spec-
tral theory of linear operators. In the second part, the state of the art of
research on the spectral theory of block operator matrices is outlined. The
third and last part contains a brief description of the contents of this book.

1. Historical background. The spectral theory of linear, in particular
self-adjoint, operators in a Hilbert space is one of the major advances in
mathematics of the 20th century (see [Ste73a] for a historical survey). It
was initiated by D. Hilbert in his famous six papers on integral equations
from 1904 to 1910 (see [Hil53]) which contain all basic ideas for the spec-
tral theorem for bounded self-adjoint operators. Simultaneously, H. Weyl
further advanced the theory for singular second order ordinary differen-
tial equations in his seminal paper [Wey10]. The next major breakthrough
came during the years 1927 to 1929 when J. von Neumann developed the
abstract concept of Hilbert space and linear operators therein and initiated
the spectral theory for unbounded self-adjoint operators (see [vN30a]). Von
Neumann’s work was driven by the needs of quantum mechanics (see [vIN27],
[vN32]), which was created in 1925/26 mainly by W. Heisenberg, E. Schro-
dinger, and P. Dirac (see [BJ25], [BHJ26], [Sch26a], [Sch26b], [Dir25],
[Dir26]). Between 1927 and 1932, this spectral theory was elaborated and
extended to unbounded normal operators by F. Riesz (see [Rie30]) and,
in great detail and independently of further work by von Neumann (see
[vN30b]), by M.H. Stone (see [Sto32]). Further important contributions
concerning extensions of semi-bounded symmetric operators and applica-
tions to differential operators are due to K.O. Friedrichs in 1934 (see [Fri34])
and M.G. Krein in 1947 (see [Kre47b], [Kre47a)).

Another important field that was stimulated by problems from mathe-
matical physics is the perturbation theory of linear operators (see [Kat95]).

vii
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It originates in the works of Lord Rayleigh from 1877 on vibrating systems
(see [Ray26]) and of E. Schrodinger from 1926 on eigenvalue problems in
quantum mechanics. The first important contribution in this field is due
to H. Weyl in 1909 and concerns the stability of the now so-called essen-
tial spectrum of a bounded self-adjoint operator (see [Wey09]). A mathe-
matically rigorous perturbation theory for eigenvalues and eigenvectors of
self-adjoint operators T'(k) depending analytically on a parameter x was
developed by F. Rellich between 1937 and 1942 in a series of fundamental
papers (see [Rel42]). Later, in 1948, K.O. Friedrichs created a perturbation
theory for the continuous spectrum which proved to be useful in scattering
theory and quantum field theory (see [Fri48], [Fri52]). In 1949 T. Kato
started his deep investigations on the perturbation theory of linear oper-
ators (see [Kat50], [Kat52], [Kat53]) which form one of the bases of his
famous so entitled 1966 monograph [Kat95].

The spectral theory of non-self-adjoint linear operators is much more
involved than that of self-adjoint operators. Although the first pioneer-
ing works of G.D. Birkhoff on eigenfunction expansions for non-self-adjoint
differential operators (see [Bir08], [Bir12], [Bir13]) were written almost at
the same time as Hilbert’s famous six papers, it took about 40 years for
abstract results to follow. Since then, a wealth of results has become avail-
able in the literature which are not so widely known, in particular, among
physicists and engineers. It is impossible to give even a brief account of
them and so only a few milestones can be mentioned. In the years 1951 /52
B. Sz.-Nagy, F. Wolf and T. Kato generalized Rellich’s results and obtained
the first theorems on the perturbation theory of closed linear operators (see
[SN51], [Wol52], [Kat52]). At the same time, in 1951, M.V. Keldysh’s cor-
nerstone work on the completeness of eigenvectors and associated vectors
and eigenvalue asymptotics of non-self-adjoint operator polynomials was
published (see [Kel51]), which had a great impact on the spectral the-
ory of non-self-adjoint differential operators. A seminal work from 1957
on the stability of various spectral properties, in particular, of the index
for non-self-adjoint operators is due to I.C. Gohberg and M.G. Krein (see
[GK60]). Almost simultaneously and independently, T. Kato established
similar results (see [Kat58]). 1.C. Gohberg and M.G. Krein also wrote a
comprehensive account of results on non-self-adjoint operators as early as
1965 (see [GK69]). One focus of this book is on completeness results as ini-
tiated by V.I. Matsaev (see e.g. [Mat61], [Mat64]) and by V.B. Lidskif (see
e.g. [Lid59b], [Lid59al); it also contains many other important contribu-
tions, e.g. on classes of compact linear operators and s-numbers, estimates
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of the growth of the resolvent of non-self-adjoint linear operators, and per-
turbation determinants. Another important direction was opened up in
1954 by N. Dunford who developed the theory of spectral operators (see
[Dun54]); a detailed presentation of the latter and an enormous collection
of results on non-self-adjoint operators is contained in the volume [DS88]
by N. Dunford and J.T. Schwartz. A structure theory for non-self-adjoint
operators was created in 1954 by M.S. Livsic; in [Liv54] he introduced the
notions of operator colligations (or nodes, following the literal translation
from Russian) and characteristic functions and employed them intensively
with his colleagues, in particular, M.S. Brodskii (see [Bro71], [BL58], and
the monograph [LY79] with its review in [Bal81]). In the 1960ies, the
notion of characteristic functions appeared also in the work of B. Sz.-Nagy
and C. Foiag in the different context of unitary dilation spaces for con-
tractions (see [SNF70]). One of the main tools in almost all of the above
works is the extensive use of the theory of functions, either for studying the
behaviour of the resolvents of non-self-adjoint operators or of operator col-
ligations by means of the factorization of characteristic functions (see e.g.
the monograph [BGK79] by H. Bart, I.C. Gohberg, and M.A. Kaashoek).

Linear operators that are self-adjoint with respect to an indefinite inner
product were brought up in quantum field theory, in works from 1942/43
by P. Dirac (see [Dir42]) and W. Pauli (see [Pau43]). The first basic result
for operators in infinite dimensional spaces with indefinite inner product
is due to L.S. Pontryagin in 1944 (see [Pon44]). Inspired by a mechanical
problem considered by S.L. Sobolev (which was, at that time, secret mili-
tary research and published only in 1960, see [Sob60]), Pontryagin proved
the existence of a special invariant subspace for a self-adjoint operator in a
space with finite-dimensional positive part (now called Pontryagin space).
This result was extended and generalized by 1.S. Iohvidov, M.G. Krein, and
H. Langer between 1956 and 1962 (see [IK56], [IK59], [Lan62], and the joint
monograph [IKL82]). In 1963 M.G. Krein and H. Langer established a spec-
tral function for self-adjoint operators in Pontryagin spaces (see [KL63)).
Shortly after, in 1965, a comprehensive spectral theory for definitizable self-
adjoint operators in Krein spaces (where positive and negative part may be
infinite dimensional) was set up by H. Langer (see [Lan65], [Lan82]). Many
of the above results may be found in the monographs [Bog74] by J. Bognar
and [AI89] by T.Ya. Azizov and I1.S. Iohvidov.

In spite of all its inherent problems, the spectral theory of non-self-
adjoint linear operators is of utmost importance for applications: Self-
adjointness is an intrinsic property of energy-preserving (so-called closed)
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systems; however, in practice, many systems e.g. from engineering are not
energy-preserving and have a non-self-adjoint state operator (so-called open
systems). The recent book [TE05] by L.N. Trefethen and M. Embree on the
behaviour of non-normal matrices and operators provides striking evidence
of this by mentioning 19 fields with more than 8000 representative citations
and by its own bibliography comprising 851 references. The significance
of the problems arising due to the lack of self-adjointness, especially with
regard to numerical calculations, have now become widely accepted, at least
among mathematicians. Major contributions to this are due to F. Chatelin
who further developed Kato’s perturbation theory in view of applications
to the numerical spectral analysis in 1983 (see the monograph [Cha83)).
Other important concepts are pseudospectra and spectral value sets orig-
inating in works of H.J. Landau from 1975 (see [Lan75]), S.K. Godunov
et al. from 1990 (see [GKK90]), N. Trefethen from 1992 (see [Tre92] and
the monograph [TE05]), and of D. Hinrichsen and A. Pritchard in view of
uncertain systems (see [HP92] and the monograph [HP05]). Important con-
tributions to pseudospectra of differential operators are due to E.B. Davies
(see [Dav99], [Dav00], and the recent survey [Dav07]).

2. Spectral theory of block operator matrices. If A is a bounded
linear operator in a Hilbert space H and a decomposition H = H; & Hs
into two Hilbert spaces Hi, Hz is given, then A always admits a block
operator matrix representation

(2

with linear operators A, B, C, and D acting in or between the spaces H1
and Hy. For an unbounded linear operator A in H, its domain D(A) need
not be decomposable as D @ Dy with D1 C Hy, Do C Hz and hence
it is an additional assumption that A has a representation (I) such that
D(A) = (D(A) N D(C)) & (D(B) N D(D)). In this case, we call A an
unbounded block operator matrix.

Our aim is to use information about the entries A, B, C, and D to
investigate various spectral properties of the block operator matrix A. If
A is not self-adjoint or symmetric and/or all entries of A are unbounded,
we face a number of difficulties:

a) The results on self-adjoint operators and perturbations of them rely
heavily on the following properties: if A with domain D(A) is self-adjoint
in a Hilbert space H with scalar product (-,-), then its numerical range
W(A)={(Az,z) : € D(A),||z| = 1} and its spectrum o(.A) are real, the
norm of the resolvent (A—X)~! is bounded by 1/dist (), o(A)) for A ¢ o(A),
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all eigenvalues are algebraically simple (i.e. there are no Jordan chains),
and, if the spectrum of A is discrete (i.e. if it consists only of isolated
eigenvalues with finite multiplicities), then H has an orthonormal basis of
eigenvectors. For a non-self-adjoint linear operator A all these properties
may fail: the numerical range and the spectrum need no longer be real,
there are no estimates of the resolvent in terms of the spectrum (which
may result in an extreme sensitivity of the spectrum to perturbations),
the eigenvalues need not be algebraically simple, and, if the spectrum is
discrete, then the system of eigenvectors and associated vectors may not be
complete and may fail to be “linearly independent”.

b) For the spectral theory of unbounded linear operators, it has to be
required that the operator is closed or at least closable. However, the sum
of closed or closable operators need not be closed or closable, respectively;
similarly, the sum of self-adjoint operators need not be self-adjoint. As
a consequence, an unbounded block operator matrix need not be closed
even if so are its entries; if it is closable, then the closure need not have a
block operator matrix representation. We identify classes of closable block
operator matrices and describe their closures. This classification is based on
inclusion relations between the domains of the entries: diagonally dominant,
off-diagonally dominant, and upper dominant block operator matrices. It
turns out that, in many respects, these classes require different approaches.

¢) The most powerful tool to investigate all kinds of spectral data of
a self-adjoint operator is the spectral function. Nothing comparable exists
in the non-self-adjoint case. For bounded isolated parts of the spectrum, a
contour integral over the resolvent, the so-called Riesz projection, can be
used to identify a corresponding spectral subspace. However, if the spec-
trum consists of two unbounded isolated parts it is not clear if the spectrum
splits at infinity, i.e. if there exist corresponding spectral subspaces which
reduce the operator. Moreover, even for self-adjoint operators that are non-
semi-bounded and hence have spectrum tending to oo and —oo, the classical
variational principles do not apply to eigenvalues in gaps of the spectrum.

d) For 2 x 2 matrices, the eigenvalues can be characterized as the zeroes
of a quadratic polynomial, the characteristic determinant. Since, in general,
the entries A, B, C, and D of a block operator matrix (I) act between
different spaces, it is not possible to multiply them in a way resembling the
scalar 2 x 2 case; e.g. if H; = C* and Hy = C! with k # [, then the product
of matrices AD — BC' cannot be formed. To study the spectrum of 2 x 2
block operator matrices, one therefore has to find other functions encoding
the spectral data (e.g. Schur complements). These functions depend on
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the complex spectral parameter and their values are linear operators; how
to build them, may depend on the invertibility of the entries of the block
operator matrix and on inclusions between their domains.

The above mentioned problems have been attacked in the theory of
block operator matrices by various different methods:

2.1. Quadratic numerical range and block numerical ranges. The numer-
ical range W(A) = {(Az,z) : © € D(A), ||z|| = 1} of a linear operator A in
a Hilbert space H is a reliable method to localize its spectrum. It was first
studied by O. Toeplitz in 1918 (see [Toel8]); he proved that the numerical
range of a matrix contains all its eigenvalues and that its boundary is a
convex curve. In 1919 F. Hausdorff showed that indeed the set W (A) is
convex (see [Haul9]). In fact, it turned out that this continues to hold
for general bounded linear operators and that the spectrum is contained in
the closure W (A) (see [Win29]). For unbounded linear operators A, the
inclusion of the spectrum prevails if every component of C\ W (.A) contains
at least one point of the resolvent set of A; moreover, the resolvent esti-
mate [|(A — X)7H| < 1/dist (A, W(A)) holds for A ¢ W(A) (see [Kat95]).
Another interesting property is that every corner of W(.A) belongs to the
spectrum and is an eigenvalue if it lies in W (.A) (see [Don57], [Hil66)).

At first sight, the convexity of the numerical range seems to be a useful
property, e.g. to show that the spectrum of an operator lies in a half plane.
However, the numerical range often gives a poor localization of the spectrum
and it cannot capture finer structures such as the separation of the spectrum
in two parts. In view of these shortcomings, the new concept of quadratic
numerical range was introduced in 1998 in [LT98] and further studied in
[LMMTO1], [LMTO01]. If A is a bounded linear operator, a decomposition
H="H1®H> of the Hilbert space is given, and (I) is the corresponding block
operator matrix representation of A, then the quadratic numerical range
W?2(A) of A is the set of all eigenvalues of the 2 x 2 matrices

((Ax,x) (By, )

Apy =

(Cz,y) (Dy,y)
The obvious generalization to n x n block operator matrices is called block
numerical range of A (see [Wag00], [TWO03]); for unbounded block operator
matrices A, only matrices A, , with normed elements z € D(A) N D(C)
and y € D(B) N D(D) are considered (see [LT98], [Tre08]).

The quadratic numerical range is always contained in the numerical
range: W2(A) C W(A). However, unlike the numerical range, the qua-
dratic numerical range is no longer convex; it consists of at most two com-
ponents which need not be convex either. On the other hand, the quadratic

) L weMiLyeH lel =yl =1 ()
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numerical range shares many other properties with the numerical range: it
enjoys the spectral inclusion property; it furnishes a resolvent estimate of
the form || (A-X) 71| <1/dist(, WQ(.A))2 for ¢ W2(A); a corner of W2(A)
belongs to the spectrum of A or one of its diagonal entries A, D. Analo-
gous results hold for the block numerical range and some, e.g. the spectral
inclusion, also for certain classes of unbounded block operator matrices.
Compared to other spectral enclosures of Gershgorin or Brauer type (see
[Ger31], [Bra58]), the quadratic numerical range has the advantage of not
requiring any norms of inverses.

Besides the spectral inclusion, the most important feature of the qua-
dratic numerical range is that it yields a criterion for block diagonalizability.
The corresponding theorem generalizes the well-known fact that every 2 x 2
matrix with two distinct eigenvalues can be diagonalized: If the closure of
W?2(A) consists of two disjoint components, then A can be block diagonal-
ized. An analogue for the block numerical range was proved recently under
some additional conditions (see the PhD thesis [Wag07]).

Although the quadratic numerical range is a relatively recent concept,
applications of it have already appeared in the literature. V.V. Kostrykin,
K.A. Makarov, A.K. Motovilov used it to prove perturbation results for
spectra and spectral subspaces of bounded self-adjoint operators (see
[KMMO7]); some of their results are presented in Section 1.3 (see Theorems
1.3.6, 1.3.7). In [Lin03] H. Linden applied the quadratic numerical range
to derive enclosures for the zeroes of monic polynomials. K.-H. Forster
and N. Hartanto developed a Perron-Frobenius theory for the block numer-
ical range of (entrywise) nonnegative matrices in [FHO8], thus generalizing

corresponding results for the spectrum and the numerical range.

2.2. Schur complements and factorization. Schur complements were first
used in the theory of matrices. The idea to associate the matrix D—CA~'B
with a block matrix A as in (I) (with non-singular A) may be traced back
at least to Schur (see [Sch17], and maybe even to earlier work by J. Syl-
vester). The name “Schur complement” was created by E. Haynsworth in
1968 when she began to study partitioned matrices (see [Hay68]). In Hil-
bert spaces, Schur complements may be found first in M.G. Krein’s famous
paper [Kre47b] on the extension of self-adjoint operators, under the name
“shorted operators”. Apart from their numerous applications in matrix
theory and numerical linear algebra, Schur complements are used in many
other areas including statistics, electrical engineering, C*-algebras (see e.g.
[Zha05] with its exhaustive bibliography, [Bha07], and [CIDR05]), and in
mathematical systems theory, where they appear as transfer functions of
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state space realizations of linear time invariant systems (see [BGKRO05]).
In the theory of bounded and unbounded block operator matrices, Schur
complements are powerful tools to study the spectrum and various spec-
tral properties. This was first recognized by R. Nagel in a series of papers
starting in 1985 (see [Nag85], [Nag89], [Nag90], [Nag97]). He began to
develop a “matrix theory” for unbounded operator matrices with “diago-
nal domain” (block operator matrices in our terminology) and with “non-
diagonal domain” (allowing for some coupling between the two components
of elements of the domain). The intimate relation between the spectral pro-
perties of the block operator matrix A and those of its Schur complements

S1(\N)=A—-AX—-B(D-N"C, X¢o(D),
So(\) =D - A—C(A-N"'B, A¢o(A),

is obvious from the so-called (formal) Frobenius-Schur factorizations, e.g.

A= (ol )9 a0 7)) ree

and the corresponding factorization for the resolvent (A — \)~L Important
milestones in this direction are: the paper [ALMS94] by F.V. Atkinson,
H. Langer, R. Mennicken, and A.A. Shkalikov from 1994 where the essen-
tial spectrum of a upper dominant block operator matrix was determined
by means of Schur complements; the paper [AL95] by V.M. Adamjan and
H. Langer from 1995 which contains the key ideas for the block diagonal-
ization of operator matrices with self-adjoint separated diagonal entries
D « 0 <« A and bounded corners B, C that are self-adjoint (C' = B*) or
J-self-adjoint (C'= —B*). In the subsequent papers [ALMS96], [Shk95],
[AMS98], the approach of [AL95] was extended to self-adjoint block opera-
tor matrices with unbounded entries, and in [LT98] to non-self-adjoint diag-
onal entries A, D with spectra separated by a vertical strip and C'= B* The
Schur complement approach of [ALMS94] to determine the essential spec-
trum was further developed by A.A. Shkalikov (see [Shk95]) and A. Jeribi et
al. (see [MDJ06], [DJ07]) in the Banach space case, and, in the Hilbert space
case, by A.Yu. Konstantinov et al. (see [Kon96], [Kon97], [Kon98], [Kon02],
[KMO02], [AKO05]) who also studied the absolutely continuous spectrum and
gave applications to upper dominant singular matrix differential operators.

Like Livsic’ characteristic functions, Schur complements are operator-
valued analytic functions reflecting the spectral properties of the associated
block operator matrix A. Also here, methods of complex analysis such
as the factorization theorems by A.I. Virozub and V.I. Matsaev for the
self-adjoint case (see [VM74]) and by A.S. Markus and V.I. Matsaev for
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the general case (see [MM75]) may be employed. The former was used
by R. Mennicken and A.A. Shkalikov (see [MS96]) who generalized the
results of [AL95], [ALMS96] for self-adjoint block operator matrices with
D < A to the case where A and the Schur complement S5 satisfy a certain
separation condition. The factorization theorem by Markus and Matsaev,
together with Brouwer’s fixed point theorem, was used in [LMMTO01] to
prove the theorem on block diagonalization for bounded non-self-adjoint
block operator matrices. It was shown that if the closure of the quadratic
numerical range consists of two disjoint components, W2(A) = F1U F,
then the Schur complements admit factorizations

i = M;(N(Z; - N, j=12, (1)

with operator functions M; that are holomorphic in F; and have boundedly
invertible values and linear operators Z; such that o(Z;) = o(A) N F;. As
a consequence of the factorization (III), the block operator matrix A turns
out to be similar to the block diagonal matrix diag (Z7, Z2).

Interestingly, in 1990/1991, before the abstract methods described
above were developed, eigenvalue problems for second order differential
expressions depending on the spectral parameter rationally (with so-called
“floating singularity”, see [Bog85]) were studied (see [LMM90], [FM91],
[ALM93]). In fact, the corresponding linear operators are the Schur com-
plements of upper dominant matrix differential operators. These investiga-
tions, especially on A-rational Sturm-Liouville problems on compact inter-
vals were further elaborated to study also eigenvalue accumulation and
embedded eigenvalues by means of Sturm’s comparison and oscillation the-
ories (see [ALM93], [MSS98], [Lan00], [ALLO1], [Lan01]). The case of singu-
lar intervals was treated by J. Lutgen in [Lut99]; the case of the whole axis
with periodic boundary conditions was considered by R.O. Hryniv, A.A.
Shkalikov, and A.A. Vladimirov in [HSV00], [HSV02]. It is impossible to
give an account of the vast literature on matrix differential operators stud-
ied purely by means of techniques from the theory of differential equations;
we only mention Dirac systems or Schrodinger type operator matrices.

In mathematical physics, Schur complements were first used by H. Fesh-
bach in 1958 (see [Fes58]) and have since become valuable tools under
the name Feshbach maps or decimation maps (see e.g. [BacOl, Sec-
tion 7], [Lut04], [BCFS03], [GHO8]). Here the entry A corresponds e.g.
to low energy states of the system without interaction and the operator
A — BD7'C is called decimated Hamiltonian. The fact that the spectrum
and eigenvalues of a block operator matrix outside the spectrum of the diag-
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onal entry A, say, coincide with the spectrum and eigenvalues, respectively,
of its first Schur complement S; and the relation P;(A—X)"tP =51 (\)~!
are referred to as the Feshbach projection method or Grushin problem in
the physics literature (see [BFS98, Chapter II] and [SZ03]).

2.3. Algebraic Riccati equations. There are two algebraic Riccati equa-
tions formally associated with a block operator matrix A as in (I):

KiBKy1+KiA— DK, —-C=0, KyCKs+ KysD—AKy;—B=0. (IV)

Even in the matrix case, the existence of solutions to such quadratic opera-
tor equations is a non-trivial problem. In the following we describe a purely
analytical approach which relies on rewriting the Riccati equations as opera-
tor Sylvester equations (sometimes also called Krein-Rosenblum equations)
and using a fixed point argument; subsequently, we present methods that
are based on the close relation of solutions of Riccati equations and invari-
ant graph subspaces of the block operator matrix.

The starting point for the fixed point approach is to write e.g. the first
Riccati equation in the equivalent form KA—DK =Y withY := C—KBK.
Solutions K to such operator equations in integral form seem to have been
found first by M.G. Krein in 1948 (see [Phd91]), and later independently by
Yu. Daleckii (see [Dal53]) and M. Rosenblum (see [Ros56]). The key condi-
tion is that the spectra of the operator coefficients A and D on the left hand
side have to be disjoint; then the solution is given by the so-called Daleckii-
Krein formula (see [DK74a, Theorem 1.3.2] or [GGK90, Theorem 1.4.1])

1

K=-—¢ (D-2)7'YV(A—z) "' = ®(K);
2mi Jr,

here I'p is a Cauchy contour around o (D) separating it from o(A). Since
Y = C — KBK, this formula may be viewed as a fixed point equation
for K. To ensure that the mapping ® so defined is a contraction, smallness
conditions have to be imposed on the coefficients B and C. As a result
of Banach’s fixed point theorem, we obtain the existence and uniqueness
of contractive solutions of the Riccati equation and a fixed point iteration
converging to the solution in the operator norm.

The first to use a fixed point argument in connection with a Krein-
Rosenblum equation was G.W. Stewart in a series of papers between 1971
and 1973 (see [SteT1], [Ste72], [Ste73b]). He introduced a special implicit
measure §(A, D) for the separation of the spectra of A and D, which is
defined e.g. if one of them is bounded and, in the self-adjoint case, reduces
to the usual distance. Assuming +/||B||||C|| < 6(4, D)/2, Stewart proved
the existence of a bounded solution of the associated Riccati equation,
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which guarantees the existence of an invariant subspace of a closed linear
operator (see below). Motivated by applications to two-channel Hamilto-
nians from elementary particle physics, A.K. Motovilov applied the fixed
point method to self-adjoint diagonally dominant block operator matrices
in 1991/1995 (see [Mot91], [Mot95]); he proved existence and uniqueness
of solutions of Riccati equations if dist (¢(A),o(D)) >0 and the Hilbert-
Schmidt norm of B satisfies || B|z <dist (¢(A), o(D)) /2. This approach was
further advanced, and more general conditions were found, for the non-self-
adjoint case in [ALT01] with bounded B, C, D, in [AMMAO03] with bounded
B, C, and in [AMO5] for the case of one normal diagonal entry. The fixed
point method also applies if the spectra of A and D are not disjoint: In a
series of papers, R. Mennicken, A.K. Motovilov, and V. Hardt (see [MM98],
[IMM99], [HMMO02], [HMMO03]) used it for upper dominant block operator
matrices for which o(D) is partly or entirely embedded in the continuous
spectrum o.(A) of A; they assumed that the second Schur complement
admits an analytic continuation under the cuts along the branches of the
absolutely continuous spectrum of A, which is ensured by conditions on B.
In numerical linear algebra, iterative schemes for solving Riccati equations
were used by K. Veseli¢ and E. Kovaé Striko in [KSV01] in order to establish
an algorithm for block diagonalizing non-self-adjoint matrices (see below).

Riccati equations play an important role in mathematical systems the-
ory (see the monographs [LR95, Chapter IV] by L. Rodman and P. Lan-
caster, [CZ95, Chapter 6] by R. Curtain and H. Zwart and the bibliogra-
phies therein). They arise e.g. in linear quadratic (LQ) optimal control
on an infinite time interval and have been the subject of intense research
since Kalman’s seminal paper from 1960 (see [Kal60]). There, and in other
areas like computational physics and chemistry (see [Ben00]), the operator
coefficients in (IV) have the special properties that D=—A*and B, C are
non-negative; the corresponding block operator matrices are called Hamil-
tonians. In systems theory results on existence and uniqueness of non-
negative Hermitian solutions of Riccati equations are sought as well as iter-
ative schemes to approximate solutions for infinite time intervals by solu-
tions for finite time intervals (see e.g. [Mar71], [CZ95], [KSVO01]). An idea
of the vast literature on Riccati equations for Hamiltonians with bounded
coefficients is given in [LR95]; for unbounded coefficients, important con-
tributions are due to A. Pritchard and D. Salamon (see [PS84], [PS87]),
and to I. Lasiecka and R. Triggiani (see [LT91], [LT00b], [LT00a]) who gave
applications to linear partial differential equations with boundary and point
controls. Although some of the methods presented here apply to Riccati
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equations from systems theory (see [LRT97], [LRvdR02], Remark 2.7.26,
and Corollary 2.9.23), this wide area is out of the scope of this book.

2.4. Invariant graph subspaces and block diagonalization. Invariant sub-
spaces of matrices and linear operators are a key tool in many areas of math-
ematics and its applications (see the monograph [GLR86] by I.C. Gohberg,
P. Lancaster, and L. Rodman for an exhaustive account). The existence of
solutions to the Riccati equations (IV) implies that the subspaces

- {(e)ren). a-{(F)ven)

are invariant for the block operator matrix A formed from their coefficients.
As a consequence, the operator A formally admits the block diagonalization

( I K2>1 (A B) ( I Kg) B (A+BK1 0 ) VD
Ky 1 C D Ky I 0 D+ CKy )

Vice versa, if a block operator matrix A possesses invariant subspaces
of the form (V), then the operators K7, K therein are solutions of the
Riccati equations (IV). Hence the existence of an invariant graph subspace
of a block operator matrix is equivalent to the existence of a solution of a
corresponding Riccati equation.

The operators K1, Ky in (V) are called angular operators since they
provide a measure for the perturbation of the invariant subspaces H; @ {0},
{0} ® Hz of the block diagonal operator diag (A, D) if B and C are turned
on. As an instructive example, we consider a real 2 x 2 matrix A (see
[Hal69], [KMMO5]). If A has two different real eigenvalues A;, Ay with
eigenvectors (z1 y1)*, (w2 y2)', say x1 # 0, then e.g.

£1={< e ) :xleHl}, klzﬁz:tane;
ka1 Ty

here 6 €[0,7/2) is the angle between the axis R&{0} and the eigenspace L;.
The orthogonal projection P of C2 onto £; is given by
B ( cos?f sin@ cos@)

sinf cosf sin®6 (VID)

If P is the orthogonal projection of C2 onto C @ {0}, then it is not difficult
to check that |P—Pi|| = sinf. If A is a bounded block operator matrix
that can be block diagonalized and £; is an invariant subspace as in (V),
then the orthogonal projection P of H; & He on L, is given by
p_ ( (I+K{K))™* (I+K;K)) 'Ky )
T\K (I + KK Ki(I+ KjKq)7YK )
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Comparing with formula (VII), we recognize the formal correspondence

I+K{K, «— ——  =1+tan?6 or VEiK, «— tan,

cos? 6

which is the identity k1 = tan# in the matrix case. Using the notion of
an operator angle © of a pair of subspaces (see e.g. [KMMO03a, Section 2]),
one arrives at the rigorous identities \/K}K; = tan© and |P—P;||=sin©
where P; is the orthogonal projection of H1® Ha on H;® {0}.

Even in the case of matrices or bounded linear operators, there are no
simple answers neither to the problem of existence of invariant graph sub-
spaces nor to the problem of existence of solutions of Riccati equations; in
the unbounded case, additional problems with domains and closures arise.
However, the equivalence of the problems widens the range of methods
available for their solution. Besides the fixed point methods for Riccati
equations described before, we distinguish four main directions:

For self-adjoint operators A, a geometric approach was initiated by
works of C. Davis and W.M. Kahan in the 1960ies (see [Dav63], [Dav65],
[DK70]); they studied the perturbation of spectral subspaces of a self-
adjoint operator Ay the spectrum of which has two disjoint components.
Note that this induces a decomposition H = H; & Hs in which Ag is block
diagonal, say Ao = diag (4, D) with o(A) N (D) = . Their main results
are four different types of theorems, called siné theorem, tané theorem,
sin 260 theorem, and tan 26 theorem, which give the best possible bound on
the angle between the perturbed and unperturbed spectral subspaces.

Independently, and only in the 1990ies, V.M. Adamjan and H. Langer
developed a different analytic approach in [AL95] for self-adjoint and -
self-adjoint operators of the form

A B A0 0 B
A= (5 5)= (0 0)+ (L5 )=y v

with bounded off-diagonal perturbation V. Under the stronger assumption
(D) < o(A), but without bounds on the norm of V in the self-adjoint
case, they proved that the interval (maxo(D), mino(A)) remains free of
spectrum for the perturbed operator A = Ag + V and that the spectral
subspaces £1 and Lo corresponding to the intervals [min J(A),oo) and
(—oo,max o (D)] admit angular operator representations (V) with a uni-
form contraction K7 and Ko = —K (the latter being a consequence of the
orthogonality of £1 and L3); their method is based on analytic estimates
of integrals over the inverse of the Schur complement.
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In 2001 a novel approach involving indefinite inner products was estab-
lished in [LT01] for block operator matrices (VIII) with non-self-adjoint A
and self-adjoint V (i.e. C = B*). It is based on a theorem on accre-
tive linear operators in Krein spaces which applies if we assume that
ReW(D) < 0 < ReW(A). In fact, if H = H; & Hs is equipped with
the indefinite inner product [-, ] = (J-,-) with J = diag (I, —1I), then

w[(55) 0 Ol (5 5) 0 C) o

= Re (Az,z) — Re(Dz,z) > 0

for (z y)' € D(A). This theorem yields the existence of invariant sub-
spaces of A that are maximal non-positive and maximal non-negative with
respect to [+, -], provided A is exponentially dichotomous (see the next sub-
section). As a consequence of the definiteness of these invariant subspaces,
we obtain angular operator representations (V) with contractions K1, Ko.
This approach does not only furnish a new and more elegant proof for the
self-adjoint case treated in [AL95], it also covers non-self-adjoint diagonally
dominant and off-diagonally dominant block operator matrices. Note that,
for the latter, the off-diagonal part V can no longer be regarded as a per-
turbation of the diagonal part Ay and so, even in the self-adjoint case, none
of the previous results applies.

Finally, in parallel, a fourth method was developed in [LMMTO01] which
relies on the factorization theorems by Markus and Matsaev used for the
Schur complements. It applies to bounded linear operators A and decompo-
sitions H = H; @ Ho such that the closure of the quadratic numerical range
consists of two disjoint components. In this case, e.g. the angular operator
K and the operator Z; in the linear factor of Si(A) = Mi(\)(Z1 — A) are
related by the formulae

Z1=A+BK;, K= i (D—XN)"'C(Zy — N7,
27 Jr,
here I'; is a Cauchy contour separating the two components of the quadratic
numerical range. Similarly, we have Zy = D + C'K5 and a corresponding
integral formula for K5. This shows that, indeed, the operators Z;, Zs in
the factorizations (III) of the Schur complements are the diagonal entries
in the block diagonalization (VI).

Numerous papers were published following one or two of the previous
approaches. The analytic approach by Adamjan and Langer was further
pursued for unbounded upper dominant self-adjoint block operator matrices
with max (D) < mino(A) in [ALMS96] and, for the first time, for non-
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self-adjoint A and D with ReW (D) < 0 < ReW(A), bounded D, and
C = B* in [LT98]. The method of factorizing the Schur complements was
first applied in [MS96] to allow for a certain overlapping of the spectra
of A and D. The geometric approach of Davis and Kahan was further
elaborated in a series of papers by A.K. Motovilov et al. (see [KMMO3b]
for general bounded V; [KMMO03a], [KMMO07] for bounded off-diagonal V;
[KMMO04] for bounded off-diagonal V and the case max (D) < mino(A);
[KMMO5] for off-diagonal V and the case that A is bounded and o(A) lies
in a finite gap of o(D); [AMSO07] for bounded off-diagonal V and [MS06] for
unbounded off-diagonal V and, in both cases, o(A) N convo(D) = 0). As
in [KMMO07] and [AMMO3], optimal bounds on the norm of V guaranteeing
that the perturbed spectrum remains separated and on the angle between
the perturbed and the unperturbed spectral subspaces are given.

2.5. Dichotomous block operator matrices. A linear operator is called
dichotomous if its spectrum does not intersect the imaginary axis iR; in this
case, the spectrum of A splits into two parts 01 C C4, o9 C C_ in the open
right and left half plane, respectively. The notion of dichotomous operators
is closely related to the notion of dichotomy for differential equations. In
the most classical case, it means that the solution of a Sturm-Liouville equa-
tion on Ly(R) is the sum of two solutions from L4(0,00) and La(—o0,0),
respectively. For evolution equations u'(t) = Au(t), t € [0,00), in an
abstract Banach or Hilbert space H, the concept of exponential dichotomy
was considered by S.G. Krefn and Ju.B. Savéenko (see [KS72]); essentially,
it means that there exist two invariant subspaces £1 and L2 of A such that
H = L1 P L and ||u(t)]| decays (increases, respectively) exponentially for
t — oo if u(t) € L2 (u(t) ¢ Lo, respectively). If A is a bounded dichoto-
mous operator, then £1, £5 can be chosen to be the spectral subspaces
of A corresponding to o1, o2, i.e. the ranges of the corresponding Riesz
projections; if A is self-adjoint and unbounded, then £1, £5 can be chosen
to be the ranges of the corresponding spectral projections. If, however, A
is unbounded and not self-adjoint, then both o; and o2 may be unbounded
and the problem of “separating the spectrum at infinity” (see [GGK90,
Section XV.3]) arises.

If an unbounded non-self-adjoint block operator matrix A as in (VIII) is
exponentially dichotomous, then it can be transformed into block diagonal
form. The spectral inclusion theorem for the quadratic numerical range
yields a criterion for dichotomy. If we assume that the numerical ranges of
A and D are separated by a strip around iR, i.e. for some o, § > 0
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W(A)c{z€C:Rez>a}, W(D)C{zeC:Rez< -4},

that the strip S:={z € C: —d < Rez < a} contains at least one point of
p(A)Np(D), and that certain relative boundedness assumptions are satisfied
for the entries of A, then S C p(.A) and hence A is dichotomous. Note that
this implies that the block operator matrix A is J-accretive (see (IX)). If we
require, in addition, that W(A) and W (D) lie in certain sectors of angle less
than 7 in the right and left half plane, respectively, then A is exponentially
dichotomous. This follows from a deep theorem proved by H. Bart, 1.C.
Gohberg, and M.A. Kaashoek (see [BGK86, Theorem 3.1], [GGK90, Theo-
rem XV.3.1]); they studied exponentially dichotomous operators intensively
in relation with Wiener-Hopf factorization. Equivalent conditions for the
separation of the spectrum at infinity were given by G. Dore and A. Venni
in [DV89] in terms of powers of the operator in question. In [RvdMO04],
[vdMRO5], A.C.M. Ran and C. van der Mee considered additive and multi-
plicative perturbations of exponentially dichotomous operators; they used
methods different from those presented here, e.g. the Bochner-Phillips the-
orem. A survey of this area and of applications of exponentially dichoto-
mous operators, e.g. to transport equations, diffusion equations of indefinite
Sturm-Liouville type, noncausal infinite-dimensional linear continuous-time
systems, and functional differential equations of mixed type are given in the
recent monograph [vdMO08] by C. van der Mee.

2.6. Variational principles and eigenvalue estimates. The variational
characterization of eigenvalues goes back well into the 19th century, to
H. Weber (see [Web69]) and Lord Rayleigh (see [Ray26]). If A is a self-
adjoint operator that is semi-bounded, say from below, then the eigenvalues
A1 < Ay < -+ of A below its essential spectrum can be characterized by
means of the classical min-max principle

_ .  (Axz,x)
An = min max p(z), p) = St
dim L=n z#0

(see e.g. [RS78, Chapter XIII], [WST72], [Gou57], [Ste70]). Here p is the
so-called Rayleigh functional defining the numerical range of A. Besides
the min-max principle, which is based on the inequalities of H. Poincaré
(see [P0i90]), there also exists a max-min characterization which relies on
the inequalities of H. Weyl (see [Wey12]). Min-max and max-min principles
are effective tools in the qualitative and quantitative analysis of eigenval-
ues of self-adjoint operators for several reasons. They do not require any
knowledge about eigenvectors and can be used for comparing eigenvalues of
operators, deriving eigenvalue estimates, locating the bottom of the essen-

(X)
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tial spectrum (or showing it is empty), proving the existence of eigenvalues
below the essential spectrum, and for numerical approximations of eigen-
values; corresponding algorithms have been used in countless applications
from physics and engineering sciences for decades, e.g. in elasticity theory
for calculating buckling loads of beams or plates (see e.g. [Mik64]).

Due to the convexity of the numerical range, the classical variational
principles only apply to eigenvalues to the left (or to the right) of the essen-
tial spectrum, but not to eigenvalues in gaps of the essential spectrum.
This excludes eigenvalues of some important operators from mathemati-
cal physics like Dirac operators, Klein-Gordon operators, and Schrédinger
operators with periodic potentials. The first abstract min-max principles
for block operator matrices with spectral gap were proved by M. Griesemer
and H. Siedentop in 1999 and generalized in 2000 jointly with R.T. Lewis
(see [GS99], [GLS99]), followed by work of M.J. Esteban, J. Dolbeault, and
E. Séré beginning in 2000 (see [DES00b]), [DES00c], [DES06]). The main
motivation of these authors was to characterize the eigenvalues of Dirac
operators with Coulomb potential, as suggested in earlier work of J. Tal-
man and of S.N. Datta and G. Deviah (see below). While the assumptions
and methods of proof are different, the common idea in these papers is to
use the given decomposition H = H; ® H2 and to impose the dimension
restriction only in one component, e.g. in the bounded case

An= min  max - p(z). (XI)
dim £1=n z#0

Much earlier, beginning in the 1950ies, min-max principles were proved for
operator functions depending non-linearly on the spectral parameter. In
1955 R. Duffin was the first to consider the case of self-adjoint quadratic
operator polynomials 7'()\) (see [Duf55] and the later work [Bar74] of E.M.
Barston); self-adjoint continuously differentiable functions of matrices and
of bounded linear operators defined on some real interval I were studied
in 1964 by E.H. Rogers (see [Rog64], [Rog68]) and by B. Werner in 1971
(see [Wer71]), respectively. Here a generalized Rayleigh functional p was
introduced which, e.g. if T'(+) is strictly monotonically increasing, is defined
to be the unique zero p(z) of (T'(A)x,z) (or £00 if no zero exists). This def-
inition is closely related to the numerical range of the operator function 7',
which is given by W(T) := {A € I : (T(\)z,z) = 0 for some z € H,z # 0}.
In the particular case T'(A) = A — A, the unique zero of (T'(\)z,z) = 0 is
just the classical Rayleigh functional p(z) (see (X)). Under much weaker
assumptions on the operator functions, these min-max principles were gen-
eralized by P. Binding, H. Langer, and D. Eschwé in [BELO00]) for the case
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of bounded values T'()\), and by D. Eschwé, and M. Langer in [EL04] for
the case of unbounded values T'(\). In both papers, the variational princi-
ples were applied to the Schur complements to characterize eigenvalues of
self-adjoint and even skew-self-adjoint block operator matrices.

A new type of variational principles for eigenvalues in spectral gaps
appeared in 2002 (see [LLT02], [KLT04]). They apply to block operator
matrices having real quadratic numerical range W?2(A), i.e. to self-adjoint
and certain skew-self-adjoint block operator matrices. Here the role of the
classical Rayleigh functional is played by the functionals Ay induced by
the quadratic numerical range; they are defined as the zeroes A+ (f/) of the
quadratic polynomial det(A, , — ) (i.e. the eigenvalues of the matrix A, ,
given by (II)). The proof of these novel min-max and max-min principles
uses the variational principle of [EL04] and the inclusion of the numerical
range of the Schur complement in the quadratic numerical range. As a
corollary, we obtain the min-max principle (XI) with the classical Rayleigh
functional p. In the off-diagonally dominant case, the results of [KLT04]
are restricted to bounded diagonal entries; a generalization to one relatively
bounded diagonal entry was given in [Win05] (see also [Win08]).

The problem of eigenvalue accumulation in gaps of the essential spec-
trum of self-adjoint block operator matrices was investigated also in
[AMS98]: some of the results therein follow from more general consider-
ations of V.A. Derkach and M.M. Malamud on self-adjoint extensions of
symmetric operators with spectral gaps (see [DM91]).

2.7. Motivation by applications. Many physical systems are described
by systems of partial or ordinary differential equations or linearizations
thereof. The corresponding spectral problems tend to be challenging; pro-
found physical intuition and advanced techniques from the analysis of dif-
ferential equations are common ways to address them. The theory of block
operator matrices opens up a new line of attack.

Magnetohydrodynamics and fluid mechanics. The study of block oper-
ator matrices occurring in magnetohydrodynamics and fluid mechanics
was initiated by several papers of G. Grubb, G. Geymonat (see [GG74],
[GG77], [GGT9]) and of J. Descloux, G. Geymonat (see [DG79], [DG80]).
Using pseudo-differential calculus, they developed methods to determine
the essential spectrum of so-called Douglis-Nirenberg elliptic systems. It
seems that these authors were the first to observe that, unlike regular differ-
ential operators, regular matriz differential operators may have non-empty
essential spectrum. Applications of the results were given e.g. to the lin-
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earized Navier-Stokes operator from fluid mechanics.

In magnetohydrodynamics, knowledge of the essential spectrum, espe-
cially of its so-called Alfvén range part, may be used to heat up the plasma
inexpensively (see [Lif89, Section 7.9]). A variety of singular and regular
spectral problems from magnetohydrodynamics were studied by T. Kako
(see [Kak84], [Kak85], [Kak87], [Kak88a], [Kak88b], [KD91], [Kak94]) and
by G. Raikov by means of variational techniques (see [Rai85], [Rai86a),
[Rai86b), [Rai87], [Rai88], [Rai90], [Rai91], [Rai97]); G. Raikov also inves-
tigated the discrete eigenvalues and proved asymptotic formulae for them.

The methods developed in [ALMS94] for upper dominant block oper-
ator matrices were employed to determine the essential spectrum for sev-
eral problems in magnetohydrodynamics, fluid mechanics, and astrophysics:
regular two-dimensional problems from magnetohydrodynamics were stud-
ied by M. Faierman, A. Yu. Konstantinov, H. Langer, R. Mennicken, and M.
Moller (see [FLMM94], [FMM95], [LM96], [Kon02]); singular problems were
considered in [FMM99], [FMMO00], and by S.N. Naboko et al. in [HMN99],
[MNTO02], [KN02], [KNO03]. In the more involved singular case considered in
[DG79], Descloux and Geymonat’s conjecture on the essential spectrum is
still waiting to be proved; by now, it was only confirmed for a simpler model
problem in [FMMO04]. The result for the essential spectrum of the linearized
Navier-Stokes operator obtained in [GG79] was reproved in [FFMMO00]. The
methods of [ALMS94] apply also to problems from the stability analysis of
stellar oscillations, e.g. to a model arising in the Cowling approximation,
which was considered by H. Beyer directly by Sturm-Liouville techniques
(see [Bey00]), or to differentially rotating stars (see [FLMM99]).

Quantum mechanics. Another field where block operator matrices nat-
urally occur is quantum mechanics, the most prominent example being the
Dirac operator (see [Tha92)):

(mc? 4+ e®)I  ¢d- (—ihV — %/Y)
Hq, = - . e 7 2 .
¢ (—ihV = <A)  (=mc* +e®) I

Here the problem of block diagonalization amounts to a decoupling of
positive- and negative-energy states (electrons and positrons). For the
free Dirac operator in R3 (i.e. A= 0, ® = 0), an exact unitary trans-
formation into block diagonal form was found by L.L. Foldy and S.A.
Wouthuysen in 1950 (see [FW50] and the review articles [DV70], [CM95]).
For non-vanishing electric potential ®, the Foldy-Wouthuysen method sug-
gests a sequence of unitary transformations eliminating the lowest order off-
diagonal term in 1/c¢ in each step. However, the resulting series expansion
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in 1/c for the successively transformed Dirac operator is ill-behaved (see
[GNP89], [RW04a)). In 1974, another iterative diagonalization scheme was
proposed by M. Douglas and N.M. Kroll who used an expansion in terms
of orders in the potential ® rather than in 1/c (see [DK74b)); its efficiency
for quantum chemical implementations was first noticed by B.A. Hess in
[HeB86] and investigated in detail in a recent series of papers by M. Reiher
and A. Wolf (see [RWO04a], [RW04b], [WR06a], [WR06b]). Unlike the Foldy-
Wouthuysen approximation, this method yields a well-behaved series with
a limiting block diagonal operator having the same spectrum as the original
Dirac operator (see [RW04a]). For Coulomb potentials up to atomic number
51, convergence of this series in norm resolvent sense was proved recently
by H. Siedentop and E. Stockmeyer in [SS06]; numerically, Reiher and Wolf
have tested convergence for the ground state energies of one-electron ions
over the whole periodic table in [RWO04b]. In 1988, B. Thaller generalized
the Foldy-Wouthuysen transformation for abstract supersymmetric Dirac
operators, which include the Dirac operator with vector potential /Y, but not
with electric potential (see [Tha88], [Tha91], and the monograph [Tha92]).

The idea of achieving a block diagonalization for various Hamiltoni-
ans in quantum mechanics by means of invariant graph subspaces may be
traced back to 1954 to S. Okubo (see [Oku54] and also the survey paper
[SS01] for an introduction to Okubo’s method). His approach includes free
Dirac operators as a special case, but it also has applications in elemen-
tary particle physics (see e.g. [GMS81], [KS93], and [SSO01]); there the two
components of the Hilbert space correspond, for example, to a space of
external (e.g. hadronic) degrees of freedom and a space of internal (e.g.
quark) degrees of freedom (see [DHMT76], [Mot95]). In a mathematically
rigorous way, Okubo’s idea was used by V.A. Malyshev and R.A. Minlos
for the construction of invariant subspaces for a class of self-adjoint block
operator matrices in statistical physics, so-called clustering operators (see
[IMM79], [MM82]); their assumptions amount to separated spectra of the
diagonal entries and sufficiently small off-diagonal terms.

The first exact Foldy-Wouthuysen transformation for Dirac operators
with electric potentials was proved in 2001 in [LT01]. This result is a con-
sequence of the abstract theorem on block diagonalization described above;
at the moment, it is restricted to bounded potentials, but we conjecture
that the method continues to be applicable as long as the potential does
not mix the positive and negative part of the spectrum too badly. This
conjecture is supported by the recent paper [Cor04] of H.O. Cordes. Inde-
pendently of [LTO01], in 2004, he proved the existence of an exact Foldy-
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Wouthuysen transformation for Dirac operators with unbounded smooth
electromagnetic fields; in [Cor04], the latter is ensured by the assumption
that all derivatives of order k decay like (1+ |z|)~%~! (see also [Nen76]).
Such fields do not alter the essential spectrum, but may produce a finite
mixing of eigenvalues emerging from the left and the right end-point of the
essential spectrum. Cordes’ method relies on his earlier works on pseudo-
differential calculus and its application to Dirac operators, begun already
in the 1980ies (see [Cor79], [Cor83b], [Cor83a), [Cor95], [Cor00], [Cor01]).

Variational principles for Dirac operators of the form (XI) were first sug-
gested in the 1980ies by J.D. Talman (see [Tal86]) and by S.N. Datta and G.
Deviah (see [DD88]). The main difficulty, compared to Schrédinger opera-
tors, is that the Dirac operator is not semi-bounded and eigenvalues appear
in a gap of the essential spectrum. Remarkably, Talman already used
the Schur complement implicitly for his heuristic arguments (see [Tal86,
(4)]). The first rigorous min-max result for Dirac operators with Coulomb
potential was considered in 1997 by M. Esteban et al. (see [ES97] and also
[DES00b]). Later the abstract min-max principles by H. Siedentop et al.
in [GS99], [GLS99] and by M. Esteban et al. in [DES06] were applied to
Dirac operators with Coulomb-like potentials. The variational principles in
[KLT04] were applied to Dirac operators with bounded potentials and to
Dirac operators on Riemannian spin manifolds with warped product met-
ric. Recently, M. Winklmeier used block operator methods to establish
variational principles for eigenvalues of the angular part of the Dirac oper-
ator in curved spacetime (see the PhD thesis [Win05] and [Win08]). The
resulting eigenvalue estimates are the first analytic results, preceded only
by numerical calculations of K.G. Suffern, E.D. Fackerell, C.M. Cosgrove
and of S.K. Chakrabarti in the 1980ies (see [SFC83], [Cha84]).

Other areas. There are many other applications that we do not touch
in this book. They include linear evolution problems that can be written
formally as first order Cauchy problems

u(t) = Au(t), u(0) = uo, (XII)

with a block operator matrix A in a product space H = H1 & --- D H,, and
a function u : R* — H (see e.g. [Nag89]). Often these problems arise as
linearizations of second order Cauchy problems; examples include the wave
equation (see e.g. [Gol85]) and the Klein-Gordon equation from quantum
mechanics (see e.g. [Lun73]) for which

0 I 2 . e 7\2
A= (B D)’ B = *(—ihV — £A) +m?ct—e?®?, D = 2ed;
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other linearizations lead to different coefficients A in (XII) (see e.g. [Ves91]).
Here the crucial problem is to show that the operator A is the generator of
a semi-group. For wave equations, the operator matrix approach initiated
by Nagel was applied recently by D. Mugnolo (see [Mug06a], [Mug06c],
[Mug06b]). Other classes of block operator matrices, such as one-sided
coupled operator matrices or polynomial operator matrices, were stud-
ied intensively by K.-J. Engel et al. in numerous papers (see [Eng89a,
[Eng89b], [EN90], [Eng90], [Eng91a], [Eng91b], [Eng93], [Eng96], [Eng9s],
[Eng99], [BE04]); applications range from epidemiology to elasticity the-
ory and reaction-diffusion systems. Operator matrices with non-diagonal
domain in the sense of Nagel and applications to differential equations
with delay were considered in [BBDT05]. For abstract operator matri-
ces of Klein-Gordon type, the block operator matrix approach presented
in this book and indefinite inner product methods were applied by vari-
ous authors, including K. Veseli¢, B. Najman, and P. Jonas (see [Ves91],
[Naj83], [Jon93], [Jon00], [LNTO6], [LNTO8]); variational principles for the
Klein-Gordon equation, even in the presence of complex eigenvalues, were
derived in [LT06). Along similar lines, Cauchy problems arising in hydrody-
namics describing small oscillations of a fluid in a partially filled container
were studied in [AHKMO03], [KMPTO04]).

3. Outline of contents. The three chapters of this book are organised
in the following way:

Chapter 1 deals with bounded block operator matrices. In Section 1.1
the quadratic numerical range W?2(A) of a bounded block operator matrix
A is introduced and some elementary properties are proved. In Section 1.2
we study the quadratic numerical range of several special classes of block
operator matrices. Section 1.3 contains the most important property of
the quadratic numerical range, the spectral inclusion. In Section 1.4 we
establish an estimate of the resolvent in terms of the quadratic numerical
range. In Section 1.5 the corners of the quadratic numerical range are stud-
ied. In Section 1.6 we analyse the Schur complements of the block operator
matrix and the relation of their numerical ranges to the quadratic numerical
range. We show that if the closure of the quadratic numerical range consists
of two disjoint components, then the Schur complements admit factoriza-
tions. This result is used in Section 1.7 to prove one of the main results
of this chapter, the theorem on block diagonalization (see Theorem 1.7.1).
A consequence of this theorem is the existence of bounded solutions of the
corresponding Riccati equations. In Section 1.8 so-called spectral support-
ing subspaces H of self-adjoint block operator matrices are studied; they
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are characterized by the property that the spectral subspace L (A) is the
graph of a linear operator defined on H4*. In Section 1.9 variational princi-
ples based on the functionals A1 defining the quadratic numerical range are
established; they apply to eigenvalues in gaps of the essential spectrum of
bounded linear operators with real quadratic numerical range. Section 1.10
deals with so-called J-self-adjoint block operator matrices (i.e. A = A*,
D = D*, C = —B%*). The functionals Ay are used to classify the spectral
points of A and to identify an interval [v, u] outside of which the spectrum
of A is of definite type; the latter implies that A possesses a local spec-
tral function on R\ [v, u]. In addition, the results on spectral supporting
subspaces are extended to the case C = —B*. In Section 1.11 the qua-
dratic numerical range is generalized to n X n block operator matrices; all
results of Sections 1.1 to 1.4 carry over to this so-called block numerical
range. Moreover, we prove that a refinement of the decomposition of the
Hilbert space leads to an inclusion of the corresponding block numerical
ranges. Together with the spectral inclusion property, this yields a succes-
sively improved localization of the spectrum. In Section 1.12 we show that
the block numerical range of the companion matrix of an operator poly-
nomial contains its numerical range. Finally, in Section 1.13, Gershgorin’s
theorem for n x n block operator matrices is presented and compared with
the spectral inclusion by means of the block numerical range.

Chapter 2 focuses on unbounded block operator matrices. Section 2.1
contains some basic properties of closed linear operators; in particular, the
notions of relative boundedness and relative compactness are presented.
In Section 2.2 we establish criteria for closedness and closability of block
operator matrices. To this end, three classes of block operator matrices are
distinguished, depending on the positions of the “strongest” operators in
each column (i.e. the entries with smallest domains): diagonally dominant,
off-diagonally dominant, and upper dominant block operator matrices. In
Section 2.3 and Section 2.4 we investigate the spectrum and the essential
spectrum, respectively, of block operator matrices by means of Schur com-
plements and quadratic complements. In Section 2.5 we introduce the qua-
dratic numerical range for unbounded block operator matrices and prove
the spectral inclusion theorem for diagonally dominant and off-diagonally
dominant block operator matrices. In Section 2.6 some properties of sym-
metric and J-symmetric block operator matrices are studied; in particular,
a classification of eigenvalues in terms of the quadratic numerical range
is given. Section 2.7 contains some of the key results of Chapter 2 (see
Theorems 2.7.7, 2.7.21, and 2.7.24); they concern the existence of invari-
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ant graph subspaces and of solutions of Riccati equations for dichotomous
block operator matrices. These theorems apply to essentially self-adjoint
block operator matrices and, in the non-self-adjoint case, to diagonally
dominant and off-diagonally dominant block operator matrices with cer-
tain relative boundedness assumptions between the entries (ensuring expo-
nential dichotomy). In Section 2.8 we exploit the theorems of Section 2.7
further to obtain results on block diagonalization as well as on half range
completeness and half range basis properties of eigenfunctions and asso-
ciated functions. In Section 2.9 we reconsider the existence problem for
solutions of Riccati equations by means of fixed point methods, which also
provide uniqueness of the solution and a convergent iteration scheme. In
Section 2.10 we derive variational principles for eigenvalues in gaps of the
essential spectrum for self-adjoint and J-self-adjoint block operator matri-
ces. In Section 2.11 we use the variational principles to derive two-sided
eigenvalue estimates. Many of the results of Chapter 2 are illustrated by
matrix differential operators.

Chapter 3 concentrates on a selection of applications in mathematical
physics to which the results of Chapter 2 are applied. In Section 3.1 we
consider a stability problem for small oscillations of a magnetized gravi-
tating plane equilibrium layer of a hot compressible ideal plasma, which
is described by an upper dominant essentially self-adjoint block operator
matrix. In particular, we derive a formula for the essential spectrum, which
consists of two intervals called slow magnetosonic and Alfvén spectrum,
and we give estimates for the eigenvalues if there is a gap between these
two intervals. In Section 3.2 we study the stability of the two-dimensional
Ekman boundary layer flow which is produced in a rotating tank with small
inflow; the corresponding block operator matrix is diagonally dominant and
non-self-adjoint. We calculate the essential spectrum which consists of a
curve in the complex plane confined to a semi-strip. Section 3.3 is dedicated
to Dirac operators in R? and in curved spacetime; in both cases, the corre-
sponding block operator matrices are self-adjoint and off-diagonally domi-
nant. We show that, for the free Dirac operator in R3, our diagonalization
theorem reproduces the well-known Foldy-Wouthuysen transformation. In
contrast to the latter, our method also applies to Dirac operators in R? with
electric potential under some boundedness condition. Finally, we study the
angular part of the Dirac equation in the spacetime generated by an electri-
cally charged rotating massive black hole. We use the variational principles
of Section 2.10 to derive upper and lower bounds for the eigenvalues and
compare them with numerical values from the physics literature.
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Chapter 1

Bounded Block Operator Matrices

A block operator matrix is a matrix the entries of which are linear oper-
ators. Every bounded linear operator can be written as a block operator
matrix if the space in which it acts is decomposed in two or more compo-
nents. In this chapter we present methods that allow us to use information
on the entries in such a representation to investigate the spectral properties
of the given operator. The key tool here is the quadratic numerical range
or, more generally, the block numerical range. Our main results include
a spectral inclusion theorem, an estimate of the resolvent in terms of the
quadratic numerical range, factorization theorems for the Schur comple-
ments, and a theorem about angular operator representations of spectral
invariant subspaces; the latter implies e.g. the existence of solutions of the
corresponding Riccati equations and a block diagonalization. Many of the
results are also of interest for partitioned matrices.

1.1 The quadratic numerical range

The numerical range is an important tool in the spectral analysis of bounded
and unbounded linear operators in Hilbert spaces. We begin by collecting
some if its useful properties (see e.g. [Hal82], [GR97], [Kat95], and [Ber62)).

Let H be a complex Hilbert space and let A be a bounded linear operator
in H. Then the numerical range of A is the set

W(A) = {(Ax,x) : x € Sy}

where Sy := {x € H : ||x|| = 1} is the unit sphere in H. By the well-known
Toeplitz-Hausdorff theorem, the numerical range is a convex subset of C
and it satisfies the so-called spectral inclusion property

op(A) CW(A), o(A) C W(A) (1.1.1)
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for the point spectrum o}, (A) (or set of eigenvalues) and the spectrum o(A)
of A; note that W(A) is closed if dim H < oo. Further, the resolvent of .4
can be estimated in terms of the distance to the numerical range,

1 1 —

If a point A € W(A) is a corner of the numerical range (i.e. W(A) lies in a
sector with vertex A and angle less than 7), then A€o (A); if, in addition,
AeW(A), then A € 0,(A). The estimate (1.1.2) implies that if X € op(A)
is a boundary point of W (A), then there are no associated vectors at .

If the Hilbert space H is the product of two Hilbert spaces H; and Ho,
H = H1 © Ha, then every bounded linear operator A € L(H) has a block
operator matrix representation

A= <é g) (1.1.3)

with bounded linear operators A € L(H1), B € L(Hz2,H1), C € L(H1, Ha),
and D € L(H3). The following generalization of the numerical range of .4
takes into account the block structure (1.1.3) of A with respect to the
decomposition H = H; @ Hs.

Definition 1.1.1 For f € Sy,, g € Sy, we define the 2 x 2 matrix
Af. f) (Bg, f ))
A ::<( i ’ € M>(C). 1.1.4
fo (Cf.g9) (Dg.9) (C) (L14)
Then the set
W2 (A) = ] op(Asy) (1.1.5)
fE€SH,,9€E 1,
is called the quadratic numerical range of A (with respect to the block
operator matrix representation (1.1.3)).

For two different decompositions of the Hilbert space H, the correspond-
ing quadratic numerical ranges may differ considerably:

Example 1.1.2 The quadratic numerical ranges of the 4 x 4 matrix

2 -1 1 0
1 -2 0 1
Ao : 2 -1 0 -3
1 -2 3i 0

with respect to the two decompositions C* = C2@ C2 and C* = C?> ¢ C!
are shown in Fig. 1.1; the black dots mark the eigenvalues of Ay.
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Figure 1.1 Quadratic numerical ranges of Ag for C*=C2? @ C2 and C*=C3 @ C'.

Sometimes it is more convenient to use an equivalent description of the
quadratic numerical range which uses non-zero elements f, g that need not
have norm one.

Proposition 1.1.3  For f € H1, g € Ha, f, g # 0, we define
(Af, f) (Bg.f)

A2 I gl
A= € My(C 1.1.6
ro (Cf,9) (Dg,g) A0 (1.16)
I£ gl Nlgl?

and

3 — de (Af’f)_)‘(f’f) (Bgaf)
Bl g = det ( (Cf.9) (Dg,9) — A9, 9) ) B

Then
WA = | oplArg)

fE7'f¢1,i§’H2
={AeC:3 feH1, geHs, f,g#0 det(Asy —A) =0}
={AeC:3feH, geHa, f.g#0 A(f, g:A) = 0}.

Proof. The claims are immediate if we observe that the definition of
Ay g in (1.1.6) coincides with the one in (1.1.4) if f € Sy,, g € Sn,, i.e.
Il = llgll = 1, and that A(f,g; ) = [ f[I*[lg]|* det(Asg — A). O

In the special case that W2(A) is real, it can also be described by means
of the formulae for the roots of the quadratic equation det (Af,g— )\) =0.
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In the following, we choose a branch of the square root such that \/z > 0
if z>0and Im+/z > 0if 2 < 0.

Corollary 1.1.4 For f € Hi, g € Ha, f,9 # 0, we define

(/) _ (D, g))"’ . ,Ba.N)(CF9)

di = -
sa(f,g) ( 17112 llglI? 1£112 {1911

and, if disa(f,g) > 0, we set

Ai(f), 1((Af.D)  (Dg.g) , \/<(Af,f) (Dg7g>>2 (Bg, )(C}.9)

== + +4
g) 2\ IIFIF  lgl? I1£11% [lgll?

LA lgl?

Further we let

AL(A) = {)\i (g) f€Hi,g€H, fg#0,disalf,g) > 0}. (1.1.8)

Then W?(A) C R if and only if disa(f,g) > 0 for all f € Hi, g € Ha,
f,9#0, and in this case

W2(A) = A_(A)UA,(A).
For convenience, we also use the notation AL (f, g) in the following.

Proof. The claim is immediate from the fact that A+ (f, g) are the solu-
tions of the quadratic equation

( TR B AT LR
that is, of det(Afy — A) = 0. O

Like the numerical range, the quadratic numerical range of a bounded
block operator matrix A is a bounded subset of C,

W2(A) c{reC: A <A},

and it is closed if dim’H < oo. In contrast to the numerical range, it
consists of at most two (connected) components. This follows from the
fact that the set of all matrices Ay 4, f € Sw,, g € Sn,, is connected and
from a continuity argument for the eigenvalues of matrices (see [Kat95,
Theorem I1.5.14] and [Wag00]). If, for example, A is upper or lower block
triangular, then W2(A) = W(A) U W (D). Hence the quadratic numerical
range is, in general, not convex; the following example shows that even its
components need not be so (see Fig. 1.2).
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Example 1.1.5 Consider the 4 x 4 matrices

10|11 2 i ‘ 1 3+i
01|01 i 2 |3+i1 1
Av= I T9T00 |0 AT 1 3+i] -2 i
1il00 3+i 1 i -2

with respect to the decomposition C* = C? @ C2. Figure 1.2 shows that in
both cases the quadratic numerical range consists of two disjoint non-convex
components.

y
e )
/
7
/ | “
,
/ T

Figure 1.2 Quadratic numerical ranges of .4; and As.

Remark 1.1.6 The fact that all matrices A4, f € Sn,, g € Sn,, have
two different eigenvalues does not imply that W?2(.A) consists of two disjoint
components.

In fact, there exist self-adjoint block operator matrices A such that
for all f € Sy, g € Sn, the two eigenvalues Ay (f,g), A_(f,g) of the
matrix Ay, are different, that is, A_(f,g) < A{(f,g), but there exist
fif € Suy, 9,9 € Swu, such that A_(f,g) = A (f',¢). To this
end, consider a self-adjoint block operator matrix A as in (1.1.3) with
H1 = Ho, dimH; > 2, C = B*, and self-adjoint operators A, D such
that min W(A) = maxW(D) = (8. Assume further that § is a simple
eigenvalue of A and D with a common eigenvector fo € Hy, ||fo|| =1, and
(B fo, fo) # 0. Then it is easy to see that for f € Sy,, g € Sn,

2
A+<f7g>—x(f,g>=2\/((Af’f)‘(Dg’g)) T 1(Bg. PP > 0.

2
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On the other hand, if we choose fj € H1, g € Hi so that || f5|| = |lgoll = 1,
(Bfo, f§) = 0 and (B* fo, g;) = 0, then, by the definition of Ay in Corol-
lary 1.1.4, we have A1 (fo,95) = A—(fg, fo) = 5.

The following elementary properties of the quadratic numerical range
with respect to certain transformations of the block operator matrix A are
easy to check.

Proposition 1.1.7 We have

i) W2(ad+8) = aW?(A) + 8 for a, B € C,
ii) Wz(Uil.A U)= Wg(.A) for U=diag (Ul, Ug), Ui € L(H1), Uy e L(Hs)
unitary.

Proof. Claim i) follows from the fact that («A + 5)f4 = @Ay + 3 for
f € Su,, g € Sp,. The assertion in ii) is a consequence of the equivalence
(f 9)* € Sy, ® Sy, = (Urf Uag)t € Sy, @ Sy, and of the relation
(U_lA U)f)g = AU1f,U2g for f S S"}—(l, g < SHQ. O

The first non-trivial property of the quadratic numerical range is that
it is contained in the numerical range.

Theorem 1.1.8 W?2(A) C W(A).

Proof. Let \g € W2(A). Then, by definition (1.1.5), there exist f € Sy,
g € Si,, and (a1 a2)® € C?, |a1|? + |az|? = 1, such that

o o
40 (0n) =2 ()

Taking the scalar product with (a; a3)' and observing the definition of
Ay g in (1.1.4), we obtain

(4(a) () =
azg)’ \azg
Since ||a1 f||? + ||azg||? = 1, this implies that Ao € W (A). O

Another feature of the quadratic numerical range is that the numerical
ranges of the diagonal elements W (A) and W (D) are contained in W?2(A)
if the dimensions of H; and Hs are at least two, more exactly:

Theorem 1.1.9 We have

i) dimHy >2 = W(A) c W2(A),
ii) dimH; >2 = W(D) C W2(A).
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Proof. Let f € Sy, be arbitrary. If dimHy > 2, then there exists a
g € Sy, such that (Cf,g) = 0. Thus

arg= (5D 00
ro 0 (Dg.9)
and hence (Af, f) € op(Ay,g) C W2(A). The proof for W(D) is similar. [J

Corollary 1.1.10 Suppose that dimH; > 2 and dim Ho > 2.

i) If W2(A) consists of two disjoint components, W2(A) = F1 U Fa, they
can be enumerated such that

W(A) C Fi, W(D) C Fo.
i) If W(A)NW(D) # 0, then W2(A) consists of only one component.

Proof. By the assumptions on the dimensions of H; and Hs, there exist
f € Sny, g € Sy, with (Cf,g) = 0. The eigenvalues of the corresponding
matrix Ay 4 are (Af, f) and (Dg, g); they belong to different components of
W?2(A) if the latter consists of two disjoint components. Theorem 1.1.9 and
the fact that the numerical ranges W(A) and W (D) are connected (even
convex) now imply claims i) and ii). O

The inclusions in Theorem 1.1.9 need not be true if dimH; = 1 or
dimHy = 1:

Example 1.1.11 Consider the 4 x 4 matrix from Example 1.1.2 with
respect to the decomposition C* = C3 & C!,

2 -1 1]o0
1 -2 0] 1
Ao 2 -1 0]-3i
—1 -2 3i| 0

Figure 1.3 illustrates that the numerical range of the left upper corner of
Ap is not contained in W?2(A).

The property that W2(A) (or even its closure W2(A)) consists of two
disjoint components will be of particular interest in the following sections.
In this respect, the following results are useful.

Proposition 1.1.12 If W(A)NW(D) =0 and
2VIIBIHIC| < dist (W (A), W(D)),

then W2(A) consists of two disjoint components.
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Figure 1.3 Numerical range of left upper corner and quadratic numerical range of Ap.

Proof. Set 3 := dist (W(A), W(D)) and assume that A belongs to the
line that separates the convex sets W(A) and W (D) and has distance (/2
to both of them. Then, for all f € Sy,, g € Sn,,

|det (Ayg — )| = [(A = (Af. /) (A — (Dg.9)) — (Bg, F)(CF, g)]
> A= (A7, DI 7 = [(Dg 9)l| - IBI C]
> 5 _sycn> o
which shows that A ¢ W 2( ). O

The numerical range W (A) of a bounded linear operator A is real if and
only if A is self-adjoint. For the quadratic numerical range, we only have
the following property.

Proposition 1.1.13  If A* denotes the adjoint of A, then

i) W2(A%) = (X eC: A e W2(A)} = W2(A)",
i) A=A* = W2(A) CR.

Proof.  Assertion i) follows from (Af )" = (A%) g, for f € Syyy g € Snas
claim ii) is obvious since in this case all matrices Ay , are symmetric. O

If the quadratic numerical range is real, then, in the generic case, only
self-adjointness with respect to a possibly indefinite inner product holds.

The corresponding notion of J-self-adjointness plays a role in a number
of other subsections and also in the next chapter on unbounded block oper-
ator matrices; therefore we give the definition for the unbounded case here.
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Definition 1.1.14 Let H = H; ¢ H2 and let J € L(H) have the corre-
sponding block operator representation

J = (é _OI) (1.1.10)

A densely defined linear operator A in ‘H is called J-self-adjoint if JA is
self-adjoint in H; it is called J-symmetric if JA is symmetric in H.

Clearly, every bounded [J-symmetric operator is J-self-adjoint. If we
define the indefinite inner product [-,-] := (J-,-) on H, then A € L(H) is
J-self-adjoint if and only if

[Ax,y] =[x, Ay], x,y € H.

The Hilbert space H equipped with the indefinite inner product [-, -] is
a Krein space; every J-self-adjoint operator is a self-adjoint operator in
this Krein space. For the definition of Krein spaces and properties of linear
operators therein we refer to [Bog74], [AI89], [Lan82]. We only mention

that the spectrum of a [J-self-adjoint operator is symmetric to R.
Obviously, if A € L(H) has a block operator representation (1.1.3), then

A is self-adjoint — A=A, D=D* (=B~
A is J-self-adjoint — A=A", D=D* (C=-B"
Theorem 1.1.15  Let either dimH; > 2 or dimHy > 2. If W2(A) C R,

then A = A*, D = D*, and A is either block triangular (i.e. B = 0 or
C = 0) or there exists a v € R, v # 0, such that

A B
(0

in the latter case, A is similar to the block operator matrix

- A B .
— ~ B:: B'
A <(sign7)B* D)’ vl B;

A is self-adjoint in 'H if signy =1 and J-self-adjoint if signy = —1.

In the proof of Theorem 1.1.15 we use the following lemma; in view of
the next chapter, we formulate it for unbounded operators.

Lemma 1.1.16 If B and C are closed densely defined linear operators
from Ha to Hy and from Hy to Ha, respectively, such that

(By,z)(Cx,y) € R for all x € D(C), y € D(B), (1.1.11)
then B=0, C=0, or CCyB* with yeR (C=~B* if B, C are bounded).
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Proof. 1If x € D(C), y € D(B) are such that (By, z) # 0, then condition
(1.1.11) implies that
(Cz,y) _ (By,z)(Cz,y)
(z,By)  (By,x)(x, By)
Assume that B # 0. Then, because C' is densely defined, there exist ele-

ments xg € D(C), yo € D(B) such that (z¢, Byo) # 0. For u € D(C),
v € D(B), we consider the function

ER. (1.1.12)

(C(zo + 2u),y0 + Zv)
(zo + zu, B(yo +Zv))
_ (Czo,y0) + 2((Cxo,v) 4 (Cu,y0)) + 2*(Cu, v)

(xo, Byo) + z((xo, Bv) + (u, Byo)) + 22(u, Bv)’

fU,v(Z) :

z e C.

Since (zg, Byo) # 0, the denominator is not identically zero and hence the
function f,, is rational in C with at most two poles, say (1, (2. Because
of (1.1.12), it is real on its domain of holomorphy and thus constant there:

Juw(2) = fuw(0) = (Cxo,y0)/(x0, Byo) =: v € R, or
(Cxo,y0) + 2((Cxo,v) + (Cu,yo)) + 2°(Cu,v)
=7 ((zo, Byo) + z((z0, Bv) + (u, Byo)) + 2*(u, Bv))

for z € C\ {(1,(2}. Comparing coefficients, we find (Cu,v) = v(u, Bv) for
all u € D(C), v € D(B) and hence yB C C* or, taking adjoints, C C yB*.
The last claim is obvious. O

Proof of Theorem 1.1.15. Without loss of generality, let dim Ho > 2.
Then, by Theorem 1.1.9, W(A) C W?(A) C R and hence 4 is self-adjoint.
This and the equality

(Af7f)+(Dg,g)=A+(ch> +A<£> ER, [ Sn. g€ S

show that D is self-adjoint as well. Since

det Ay = (Af, f)(Dg,g) — (Bg, [)(Cf,9) = A+ (f; )A_ (f; ) R

for all f € Sy,, g € Sn,, we have (Bg, f)(Cf,g) € R for all f € Hy,
g € Ha. Now Lemma 1.1.16 yields the second claim. The last assertion
about the similarity of A follows from the identity

) e D 2)
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Obviously, Ais self-adjoint in H if signy = 1; if signy = —1, then JA is
self-adjoint in H since

~ A B
(A7) -

1.2 Special classes of block operator matrices

A major advantage of the quadratic numerical range is that it reflects sym-
metries and other properties of the entries of a block operator matrix. Some
of the results obtained here also play a role in the unbounded case consid-
ered in the next chapter. Therefore special emphasis is placed on structures
occurring in applications e.g. from mathematical physics or systems theory.

Theorem 1.2.1  Let the block operator matriz A be of the form

=(3p):
For w € [0,7), define the sector S, := {re'?: r >0, |¢p| < w}. If there
exist e, 0 > 0 and angles ¢, € [0,7/2] such that
WD) c{ze€-S,:Rez< -6}, W(A) C{z€y:Rez>a}
and 0 := max{p, 9}, then
W2(A) C {z € —Yg:Rez< —(5} U{ze Yo :Rez > a}
consists of two components separated by the strip {z € C: —§ < Rez < a}.

For the proof of this theorem we use the following elementary lemma
for the eigenvalues of 2 x 2 matrices (see [LT98, Lemma 3.1]).

Lemma 1.2.2 Leta,b,c,d € C be complex numbers with Red < 0 < Rea
and bc > 0. Then the matriz
a b
=(0)

has eigenvalues A1, Ay such that:

i) Reda <Red <0< Rea<Rel,

ii) min{Ima,Imd} <ImX;, ImA < max{lm a,Im d},
iii) A1, —X2 € {z €C:|argz| < max{|arga|,m — |argd|} }.
Proof. We suppose that Ima > 0 (otherwise we consider A*) and

arga > m — |argd] (1.2.1)
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(otherwise we start from d instead of a in the following). Assumption (1.2.1)
implies that

‘Im(a—d)

m‘ < tan(arga). (1.2.2)

The eigenvalues A1, Ao satisfy the equation
(a=A)(d—=X)—t=0, t:=bc>0.

We consider them as functions A; o of ¢ and write

A,2(t) —

t., t>0. 1.2.3
5 Tttt t=2 (1.2.3)

Now we decompose \;(t) =: x;(t) +iy;(t), i = 1,2, and (a +d)/2 =: B+ iy
into real and imaginary parts. Squaring equation (1.2.3) and taking real and
imaginary parts, we see that x1(t), y1(t) and xo(t), y2(t) satisfy the relations

(a(t) — B)° — (y(t) —)* = iRe (a—d)?+t, (1.2.4)
(z(t) = B) (y(t) —v) = %Im (a—d)?. (1.2.5)

The last equation shows that the eigenvalues A (t), A2(t) lie on a hyper-
bola with centre f+iy = (a+d)/2 and asymptotes Imz =+ and Rez =7
parallel to the real and imaginary axis, the right hand branch passing
through a and the left hand branch through d. From the identity (1.2.4)
it follows that for 0 < ¢ < oo the eigenvalues A (t) fill the part of the right
hand branch which extends from a to oo + iy, and the eigenvalues Ao (t)
fill the part of the left hand branch from d to —oo 4 iy. This implies i)
and ii). In order to prove iii), it is sufficient to show that the derivatives
of the hyperbola at d and at a are in modulus less than tan(arga). For
example, for the derivative at d, it follows from (1.2.5) that
y(0)  y(0) —~ Imd — iIm (a + d) Im (d — a)

#(0)  2(0)—B8  Red—iRe(a+d)  Re(d—a)’

which is in modulus less than tan(arga) by (1.2.2). O

Proof of Theorem 1.2.1. All assertions follow by applying Lemma 1.2.2
to the 2 x 2 matrices Ay 4 defined in (1.1.4) for f € Sy, g € Sp,. O

For self-adjoint block operator matrices, the following corollary is obvi-
ous from Theorem 1.2.1.
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Corollary 1.2.3 Let A= A* and suppose that
sup W (D) < inf W(A).
Then W2(A) = A_(A)UA,(A) consists of two components satisfying
supA_(A) <supW(D) < inf W(A) < inf A;(A).
In the following proposition we generalize this estimate to non-separated

diagonal entries and we derive two-sided estimates for the outer end-points
inf A_(A) and sup A (A) of the quadratic numerical range (see [KMMO07]).

Proposition 1.2.4 If A = A*, then the quadratic numerical range
W2(A) = A_(A) UAL(A) satisfies the estimates

inf Ay (A) > max {inf W(A), inf W (D)},

supA_(A) < min {sup W(A), sup W (D)},

and
min{inf W (A), inf W(D)} — g < inf A_(A) < min{inf W (A),inf W(D)},
max{supW W(D } su A)< max{supW (A), supW(D }—|—5
where

- 2||B]

0 = |B||tan< arctan WA) — WD) )’

2|| Bl
6% =Bt t ;
5= 1Bl an(zm M TSup W(A) —supW (D))’

if inf W(A)=inf W(D) or sup W(A)=sup W (D), we set arctan co:=m/2.

Proof. Since A = A*, we have C = B*. Then the definition of Ay in
Corollary 1.1.4 shows that, for f € Sy, g € Sn,,

(1) BLD D) ¢ (W) Ba P (126)

> (Af7f)_|2'(Dg7g) +‘(Af7f);(Dgag)‘

= max{(Af, f), (Dg,9) }.
From this estimate we obtain
inf Ay (A) > max {inf W (A), inf W(D)},
sup A4 (A) > max {sup W(A), sup W (D)}.

The proof of the second inequality and of the right part of the third inequal-
ity is analogous.
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For the proof of the remaining inequalities, we observe that the solutions
(1.2.6) of the quadratic equations det(Ay , — A) = 0 defining the quadratic
numerical range can also be written in the form

A(ﬁ): win{(Af. ), (Dg.g)} —|(Bg.f)|tan G arctan— f2';f_9£g g)),
AN max an 1ach an 2|(Bg./)|
A+<g)— (A, ). (Dg, 9)}+|(Ba. S| (2 tanr f)_(DM”).

Without loss of generality, we assume that inf W (A) > inf W(D); otherwise
we reverse the components in the decomposition H = Hi ® Hs. Suppose
that (Af, f) > (Dg, g); then

AN - an l:aurc an—2|(Bg7f)‘
{5) = Pos1=1Bg i (g vcton (o ZEE D)

We define the auxiliary function
1 2|(Bg,f)|)
h(t) :=t—|(Bg,f tan(— arctan —————— |, teR.
(1) += 1= (Bg.f)] tan 5 arctan

It is easy to see that h is strictly monotonically increasing (with a jump
of height 2|(Bg,f)| at the singularity (Af, f)); in fact, we have b’ > 1/2.
Hence

N 1 2|(Bg.f)l
)\—(9) > inf W(D) — |(Bg.f)| ta“(i e, f)—ian(D))
. 1 2| B

> inf W(D) — || B| tan<§ AXCHAn TV (A) — inf W<D)>

it (Af,f) > (Dg,g). If (Af,f) < (Dg,g), then we have the estimates
(Af, f) > inf W(A) > inf W(D) and (Dg,g) > (Af, f) > inf W(A). Thus,
in the same way as above, we obtain

f _ _ n l T H2|(B—g7f)‘
L(g)—(Afvf) (Bg.f)[ta (zacta (Dg,g>—(Af,f)>
. 1 2|(Bg.f)l

> inf W(D) — |(Bg.f)| ta“(i aretan <Dg,g>—ian<D>>

> inf W(D) — || B| tan G arctan — W(Z)”_Biylf W(D)) .

The estimate for Ay is proved analogously. O
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In the following, for a self-adjoint operator T" in a Hilbert space H and
a subinterval I C R, we denote by Er(I) the spectral projection and by
L1(T) = Ep(I)H the spectral subspace, respectively, corresponding to I.

Remark 1.2.5 Suppose that A = A* and inf W(A) # inf W (D) with

dim ﬁ(—oo,ian(A)](D) >2 if inf W(D) <inf W(A),
dimL(foanfW(D)] (A) > 2 if inf W(A) < lan(D)

Then
inf Ay (A) = max {inf W (A), inf W(D)}.

In general, the strict inequality inf Ay (A) > max{inf W(A), inf W(D)}
may occur. Analogous statements hold for sup A_(A).

Proof. Let inf W(D) < inf W(A) and dim £(_ o infw(a) (D) > 1. Since
inf W(A) € o(A), there exists a sequence (z,)3° C D(A), ||z,|| = 1, such
that ||(A — inf W(A))an|| — 0, n — co. Due to the dimension condition,
for each n € N there exists y, € L(—oo,intw(a)(D), |lyn|l = 1, such that
(B*%p,yn) = 0. Then (Dyy,yn) < (Azy,zy) and hence, by (1.2.6),

At (acn> = (Azp,x,) — inf W(A), n — oo.

This implies inf W(A) € A4 (A). Together with Proposition 1.2.4, the first
assertion follows. An example for strict inequality is furnished by the matrix

here max{inf W (A), inf W(D)} = inf W(A4) = —1 and

3 1 0

min Ay (A) = A4 )= 24 -V5>-1 with ey 1= . O
2 2 2 1

Next we consider block operator matrices for which C' = —B* and, more

specifically, J-self-adjoint block operator matrices (see Definition 1.1.14).
We estimate their quadratic numerical range in the case when the off-
diagonal element B is sufficiently small. In the J-self-adjoint case, the qua-
dratic numerical range is real for small B, but it may become complex if B
is sufficiently large; more detailed estimates are given in Proposition 1.3.9.
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Proposition 1.2.6  Let the block operator matriz A be of the form
A B
A= 5 0)

a_ :=inf ReW(A), a4 :=supReW(A),
d_:=infReW (D), d4 :=supReW (D).

and define

Then the quadratic numerical range of A satisfies the following estimates:
i) min {a_,d_} < ReW?(A) < max {at,d}.

ii) If dy < a_ and ||B| < (a_—dy)/2, then W2(A) = A_(A)UA(A)
consists of two components satisfying

ReA_(A) < dy + |[B] < a_— |B]| < Re A (A).

iii) If A= A% D = D* then W2(A) is symmetric to R, [Im W2(A)| < || B||;
if, in addition, dy < a_, then

IBlI<(a-—dy)/2 = WAA)CR,

_—dy)?
IBI> (0=~ /2 = W3] < /e - L—def.
The case aq < d_ in ii) and iii) is analogous.

For the proof of Proposition 1.2.6, we use the following simple lemma
(see [Tre08, Lemma 5.1 ii)]).

Lemma 1.2.7 Let a,b,c,d € C be complex numbers with Red < Rea
and bc < 0. Then the matriz

a b
A =
(2 2)
has eigenvalues A1, Ao such that
i) Red <ReXs <Rel; <Rea,
ii) ReXy <Red++/|bc|] < Rea—+/|bc] < ReAy if /|bc| < (Rea—Red)/2,
and A1, Ay € R if, in addition, a, d € R,
iii) Red =Reds = (a+d)/2, [ImA| = |ImAs| = /]be|—(a — d)?/4 if
Vbe| > (a—d)/2 and a, d € R.

Proof. i) If ReA<Red (<Rea) or ReA>Rea (>Red), then the eigen-
value equation (a—\)(d—\) = be < 0 cannot hold. In fact, decomposing all
numbers therein into real and imaginary parts, one can show that Im a—Im A
and Im d—Im A have different signs and Re ((a—\)(d—\)) > 0.
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ii) If Red + /|bc] < Re A < Rea — +/|bc], then
|det(A — \)| > |a — A||d — A| — |bc| > |[Rea — Re A| [Red — Re A| — |be| > 0,

hence ) is not an eigenvalue of A. The relation Re A\; + Re A = Rea+ Red

excludes the possibility that e.g. Re A1, Re A2 < Red ++/]bc|.
The claims in ii) for a, d € R and in iii) are immediate from the formula
a+d (a —d)?

Ao = +
1/2 5 1

+ be. O

Proof of Proposition 1.2.6. If A= A*, D = D*, then det (.Af7g — )\) =
det(Afy — A) for f € Sy,, g € Sy, which implies W?2(A) = W2(A)* and
hence the first claim in i). All other claims follow by applying Lemma 1.2.7
to the 2 x 2 matrices Ay, defined in (1.1.4) for f € Sy, , g € Sy, O

Proposition 1.2.8 Let H1 = Hsy and suppose that

A B
A= (e i)
18 such that either B = B* and C = C* or B= —B* and C = —C*. Then

W2(A) is symmetric to R.

Proof. For f,g € Sy, and A € C, it is easy to see that
. (A*g,9) =X (C*f.9) )
det((A —A) =det
el =) =der (Y800 30

_ (Af,f)=A £(Bg, f) \ _
—dt< (Cg) (Ag.g)— A)_olet(,ztf,g—A),

which implies that W?2(A) = WQ(A*) On the other hand, by Proposi-
tion 1.1.13 i), we have W?2(A*) = W2(A)* and hence W?2(A) = W?(A)* O

Proposition 1.2.9 Let H; = Hy and suppose that
A B
(e )

is such that either B = B* and C = C* or B = —B* and C = —C*. Then
W?2(A) is symmetric to iR.

Proof. The assertion follows since i4 satisfies the assumptions of Propo-
sition 1.2.8 and W2(iA) = iW?2(A) by Proposition 1.1.7 i). O
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1.3 Spectral inclusion

The most important feature of the quadratic numerical range is that, like
the numerical range, it has the spectral inclusion property (see (1.1.1)).
Since the quadratic numerical range is always contained in the numerical
range (see Theorem 1.1.8), it furnishes a possibly tighter spectral enclosure.

Theorem 1.3.1  o,(A) C W2?(A), o(A) C W2(A).

For the proof of Theorem 1.3.1 we need a simple lemma about 2 x 2-
matrices, which we prove for the convenience of the reader.

Lemma 1.3.2 If for M € M»(C) there exists a vector x € C? such that
|zl =1 and ||Mz| <e, (1.3.1)
then dist(0,0(M)) < /[[M]|e.

Proof. Only the case that the matrix M is invertible has to be consid-
ered. Then the inverse matrix M~! can be written as

1
. 1 — m(JtMJ)t
with J := <_1 0). Thus
M = e = o (152)
where A1, A9 are the eigenvalues of M. The assumption (1.3.1) implies that
MY > et (1.3.3)
From (1.3.2) and (1.3.3) we obtain min{|\|,|A2|} < \/[M][e. O

In the following, for a bounded or unbounded linear operator 1" in H,
we define its approzimate point spectrum oapp(T') as

Tapp(T):={A€C: 3 (x,,)°CD(T), | xn || =1, (T-N)x, —»0,n—00}.(1.3.4)
Proof of Theorem 1.3.1. First we consider A € o,(A). Then there exists
a nonzero element (f g)* € H such that

(A= X)f+ Bg=0,
Cf+(D—-MXg=0.

We write f = ||f|| f, g = |lgl|g with elements f € Sy,, g € Sx, (here, if
e.g. f =0, then f can be chosen arbitrarily). It follows that
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£ I/
A15 (1) =i ) (1:3:2)
Hence A € o, (A5 ;) C W2(A).

If A € 0(A) \ 0,(A), then X € 0,(A*) or A € gapp(A). If X € 0, (A*),
then, according to what was shown above, we have A € W?(A*) and hence
A € W?2(A) by Proposition 1.1.13 i). If A € gapp(A), then there exists a
sequence of elements (f, g,)* € H, n=1,2,..., such that

A) ()

Then, with fn € S1y, gn € Sw, as in the first part of the proof, we obtain

||nt|) <||fn||>

Az ( - A — 0, n— oo.

T 9n \ llgn| lgn

Since [|Az 5 || < |lAll, n € N, we have dist (A, ap(.Afm?]n)) — 0 forn — oo

by Lemma 1.3.2. Thus A € U, ey 0p (A7, 5. ) C W2(A). O

and, consequently,

”anz"'HQn”g:la — 0, n — .

Altogether, in Theorem 1.3.1 and Theorem 1.1.8, we have shown that
op(A) C W2HA) Cc W(A), o(A) Cc W2(A) C W(A).
Therefore, and because of its non-convexity, the quadratic numerical range
W?2(A) may give better information about the localization of the spectrum

o(A) than the numerical range W (A).

Example 1.3.3 Consider the 4 x 4 matrix

0 0|1 0
0 0]0 1
A= T H
1 —2|-5i i

with respect to the decomposition C* = C? @ C2. Figure 1.4 shows its
numerical range, quadratic numerical range, and the four different eigen-
values marked by black dots, two in each component of W?2(As3).

If A is self-adjoint, Theorems 1.3.1 and 1.1.9 allow to characterize the
quadratic numerical range more explicitly.

Proposition 1.3.4  Suppose that A = A* and dim H; > 2, dim Hy > 2.

i) If W(A)NW (D) # 0, then W2(A) is the single interval

W2(A) = [mino(A), maxo(A)] = W(A). (1.3.6)
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Figure 1.4 Numerical range, quadratic numerical range, and eigenvalues of As.

i) If W(A)NW(D) =0, then W2(A) consists of two disjoint intervals
W2(A) = [mino(A),d] U [a, maxo(A)] (1.3.7)

d := min{sup W(A), sup W (D)}, (1.3.8)
a := max{inf W(A), inf W(D)}.

Proof. Theorem 1.1.8 implies that

W2(A) C W(A) = [mino(A), maxa(A)].

Since A is self-adjoint and W?2(A) satisfies the spectral inclusion property
by Theorem 1.3.1, we have

mino(A), maxo(A) € o(A) C W2(A).

Because W2(A) consists of at most two connected sets, it follows that it is
either of the form (1.3.6) or of the form (1.3.7).

Without loss of generality, we may assume that inf W (D) < inf W (A);
otherwise we reverse the enumeration of the components in H =H; ®Ho.

Then W(A) N W (D) = () means that sup W(D) < inf W(A). By Proposi-
tion 1.2.4, we conclude that

supA_(A) <supW(D) < inf W(A) <inf Ay(A).

Since dimH; > 2, Theorem 1.1.9 applies and shows that sup W (D) €
W(D) c W2(A) = A_(A)UA;(A). Hence d = supA_(A) = sup W (D).
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In the same way, it follows that a = inf A4 (A) = inf W(A) if dim Hy > 2.
This proves ii).

In order to show i), suppose to the contrary that W2(.A) consists of two
disjoint intervals. Then, by Corollary 1.1.10 i), one of them contains W (A)

and the other one W (D) so that W(A) N W (D) = (), a contradiction. [

Remark 1.3.5 If A= A* and dimH; = 1, we only obtain “ <” in (1.3.8);
analogously, if dim Hs = 1, we only obtain “>” in (1.3.9).

Note that if dimH; = 1 and dimHs = 1, then W2(A) = W2(A) =
op(A) consists of the eigenvalues of A.

In the sequel, we present two theorems on the classical problem of per-
turbation of spectra of bounded self-adjoint operators (see [Dav63], [Dav65],
[DK70]). The key tool is the spectral inclusion theorem for the quadratic
numerical range, combined with the estimates given for it in Section 1.2.

First we consider arbitrary bounded self-adjoint operators subject to
perturbations that are off-diagonal with respect to a certain decomposition
H = H; @ Ha of the underlying Hilbert space (see [KMMO07, Lemma 1.1],
[LT98, Theorem 3.2]); the case that the spectrum of the unperturbed oper-
ator splits into two parts separated by a point is crucial in the following.

Theorem 1.3.6 If A= A", then o(A) satisfies the following estimates.
i) Define 6% as in Proposition 1.2.4. Then
min{mino(A),mino(D)} — 65 < mino(A) < min{mino(A), mino(D)},
max{max o (A), max o(D)} < maxo(A) < max{maxo(A), max o (D)} +dF.
ii) If maxo(D) < mino(A), then
o(A) N (max o (D), minc(A)) =0
independently of the norm of B.

55 W(D) W (A) 57

I R

1
—
—_,— O ===
—_ = -

=

{ R

Figure 1.5 Enclosures for the spectra of (’3 %) and of (’g* g)

Proof. By Theorem 1.3.1 it is sufficient to prove that W?2(A) satisfies
the estimates claimed in i) and ii). This was proved in Proposition 1.2.4
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for i) (observe that inf W(A) = mino(A), supW(A) = maxo(4), and
analogously for D) and in Corollary 1.2.3 for ii). O

Next we consider the case that the spectra of the diagonal entries A
and D are disjoint, i.e. their distance d4,p is positive. Classical perturba-
tion theory yields that the spectrum of the perturbed operator A remains
separated into two disjoint parts as long as || B|| <. p/2 (see [Kat95, The-
orem V.4.10]). By means of Theorem 1.3.6, we are able to improve this
result and derive an optimal bound on || B|| (see [KMMO7, Theorem 1.3]).

Theorem 1.3.7 Let A =A% 64 p :=dist (¢(A), (D)) >0, and set

dp = || B tan larctanM .
2 04D
i) Then
o(A) C {A e R:dist (\,0(A)Uo(D)) <65}
. V3 1 :
11) If ||B|| < 7514,1), then g < 55,4)[) and U(A) =01 U092, 01,02 7’é @,
with

o1 C {AeR:dist (A, 0(A))<dp} C {AeR:dist (X, 0(A))< ba,p/2},

oy C {AeR:dist (A, 0(D))< dp} C {AeR:dist (A, 0(D))< da,p/2}.
iii) If (convo(A)) No(D) =0 and |B|| < v264,p, then 65 < da,p and

o(A) = o1 Uaos, 01,00 # 0, with

o1 C{AeR:dist (N, 0(A))<dp} C {AeR:dist (A, 0(A4))<bap},

o9 C {)\ c R : dist ()\,U(A))Z 5A,D}.

Proof. i) Let A € R be such that dist (A\,0(A)Uc(D)) > dp and set
I_ = (—00,A), I := (A, 00). If we write
A0 0 B

then A ¢ o(7) and hence H = L7 (T) ® L1, (T). If we denote Py :=
Er(Iy), then £, (T) = P+H and P_7T P, = 0. Hence, with respect to the
decomposition H = L;_(7) ® Ly, (T), the operator A can be written as

u_( P-AP- P_APL\ _( P_AP_ PSP, (1.3.10)
“\(p_AP)* P AP, )~ \(P_SP.)* P.AP, )’ >

If we further decompose L7, (T) = L1, (A) ® L1, (D), then the diagonal
elements in (1.3.10) have block operator representations
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[ A B_ [ A. By
P‘AP“<Bi D)’ PeAPy = (Bi D+)

with
Ai ::EA(Ii)AEA(Ii), B:t ::EA(Ii)BED(Ii), D:t :ZED(Ii)DED(Ii).

Now Theorem 1.3.6 i), applied to the block operator matrices P_ AP_ and
Py AP, , shows that

max o(P_AP_) < max{maxc(A_),maxo(D_)}+ 6} , (1.3.11)
min o (Py APy) > min{ mino(A), mino(Dy)}— g, (1.3.12)
where
1 2B ||
=||B_||t —arct
| B~ tan <2am M Sp W(AD) —supW(D_)] )

- 1 2||B+|l
=||B 5 ’
dp, = [|B4] tan (2 AXCEAN TV TAL) — imf W(Dy))|

Obviously, 0(A+) C 0(A4), o(D+) C o(D) so that
|sup W(A_) — supW(D_)| = |maxo(A_) — maxo(D_)|
> dist (0(A-), maxo(D_))
> dist (0(A), max o (D)) = 64,p;
analogously, we see that }inf W(AL)—inf W(D+)} >04,p. Since the function

h(t) :=ttan (% arctan(2t)) , te0,00), (1.3.13)

is strictly monotonically increasing and ||B+|| < ||B||, we conclude that
05 <dp and 65 <dp. Furthermore, we have dist (A, 0(A) Ua(D)) > dp
by assumption and

max{max o(A_)maxc(D_)}, min{mino(A,)minc(Dy)} €a(A) Ua(D).
This and the inequalities (1.3.11), (1.3.12) imply that

maxo(P_AP_) < A <mino(PyAP,).
Applying Theorem 1.3.6 ii) to .4 with respect to the block operator matrix

representation (1.3.10), we conclude that
A € ((maxo(P-AP_),mino(Py APy)) C p(A).
For the proof of ii) and iii), we note that for the function h defined in
(1.3.13), we have h(v/3/2) = 1/2, h(v/2) = 1. Hence

V3 )
IBll <5640 = 5B<%, IBIl<V264p = 65<bap. (1.3.14)
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Then ii) is immediate from i) and the first implication in (1.3.14). For
the proof of iii), we observe that for o(A) N (convo(A)), the claim follows
from i). For o(A) N (R\ (conveo(A))), the claim follows if we show that

(max o (A) + 6, maxo(A) +64,p) C p(A), (1.3.15)
(mino(A) — d4,p,mino(A) — ) C p(A). (1.3.16)

We prove (1.3.15); the proof of (1.3.16) is similar. We let A=maxo(A)+dp
and proceed as in the proof of i). Then E4(Iy) = 0 and thus

0 0
pan, - (00

Using analogous estimates as in the proof of i) and the second implication
in (1.3.14), we arrive at

maxo(P_AP_) < A =maxo(A) + ép < maxo(A) +dap
<mino(Dy) = mino(PyAPy).
Now Theorem 1.3.6 ii) shows that (1.3.15) holds. O

The following example illustrating Theorem 1.3.7 shows that the norm
bounds therein are sharp.

Example 1.3.8 Consider the family of 3 x 3 matrices

, 0<e<,

with respect to the decomposition C3 = C @ C2. Then the spectra of the
diagonal elements, {0} and {—1,1}, are disjoint and have distance 1. The
eigenvalues of A, are given by

1 / 1 1 / 1
Ai:_i_ 262+Z, )\§:—§+ 2524—1, Agzl

If ¢ < v/3/(2v/2), then the norm of the off-diagonal entry satisfies the
assumption in Theorem 1.3.7 ii) which yields the inclusions

o1 ={N5} C (-1/2,1/2), o2 ={A], A5} C (—3/2,-1/2) U (1/2,3/2);
if ¢ = v/3/(2v/2) and hence the norm of the off-diagonal entry reaches the
critical value of the norm bound, then A\§ = 1/2 and A; = —3/2 reach the
boundaries of the above inclusion intervals.

Since conv{0} N {—1,1} = 0, Theorem 1.3.7 iii) applies as well. If

€ < 1, then the norm of the off-diagonal entry satisfies the assumption in
Theorem 1.3.7 iii) which yields the inclusions
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o1 ={A\} C (—17 1), o2 ={A\], A5} C (—oo, —1] U [1,00);
if € = 1, then the norm of the off-diagonal entry reaches the critical value
and we have A5 = 1 = A\§ and hence o; and o2 are no longer disjoint.

If A is J-self-adjoint, the spectral inclusion by the quadratic numerical
range yields the following estimate for o(A) (see [LLMT05, Theorem 2.1]
and [Tre08, Theorem 5.4]).

Proposition 1.3.9 Let the block operator matriz A be of the form

A B
(5 )

with A = A*, D = D* and define
a_ :=inf W(A4), a4 :=supW(A),
d_:=inf W(D), dy:=supW(D).

Then the spectrum of A, which is symmetric to R, satisfies the following
estimates:

i) o(A)NR C conv(W(A) UW (D)) = [min{a_,d_}, max{a,,d; }].

i) o(A) \R C {z eC: a—;d‘ <Rez< a*; U iz < ||B||}.
iil) If 0 := dist (W(A4), W(D)) = min{a_—dy,d——ay} >0, then
IBlI<6/2 = o(A)CR,
IB||>8/2 = o(A)\RC {z €C:|Imz| < V]BI? = 52/4}.
Proof. Since the block operator matrix A is J-self-adjoint (see Defini-
tion 1.1.14), the symmetry of o(A) to R is clear. All claims in i), ii), and iii)

follow from the spectral inclusion in Theorem 1.3.1 and from the estimates
for the quadratic numerical range in Proposition 1.2.6. ]

Example 1.3.10 The 4 x 4 matrix

0 0|0 1
0 112 3
Ay =
satisfies the assumptions of Proposition 1.3.9 with a_ = 0, a;. = 1 and
d_ = —1, d4 = 0; the inclusion in ii) therein yields that the non-real part

of W?2(Ay) is confined to the strip —1/2 < Rez < 1/2 (see Fig. 1.6) .
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Figure 1.6 Quadratic numerical range of A4.

1.4 Estimates of the resolvent

The norm of the resolvent (A —\)~! of a bounded linear operator .A can be
estimated in terms of the numerical range as (see [Kat95, Theorem V.3.2])

1 .,

ICA=NT < A ¢ W(A.

(A W(A))’
The quadratic numerical range yields an analogous estimate in which the
distance of A to W?2(A) enters quadratically, not linearly.
Theorem 1.4.1  The resolvent of A admits the estimate
AL+ 1Al

[(A=XN"1 < W’

A ¢ W2(A). (1.4.1)

In the proof of this theorem we use the following lemma.

Lemma 1.4.2 If there exists a § > 0 such that for all f€Sy,, g€ Sn,
[Asgall > 6o, aecC? (1.4.2)
then
[Ax]| = x]l, xe™H. (1.4.3)

Proof. Letx € H. Then x = (a1 f aag)® with elements f € Sy, g € Sn,
and a1, az € C. For a = (o az)' € C? we have

o [ Af P+ (Bg, flas \ _ (A(arf) + B(azg), f)
Ata ( (Cf,9)a1 + (Dg, g)oa > ( (Clayf) + D(az29), 9) )
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and hence
2 2
A gall? = | (A1 f)+Blazg), )| +|(Clarf) + D(azg), g)|
< [ A(e1 f)+B(azg) >+ C(avf) +D(azg)||* = | Ax]|*.
Since ||x|?=|a1]?+]az|*=|a|/?, (1.4.3) follows from (1.4.2) and (1.4.4). O

(1.4.4)

Proof of Theorem 1.4.1. Let A ¢ W2(A). Then the relation (1.3.2)
implies that, for f € Sx,, g € Sn,,

N = |d€|3tf(lilg _:\”A _ ||A;,g — Al .
£ = V1 =M = 22 ()]
where A\ 2( ) € W2(A) are the eigenvalues of Ay . Since |[Af |l < [ A
and |)\—/\1 2( )} > dlbt(/\ WQ(.A)), we find that, for all f € Sy, g € Sn,,
N < A= All S < A+ [A] N
dist (X, W2(A))”~  dist(\, W2(A))
According to Lemma 1.4.2, this gives
dist (A, W2(A))?
AL+ A
Since A ¢ W2(A) implies A € p(A) by Theorem 1.3.1, (1.4.1) follows. O

H Afg

H Afg —

(A=) = Ix|l, xeH.

The following example shows that, in general, the resolvent estimate in
Theorem 1.4.1 cannot be improved.

Example 1.4.3 Let A=C =D =0and B € L(Ha,H1), B#0. Then
(0B 9 _
A=(g0). -
and, for A ¢ W2(A) = {0},
1 A —B
(o 23| = i ) = -+ .

[A[?
In a similar way as Theorem 1.4.1, the next two theorems can be proved.

ICA =27 =

Theorem 1.4.4  Suppose that there exists a subset F C W2(A) such that
for all f € Sy,, g € Sy, the matriz Ay 4 has at most one eigenvalue in F.
Then, for all X ¢ W2(A) such that dist (\, W?(A)\ F) > § with some
d > 0, there exists a constant v(§) > 0 (independent of X) such that
1” < — (%) .

dist(\, F)

[(A=X)"
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Theorem 1.4.5 If W2(A) = F; UF, consists of two components, then

1 Al + Al Ty
)7l < Tston, A st ), £ WHA).

a2

Remark 1.4.6 The situation described in Theorem 1.4.4 occurs e.g. for
J-self-adjoint block operator matrices as in Proposition 1.3.9 provided that
the numbers a4 and di defined therein satisfy a_ < d_ < ay < d;. Then
each matrix Ay 4, f € Sx,, g € Su, has at most one eigenvalue in each of
the intervals [a—, (a—+d_)/2] and [(aq+d4)/2,d4].

The resolvent estimate in terms of the numerical range implies that the
length of a Jordan chain at an eigenvalue lying on the boundary of the
numerical range is at most one, i.e. there are no associated vectors. As
a corollary of Theorem 1.4.1, we obtain an analogue for boundary points
of the quadratic numerical range. Since the latter is no longer convex, we
need the following definition.

Definition 1.4.7 Let W C C. A boundary point Ag € OW is said to have
the exterior cone property if there exists a closed cone K (having positive
aperture) with vertex A\g such that, for some r > 0,

Kﬂ{)\ECZ|)\—>\0|§T}ﬂW:{/\0}.

Corollary 1.4.8 Let \g € 0,(A). If Ao € OW?(A) has the exterior cone
property, then the length of a Jordan chain at \g is at most two.

If, in the situation of Theorem 1.4.4, \g € OF has the exterior cone
property and dist ()\, W2(A) \]—") > 0, or, in the situation of Theorem 1.4.5,
Ao € OF1 UDF, has the exterior cone property, then the length of a Jordan
chain at \g is at most one, i.e. there are no associated vectors at Ag.

Proof. Assume that there exists a Jordan chain {xg,x1, 22} of length 3
at Ao € OW?2(A). Then, for A ¢ W2(A),

1

1
x1 + >C
(Ao — A)2 Ao — A

T o= AP

]

_ 1
o4 = 2] = H EYEEVERC

for |A\g — A| sufficiently small. If Ay has the exterior cone property and A lies
on the axis of the cone K, [A\g — A| < r, then |[Xo — A| < C" dist (), W?(A))
with some constant C’ > 0 and hence

1

dist (A, W2(A))®

a contradiction. The proof of the other two assertions is similar. O

|42 = €
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The following example shows that Jordan chains of length two may
occur at boundary points of the quadratic numerical range.

Example 1.4.9 In Example 1.4.3, the point 0 lies on the boundary of
W2(A) = {0} and has the exterior cone property. If we choose g € Hs such
that Bg # 0, then (Bg 0)%, (0 ¢)* is a Jordan chain of A at 0 of length two.

1.5 Corners of the quadratic numerical range

For a bounded linear operator T in a Hilbert space it is well-known that
a corner A\g € W(T') of the numerical range W(T') is an eigenvalue of T'.
Moreover, every corner of A\g € W(T') belongs to the spectrum of T' (see
[Kat95], [HJ91], [GRI7, Theorem 1.5-5, Corollary 1.5-6]).

For the quadratic numerical range these statements do not generalize
in a straightforward way; this can be seen e.g. from the quadratic numer-
ical range of the 4 x 4 matrix A, in Example 1.1.5 which has 8 corners
(see Fig. 1.2). It turns out that here not only the spectrum of the block
operator matrix itself but also the spectra of its diagonal elements come
into play.

We begin by giving the precise definition of a corner of a subset of C.

Definition 1.5.1 Let W C C. A boundary point « € W is called corner
of W if there exist ¢ € [0,7), ¢ € [0,27), and € > 0 so that
p<argA—a) <o+, AeW, | A—a|<e, (1.5.1)
where arg( ) is suitably defined. The infimum g of all ¢ € [0, 7) such that
there exist ¢ € [0,27) and € > 0 with (1.5.1) is called angle of the corner a.

Theorem 1.5.2 Let \g € W2(A) and let xg € Sy, Yo € S, be such
that Ao is a zero of

A(acmyo;A):det((A”C()’x())_A (Byo, 2o) ) (1.5.2)

(Czo,y0)  (Dyo,yo) — A
If Mo is a corner of W2(A), then at least one of the following holds:

i) Ao is an eigenvalue of A with eigenvector xg,
i) Ao is an eigenvalue of D with eigenvector yo,
iii) Ao is an eigenvalue of A with eigenvector (xo ’yyo)t where

(C(E(), yo) ((A - /\0)330, xo) .

=————""17 _ or y=-—
! ((D = Xo)yo, %o) 7 (Byo, 7o)
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Proof. Without loss of generality, we assume that A\g = 0. First we
consider the case of a simple zero. For y € Sy, and z € C we define

gy(\, 2) :==((Azo, z0) — A) (D(yo + 2y), Yo + Zy) — AM(yo + 2y, yo + Zy))
— (B(yo + 2y), x0) (Czo, yo +Zy)-
Then gy(A,0) = A(zo,y0; A) and gy(-, 2) is a quadratic polynomial in A.

The latter has a zero A,(z) such that A, is analytic in a neighbourhood U
of 0 with A, (0) = Ao = 0 and which is given by

(Azo, 70) i (D(yo+2y),yo+7y)

= 1.5.
M(2) 2 2(yo+29, Yo+ Zy) (1.5:3)
2
L |(Azo,20)  (Dlyotzy).yotZy)\ | (Blyot=y), z0)(Cxo. yotZy).
2 2(yo + 2y, Y0 + Zy) 4(yo + 2y, yo + Zy)

here the branch of the square root is chosen such that A,(0) = 0. Obviously,
Ay (t) E0p(Asy yotty) CW?2(A) for real t U and, by assumption, A, (0) =0
is a corner of W?2(A). This implies that the curve \,(¢), t € U N R, does
not have a tangent in the point 0 and hence

d
— Ay ( =0. 1.5.4
| =0 (15.4)
On the other hand, g, ()\y (2), z) =0 for all z € C and hence, for t € UNR,
d
0= Egy()‘y(t)vt)

- %)\y(t)((D(yO +ty),yo +ty) — Ay (t) (Yo + ty, yo + ty))

+ ((Azo,20) = A, () ((Dy. yo +ty) + (D(yo + ). )

- %Ay(t) (o + ty, yo + ty) — Ay () (v, yo + ty) + (yo + ty7y)))

— (By,z0) (Co, 0 + ty) — (B(yo + ty), z0) (Czo, y).
For t = 0 we obtain, together with (1.5.4) and A\, (0) =0,
0= (AI(» xO)((Dya y0)+(Dy0, Z/)) - (By’ 1‘0)(0330, yo)—(Byo, 330)(0330, y)

= (y, (Azo, w0) D*yo— (Cwo, yo) B*z0) + ((Azo, x0) Dyo — (Byo, 20)Cxo, y).

Since y € Sy, was arbitrary, the above relation also holds with iy instead
of y and so it follows that
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(Aﬁo,xo)Dyo - (Byo,x0)0$0 = 0, (155)

(Aﬁo,xo)D*yo - (C(E(), yo)B*xo =0. (156)
In a similar way, for « € Sy, and z € C we consider the polynomial

ha (X, 2) i=((Alwo + 22), 20 + Z2) = A(wo + 22, 20 + Z2)) (Dyo, yo) — A)
— (Byo, zo + zz) (C(xo + 21), y0)

and arrive at
(Dyo, yo)Azo — (Cwo, yo) Byo = 0, (1.5.7)
(Dyo, yo) A*zo — (Byo, ©0)C*yo = 0. (1.5.8)
The numerical range W (A) of A is contained in W?2(A) if dim Hs > 2 (and

analogously for D, see Theorem 1.1.9). We distinguish the following cases:

a) dimH; = dimHy = 1: In this case W?2(A) consists only of the two
eigenvalues of 4, and the assertion is trivial.

b) dimH; = 1 or dimHs = 1: Let dimHs = 1; the case dimH; = 1 is
analogous. Then D is the multiplication by a constant, say d. If Azg =0

or d = 0, the corner 0 is an eigenvalue of A or of D, respectively. If Azg # 0
and d # 0, relation (1.5.7) yields that (Czo,y0) # 0 and

Axg+ B (—%yo) =0.

Moreover, in fact yo = 1 and Dy = d, so that we also have

Ox() +D <_ (Cﬂjga yO)yO) =0.

Hence 0 is an eigenvalue of A with eigenvector

Zo X0
(Ox()vyo) = 1
— —=Cx
(Dy07y0)y0 d "’
Note that since dimHy = 1, we cannot conclude from Azxy # 0 that

(Azo,x0) # 0 and hence (Byg,zp) # 0; the reason for this is that
(Azo,z0) = 0 shows that 0 € W(A), but we cannot conclude that 0 is
a corner of W(A) because the numerical range of A need not be contained
in W2(A) (see Theorem 1.1.9). Therefore, in this case we can only use the
first form of the constant -y in the eigenvectors in iii).

¢) dimH; > 2, dimHo > 2: First let (Azg,z9) = 0. By Theorem 1.1.9, it
follows that W(A) C W2(A) since dim Hy > 2. Hence 0 € W(A) is also a
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corner of W(A). The well known theorem on corners of the numerical range
(see [GRI7, Theorem1.5-5]) now implies that Azg = 0. If (Dyo,y0) =0, a
similar reasoning yields that Dyg = 0. If (Axo,x0) # 0 and (Dyo, yo) # 0,
then also (Byo,xo) # 0 and (1.5.5), (1.5.7) imply that

(OanyO) )
Axg+ B =0,
0 ( (Dyoayo)y
(Aﬂfo,l‘o) )
Cxo+ D =0.
’ < (Byo, o)

Using the relation (Axo, zo)(Dyo, yo) — (Byo, x0)(Cxo, yo) = 0, we conclude
that 0 is an eigenvalue of A with an eigenvector of the asserted form.

If Ao is a double zero, then, for every y € Sy, there are two root functions
)\1(,1)(75), /\(2)( t), teR, such that g, ()\(])(t),t) = O near t=0 and )\g,])(O) =0,
j = 1,2, with Puiseux expansions (see e.g. [Kat95, Section II.1.2])

)\(j)(t) = ™2 fo ™ =1,2.

If ay # 0, the four one-sided tangents of the functions )\(1)( t), AgSQ)(t),
)\(1)( t), and )\(2)( t), t > 0, divide the plane into four sectors of angle 7 /2.
This contradicts the fact that 0 is a corner of W2(A). If a; = 0, then )\@(,j) (t)
are differentiable at 0 and the claim follows in the same way as in the case
of a simple zero. d

Remark 1.5.3 From equations (1.5.6) and (1.5.8), it follows that in
case iii) of Theorem 1.5.2 the point )¢ is an eigenvalue of .A* with eigen-
vector (xg Yyo)* where o
~ (B*xo, yo) ~ ((A* - /\0)330, 1‘0)
y=- —= or y=-— - .
((D* = Xo)wo, yo) (C*yo, wo)

Remark 1.5.4 In order to prove relation (1.5.5), it is sufficient to con-
sider roots Ay, (t), Ay, (t) (for real t) with

y1 = (Axg, o) Dyo — (Byo,x0)Cxo and yo = iy,
and, for the proof of relation (1.5.7),

y1 = (Dyo,y0)Azo — (Czo,y0)Byo and ys = iy;.
Example 1.5.5 Consider the 4 x 4 matrices

1 3+i|l 2 i 1 02 0
3+4i 1 | i 2 0 —1/0 2

Asi= | —5 3 1 3+i |’ Ao =1 =351 0
i —203+i 1 0 —2/0 —1
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Their quadratic numerical ranges, displayed in Fig. 1.7, both have 6 corners:
For As the four corners —2 —i(1 — /5), =2 —i(1 + v/5), 4 + i(1 + v/5),
4 +i(1 —+/5) are the eigenvalues of A5 (marked by black dots), the corners
441, —2 — i are the eigenvalues of the left upper corner A (and, at the
same time, of the right lower corner D). For Ag the four corners —1 + 2i,
—1—2i,1+42i,1 — 2i are the eigenvalues of Ag (marked by black dots), the
corners —1,1 are the eigenvalues of A (and, at the same time, of D).

Figure 1.7 Quadratic numerical ranges of As and Ag.

Next we consider corners of the quadratic numerical range W?2(A) which
do not belong to W?2(A), but only to its closure. For this purpose, we use
the well-known method of Banach limits (see [Ber62]). By passing to a
Hilbert space formed by bounded sequences of H, we convert points of the
spectrum into eigenvalues of a corresponding linear operator and apply the
previous Theorem 1.5.2 to the latter.

Definition 1.5.6 Let H be an arbitrary Hilbert space, fix a Banach
limit LIM on the space of bounded sequences in C with values in C (that
is, a linear mapping which coincides with the usual limit for convergent
sequences and is non-negative for non-negative sequences), let R be the
linear space of all bounded sequences z = (z,)7° C H with the (non-
negative, but degenerate) inner product

[2,y] := LIM (20, 90), 2 = (22)1°, y = (a)T° € R,
and let Rg be the subspace of all x = (x,){° € R with
LIM (zp, z,) = 0.

n—oo

Then we define the Hilbert space H as the completion of the quotient space
R/Ro with respect to the norm generated by the inner product |-, -]. For
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Hilbert spaces Hi, Ha, we associate with T' € L(H1,Hz) the operator
T e L(Hi, Ha), T&:=[(Te,)T], 7= (2.) €Hi,
where [ -] denotes the equivalence class in R/Ry.
The following observations are easy to check (see [Ber62]).
Remark 1.5.7 Let H, H;y, and Hs be Hilbert spaces.

i) The mapping T — T is an isometry from L(H1,Hs) into L(Hq, Ha).
ii) For T € L(H), we have U(T) =0p (T) = Tapp(T).

Theorem 1.5.8 If \g€eW?2(A) is a corner of W2(A), then
X €0(A)Ua(D)Ua(A).

Proof. Since \g € W2(A), there exist a sequence (\,)5° C W2(A) with
An — Ao, n — 00, and sequences (z9)° C Sy, (y9)$° C Sy, such that

0o 0. _ (A;vn,xn) A (Bynﬂxn) —
At =aen (Ve SRR ) =0
We may assume that, for some neighbourhood V of \g, all quadratic poly-
nomials A(z2,4%; -), n € N, have either one zero or two zeroes in V.
By means of a Banach limit, we construct the space H ="H; & Hs and
the operator

~ A B
A—(C D) H1€9H2—>H1€BH2

according to Definition 1.5.6. First we consider the case of a simple zero.
Since the sequences (z9)$° and (y2)$° are bounded, we may assume without
loss of generality (by passing to suitable subsequences) that all sequences

of the form

((Fun,vn)), (1.5.9)

converge where F' is one of the operators A, B, C, D, A*, B*, C*, D* or
a product of two or three of them, and u,, v, are the elements x% or
yn, whenever the inner products in (1.5.9) are defined. Now let 79 =
(20)2° € Hy, 7° = (¥°)$° € Hy. From Hurwitz’s Theorem (see e.g. [Tit68,
Chapter II1, 3.45], it follows that )¢ is a simple root of

A0, -2 (B | _
det( (©F.5%)  (Di%,5°) - A)‘O'

Hence Ao € W2(A).
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Following the lines of the proof of Theorem 1.5.2, we derive the ana-
logues of equalities (1.5.5), (1.5.7) for the operators A, B, C, and D. We
introduce the quadratic polynomial g;(A, z) with its root Aj(z) given by a
formula analogous to (1.5.3). By Remark 1.5.4, for the proof of the ana-
logues of (1.5.5), (1.5.7), it is sufficient to consider e.g. elements y = (yn)7°
which are certain linear combinations of the four vectors Axo By0 5;10
and Dyo. Since all sequences of the form (1.5.9) converge, we can use the
ordinary limit instead of the Banach limit in the construction of the qua-
dratic forms occurring in the formula for the root Aj(z). This means that
the root Aj(z) is a limit of the corresponding roots Ay, (2). By assumption,
all roots Ay(t) for real t € U lie in a (closed) sector with vertex Ag and
angle < m. Hence the roots Az(¢) lie in the same sector, and we obtain
the analogues of (1.5.5) and (1.5.7) for ﬁ, E, 5, 5, 79, and §°. Now the
proof for the case of a simple zero can be completed in a similar way as in
the proof of Theorem 1.5.2; note that here we only have to consider case c)
since dim 7'71 = dim ﬁg = 00.

As aresult of this and of Remark 1.5.7, we have Ao € op(g) = Oapp(A) C
o(A) or Xy € 0p(D) = dapp(D) C o(D) or Ag € 0p(A) = Tapp(A) C (A).

If Ay is a double zero, the proof is analogous to the corresponding part
of the proof of Theorem 1.5.2. O

1.6 Schur complements and their factorization

In the spectral theory of block operator matrices an important role is played
by the so-called Schur complements. For a 2 x 2 block operator matrix
(1.1.3), there exist two Schur complements, one associated with each of the
diagonal elements A and D. The Schur complements are analytic operator
functions defined outside of the spectrum of D and of A, respectively.

First we prove that the numerical ranges of these analytic operator func-
tions are contained in the quadratic numerical range. Further, we show that
if the closure of the quadratic numerical range consists of two components,
then a linear operator factor can be split off the Schur complements.

Definition 1.6.1 For a block operator matrix A given by (1.1.3) the
analytic operator functions S;: C\o(D)— L(H;) and S2: C\o(A) — L(Hz),

Si(\):=A—-X—B(D-)\"'C, \¢o(D),
So(A):=D - X—C(A—=N)"'B, X¢o(A),

are called Schur complements of A.
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If H is a Hilbert space, 2 C C is open, and S : Q — L(H) is an analytic
operator function, the resolvent set p(.5), the spectrum o (), and the point
spectrum o, (S) are defined as (see e.g. [Mar88, §11.2])

p(S) :={X € Q: S(X) bijective in H},

a(5) := 2\ p(S),
op(S) :=={X € Q: S(X) not injective in H}.

The numerical range W (S) is defined as the set (see e.g. [Mar88, §26.2])
W(S)={AeQ:3feH, f#0, (SN f)=0}. (1.6.1)

Obviously, in the special case S(A\) =T — A\, A € C, with a linear opera-
tor T € L(H), all these notions coincide with the usual definitions of the
resolvent set, spectrum, point spectrum, and numerical range of the linear
operator T

It is well-known (see e.g. [Mar88, Theorem 26.6]) that o(S) C W (S) if
there exists a Ag € € so that 0 ¢ W(S(Ao)). For the Schur complements,
this condition is always satisfied for A\ large enough since

IA +IB(D = X0)'Cl < [Xo| = 0€ p(S1(M)).

Hence o(S1) C W(S1) and o(S3) C W(Ss).

The following Frobenius-Schur factorization of the block operator
matrix A ties its spectral properties closely to those of its Schur comple-
ments.

Proposition 1.6.2 For A ¢ (D) and X ¢ o(A), respectively, we have

A (1Y (S0 (1), e

= (ot DT st ) (L 4).

and hence
o(A)\ (D) =0(51), o(A)\o(A4) =0(52).
Theorem 1.6.3 W (S;)UW(S2) C W2(A).

Proof. Let A € W(S7). Then there exists an f € Hi, f # 0, such
that (Sl()\)f, f) =0. If Cf = 0, then (Sl()\)f, f) = ((A - N, f) and
A(f,g; ) = ((A - AN/, f) ((D — )\)g7g). Thus A(f,g;\) = 0 for every
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g€ Ha g#0,and so A € W2(A). If Cf #0, then (D — \)"*Cf # 0 and

A(f,(D=XNT'CHN) =((A=N], ) (Cf,(D=XN"'CF)
—(B(D-N"'¢f, f)(Cf.(D=N""'Cf)

—(SiNLT) (CLD-NT'CF). (16.4)
Hence (‘S’;L()\)f7 f) = 0 implies that A(f, (D — A)*le;)\) = 0 and thus
A € W2(A). The proof for W (Ss) is similar. O

Theorem 1.6.4 Suppose that dimH; > 2, dimHs > 2, and assume

that W2(A) = Fy UF, consists of two components. Then Fi, Fa can be
enumerated such that

W(S1)NF1L£0, W(S)NFy#0.

Proof. Due to the dimension conditions, Corollary 1.1.10 i) shows that
we can enumerate the components Fi, F» such that

W(A) C fl, W(D) C Fo. (165)

The claim is trivial if either B = 0 or C = 0; in this case W(S51) = W(A)
and W (Sz) = W(D). So we may assume that B # 0 and C # 0.

Both components F; and Fy of W2(A) are connected disjoint compact

subsets of C. Hence there exists a piecewise smooth simply closed Jordan

curve I'; such that one of the components is located inside of I'; while the
other one is located outside of I'; (see [LMMTO1, Lemma 4.2]).

First we consider the case that F; lies in the bounded component U of
C\TI'1. Then U, is a bounded simply connected domain with

]-"1CZ/{1, fgﬂu_lzw

and the boundary I'y; of U; is a piecewise smooth simply closed Jordan
curve. We choose an element f € H; such that C'f # 0 and set

g\) == (D -N"Cf, Nel.
For fixed A € U;, we consider the function

ex(u) = A(f,9(\);p), neC.

By Proposition 1.1.3, every zero of the quadratic polynomial ¢, lies in
W2(A). Since W2(A) = F1 UF,, it follows that ¢, has exactly one zero
w(A) € Fi. The function p : U; — Fi is continuous and maps U, into itself.
Since U; is simply connected and its boundary is a piecewise smooth simply
closed Jordan curve, U; is homeomorphic to the closed unit disc (see e.g.

[Hur64], Chapter I11.6.4). Hence the Brouwer fixed point theorem (see e.g.
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[DS88a, Sections V.10, V.12]) applies and yields that there exists at least
one point Ay € F;y such that p(A;) = A;. Then A(f,g()\l);/\l) =0. On
the other hand, (see (1.6.4))

A(f,9(A1); A1) = (S1(M) S F)(CF. (D — >\1 )~rCf)
= (S1 ) (D = A)g(M), g(M)). (1.6.6)
(

The second factor is non-zero since g(A1) # 0 and A1 ¢ W (D) (note that
W(D)N Fy=0). Thus (1.6.6) implies (S1(A1)f, f) = 0, that is, Ay € W (Sy).

Now consider the component F» and the second Schur complement S5.
If there also exists a piecewise smooth simply closed Jordan curve I's such
that F5 lies in the interior of I'y and JF; in its exterior, then the proof of
W(S3) N Fy # 0 is analogous to the above reasoning. Otherwise, we let
V) := C\ Uy, where C = C U {0} is the extended complex plane, and we
suppose for simplicity that 0 € U;. Since B # 0, there exists an element
g € Ho such that Bg # 0. Set

fO):=(A=)N)"'Bg, XeC\U.
If A€ C\Uy (=V1\ {oo}) is fixed, the function

Oa(n) = A(f(N),g;n), neC,

has exactly one zero n(\) € Fy. Evidently, the same holds for the function
Ua(n) == |AI21¥a(n), n € C, which we can consider also for A = co. More
exactly, let Yo (1) := Hmx_s0 ¥x (7). Since limy_oe A(A — A)7L = —1, it is
casy to see that 1o (n) = A(Bg, g;n). Hence the function Yoo has exactly
one zero 7(co0) € Fa. The function 7 : Vi — F, is continuous on V; and
maps V) into itself. Since the boundary of V; is a piecewise smooth simply
closed Jordan curve, it follows that there exists at least one point Ao € Fo
such that n(A\2) = A2, that is, A(f()\g),g; /\2) = 0. Using the equality

A(f(A2),9502) = (S2(A2)g. 9) (A = A2) f(N2), f(N2))

instead of (1.6.6), we obtain that (S2(A\2)g,g) = 0, that is, Ay € W(S2).
In the second case that F» lies in the bounded component of C\I'y, we

consider the functions f on ; and g on C \ U; and proceed in the same

way as above. O

Remark 1.6.5 It is an open question whether the components of W?2(A)
are simply connected, and, if no, one component may lie in a “hole” of the
other one.

In the latter case, the second part of the above proof involving the con-
struction with oo necessary. In fact, then there do not exist two piecewise
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smooth simply closed Jordan curves I;, i = 1,2, such that F; lies in the
interior of I and in the exterior of the other curve. One of these curves,
say I'2, can only be chosen to be a Cauchy contour; in fact, it may be chosen
as the union of two piecewise smooth simply closed Jordan curves, one of
them being the curve I} with opposite orientation, the other one being the
positively oriented circle {z € C : |z| = R} of radius R > 0 so that ||A|| < R.

Theorem 1.6.6  Let H1, Ho be separable Hilbert spaces with dim H; > 2,

dimHy > 2. Suppose that W2(A) = Fy UF, consists of two components,
enumerated so that W(S1) N Fy # 0, W(S2) N Fa # 0. Then:

i) for f € Hy, f # 0, the function (Sl(-)f, f) has exactly one zero in Fy,
for g € Ha, g #0, the function (SQ(-)g,g) has exactly one zero in Fa;

ii) the Schur complements S1 and Sy admit factorizations
SJ(/\) = MJ()\)(Z] — )\), S fj, (167)

for j = 1,2 where M; : F; — L(H;) is an analytic operator function
such that M;(X) is boundedly invertible for all A € F; and Z; € L(H;)
is such that o(Z;) C F;.

Proof. Let the bounded set U; and the curve I'; parametrizing its bound-
ary be chosen as in the proof of Theorem 1.6.4 with F; C Uy, FoN Uy =0
(the case Fo C Uy, F1 N U, = () is treated analogously).

i) We prove the claim for S7; the proof for Sy is completely analogous.

First we assume that dimH; =: n; < oo, dimHy =: no < oco. From
[KMM93, Lemma 6] it follows that for arbitrary f € Hy, f # 0,
indpl det Sl() = N1 indpl (Sl()f, f) =: Tllll, (168)

where indr, (S1(-)f, f) denotes the number {1 of zeroes of (S1(-)f, f) in Fi.
The factorization (1.6.2) implies that
det(A — A) = det S1(A) det(D — X), A ¢ o(D).
Since Fo N Uy = 0 and (D) C W (D) C Fa, the function A — det(D — \)
does not have zeroes in the interior U; of I'y, and hence
indr, det(A —-) = indr, det S ().

Therefore the operator A has exactly nil; eigenvalues in Fi, counted
according to their algebraic multiplicities. Analogously, if for g € Ha, g # 0,
we denote by lo the number of zeroes of the function (S2(+)g, g) in the set Fa,
then the operator A has exactly mals eigenvalues in Fa, again counted
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according to their algebraic multiplicities. Since the total number of eigen-
values of A is equal to dim H = nj + no, we obtain the equality

nily + nals = ny + no.

Due to Theorem 1.6.4, we have [; > 1, [ > 1 and hence I; =l = 1. This
proves i) in the finite-dimensional case.

In the general case, we choose sequences of orthogonal projections
P, € L(H1) and @, € L(H2), n € N, that converge strongly to the respec-
tive identity operators and have finite-dimensional ranges, dim R(P,) > 1,
dim R(Q,)>1. For n € N, we set

A, :=P,AP,, B,:=P,BQ,, C,:=Q,CP,, D,:=Q0,DQ,

A, By,
A= (o)

in the space R(P,) @ R(Qy). It is easy to see that, for all n € N,
W2(A,) C W?(A)

and that also W2(A,) = W2(A,) consists of two components, W?2(A,,) =
FrOFy with W(A,) € F* € Fy and W(D,,) C Fy C Fa. Set

and consider the matrix

If we prove that, for every f € Hi,
sup (ST ) = (ST )| — 0, 0 — oo, (1.6.9)

then, accordmg to what was shown in the first part of the proof for the
finite-dimensional case,

indr, ($1(\)f, f) = indp, (S ()1, f) =

for every f € Hy, f # 0; this completes the proof of claim i) for Sy in the
general case.
In order to prove (1.6.9), let f € H; be arbitrary and write

(510 = 57 W) . )
:((A - An)fa f) - (Bn(Dn - )\)—1(0 - On)fv f)

—(Ba((D =N = (D =N NCL, f) = ((B=Ba)(D=N)'Cf, f)
=((A= A, f) = (Ba(Dn = A)"HC = Cu) [, f)

— (Ba(Dn=A)"H(Dn=D)(D=N)'CF, [) = ((B=Bn)(D=A)"'CF, ).
Now A,, — A (strongly) for n — oo implies that
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((A—An)f,f) — 0, n—oo.
Since W (D,,) C W(D) C Fp and Fo NIy C Fo N Uy = (), we have
1
1
P
H — dist (Fl, .7:2)7
Together with ||B,|| < ||B|| and C,, — C (strongly) for n — oo, we obtain

(€= C) | I£]

H(Dn_/\)_l Ael'y, neN.

(D)

Abéllpl‘( W (D = A)7HC = Ch) f, )|_||B||m

— 0, n —oo.

Further, since also B — B* (strongly) for n — oo, it follows that

sup | (B — B)(D = \)'Cf, f) ICFINB" = Bo)f]

PYS ‘*dt(I‘ Fs)
— 0, n — oo.

Finally, the facts that D,, — D (strongly) for n — oo and that the set
{(D-X)"'Cf:XeT1} C Hs is compact imply that

sup [[(Dn — D)(D = A)"'Cf| — 0, n— oc.
PYSIN
Hence
| Bu(Dn — \) YDy, — D)(D — N CF||
1
< 18] |

uniformly for A € I'y. This proves (1.6.9).

ii) Since U; is simply connected, we obtain the factorization (1.6.7) for
S from the factorization theorem [MM?75, Theorem 2, Remark 1)]. If
also for F3 there exists a bounded simply connected domain Uy such that
Fo C Uy, F1 N Uy = (), the second relation in (1.6.7) follows from the
same factorization theorem. If this is not the case, we consider the domain
Uy := C\ U, which is simply connected in the extended plane C = CU{oc}.
Let V; be the image of Uy under the inversion g = A~! and set

W(p) = pSa(p™"), peVe, p#0. (1.6.10)

If we define W(0) := lim,_o W(u) = —I, then W is an analytic operator
function in V,. It is easy to check that for f € Hy, f # 0, the function
(W()f, f) has exactly one zero in V,. Therefore, by [MM?75, Theorem 2,
Remark 1)], the operator function W admits a factorization

W) =Qw) (Y —n), peVs, (1.6.11)

(D, — D)(D — A)_leH — 0, n— oo,
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where @ : Vo — L(H3) is an analytic operator function on Vs, with bound-
edly invertible values and Y € L(Hz) with o(Y) C V,. The operator Y is
invertible since Q(0)Y = W(0) = —I. Moreover, formula (1.6.11) implies
that

S:(N) =AW =2QA) (Y = A7) = —Q )Y (Y - ),

If we set Ma()\) := —Q(A"1)Y, X\ € Uy, and Z, := Y 1, the factorization
(1.6.7) for Sy follows. 0

Remark 1.6.7 In Theorem 1.6.6 ii), the operator function M; is even
analytic on p(D) and Ms is analytic on p(A).
This follows by analytic continuation from the identity (1.6.7) since S is
analytic on p(D) and Ss is analytic on p(A).

1.7 Block diagonalization

In this section we show that the quadratic numerical range yields a criterion
for the block diagonalizability of a block operator matrix: If the closure of
the quadratic numerical range consists of two components, then the block
operator matrix can be transformed into diagonal form.

In order to prove this, we show that the two spectral subspaces corre-
sponding to the two disjoint parts of the spectrum admit so-called angu-
lar operator representations. The diagonalizing matrix is constructed by
means of the angular operators which, in addition, turn out to be solutions
of Riccati equations associated with the block operator matrix.

In the following, a subset o C o(A) is called an isolated part of o(A)
if both o and o(A) \ o are closed. Associated with an isolated part o of
o(A) is a spectral subspace L, which is defined as the range of the Riesz

projection
= A—2)"tdz
271'1/

of A corresponding to o; here I' is a Cauchy contour (that is, the finite union
of simply closed rectifiable Jordan curves) such that o lies in its interior and
o(A) \ o in its exterior. The spectral subspace L, is an invariant subspace
of A, i.e. ALy C Lo, and o(A|z,) = o (see e.g. [GGK90, Chapter 1.2]).

Theorem 1.7.1 Let H1, Ha be separable Hilbert spaces with dim Hy > 2,
dimHy > 2. Suppose that W2(A) = Fy UFs consists of two components,
enumerated such that W (S1) N Fy # 0, W(S2) N Fa # 0.
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Then the spectrum o(A) separates into two parts, o(A) = o1 Uoy with
o1:=c(A)NF1 £0, oy:=c(A)NF#0,

and there exist bounded linear operators Ky € L(H1,Hz), Ko € L(Ha,H1)
such that the following hold:

i) the spectral subspaces L1 and Lo corresponding to o1 and oa, Tespec-
tively, have angular operator representations

a={(0)wemb ={("")emf any

ii) the angular operators K1 and Ko satisfy the Riccati equations
KiBK,+ KiA— DK, —-C=0, KyCKy;+ KyD— AK>— B =0;

i) if Ty, j = 1,2, is a Cauchy contour such that F; lies in its interior
and the other component W2(A)\ F; in its exterior and if Z;, M; are
the operators and operator functions, respectively, in the factorization
(1.6.7) of the Schur complement S;, j = 1,2, then

1

Ki=— [ (D=XN"'C(Z; — ))td), (1.7.2)
2l r,

K= —— [ (A= \)"B(Z: — N a\, (1.7.3)
2l Iy

and
Zy=A+BK,, Mi(\)=I-B(D-)\"'K;, \¢ep(D),
Zy=D+CKy, My\)=1—-C(A—-N"'Ky )\cp(A).

Proof. Let P and @ be the Riesz projections of A corresponding to o
and o9, respectively. With respect to H = H; @ Ha, we write them as

P11 Prs ) ( Q11 Q12 )
P= . Q= .
<P21 Pys @ Q21 Q22
By [LMMTO01, Lemma 4.2], at least one of the contours I'y and I's, say I'y,
can be chosen to be a piecewise smooth simply closed Jordan curve. First

we prove the statements for K.
i) The Frobenius-Schur factorization (1.6.2) implies that, for A € 'y,

(A-N"1 (1.7.4)
Sl(/\)_l —Sl(/\)_lB(D—A)_l
—(D=N)71CSL(A) Y (D= (D=N)TICSL(A) I B(D- )
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As the resolvent of D is holomorphic inside I'y, the matrix entries of the
Riesz projection P are given by

_ 1 —1
Py = o Jr S1(A) 7 dA,

_ 1 -1 _ —1
Prp = o— s S1(A)TB(D = A)7dA,

_ 1 _ —1 —1
Py = o— FI(D N)TECS (N T,

1
Pyy=—— [ (D=XN)"'CS;(A\)7'B(D — )"t
27 r

We define the operator K; by (1.7.2). By [DK74a, Theorem 1.3.2] (see also
[GGK90, Theorem 1.4.1]), it is the unique solution of the operator equation

K\Z,—-DK, =C

with Z; = A+ BK;. By (1.6.7) and Remark 1.6.7, we have S;(\)~! =
(Z1y =AM (\)71, A € C\ p(D). This and [DK74a, Lemma 1.2.1] lead to
Pyy = — ZL (D—=XN"'C(Zy — NP M (\) TP B(D — M) tdA
i Jp,
1
= <—/ (D—-\N"tC(Z, — /\)_1d/\)
2mi r,

1
% (Zl_A)_lMl(A)_lB(D—A)_ldA) = Klplg,
I

1
Pyy=— [ (D=XN)"'C(Z; — )" My(\) "t
2mi Jp,

_ (% /Fl(D —NoZ - /\)‘1d/\)

1
_% (Zl - A)_lMl()\)_ld)\> = Klpll-
r

These relations yield

Py Pis > ( I >
P = = P P .
( K P, K\Ppp K (P Pro)

Since I'y is a piecewise smooth simply closed Jordan curve, P;; is bijective
(see [MM?75, Theorem 3]). Therefore the range R((P11 Pi2)) is Hy and so

Ly =R(P)=R ((é)) ’

which proves the representation of £ in (1.7.1).
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ii) Let € H; be arbitrary. Since the spectral subspace £; is invariant
for A, there exists a z € H; such that

A B x \ [ z — Ax + BKjz = z,
C D le n Klz OJ?—FDle :Klz.
Inserting the first equation into the second, we find that

(C + DK1 - KlA - KlBKl) z=0.
iii) By the definition of K in (1.7.2), we have

_ 1 -1 -1
BEy =5 FIB(D NEC(Zy — At
1
=— A—=X=S1(N)(Zy — ) tda
o Fl( S1(N)(Z1 = N)
14 (Z —A)*ld/\—i \NZ —A)*ldA—i My(\)dA
Tomi g, ! mi Jp, omi Jp,
=—A+Zy;

here we have used that, according to Theorem 1.6.6 ii), the spectrum of Z;
lies in the interior of T'; and that M; is analytic on p(D) and hence in the
interior of I'y by Remark 1.6.7.

To prove the representation of M7 (\), we use the relation Z; = A+ BK;
and the Riccati equation for K; to obtain that, for A € p(D),

(I—-BD-X\""Ky)(Z,—))
= -B(D-XN""Ki)(A+BK; - \)
=A-A—B(D -\ (Ki(A+ BK;) — (D — \)K; — AK;)
=A-A-BD-)N"'C
=51(N).
This completes the proof of all statements involving K;.

The proofs of the statements for K5 in i) to iii) are analogous if the
contour I'; can also be chosen to be a piecewise smooth simply closed
Jordan curve.

Otherwise, for the Riesz projection @) of A corresponding to oo, the
bijectivity of Q22 remains to be proved. In this case the contour I'; can be
chosen to consist of the two simply closed Jordan curves —I'; (i.e. I'y with
opposite orientation) and the positively oriented circle {A € C : |A\| = M}
where M > 0 is such that F; is in its interior. The (piecewise smooth)
contour I'y is the boundary of a domain Us such that Fo C Us. Without
loss of generality, we assume that 0 lies inside I'y. Denote by As the image
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of Ty and by V, the image of Uy under the inversion 1 = A~'. Then A,
consists of the Jordan curves A = {u € C : |u| = 1/M} (inner boundary)
and A, (outer boundary, the image of —I'1), and their orientation is again
positive with respect to the image of F3. Then

1

1 1
Qu=—5= [ SN A = o= [ S(u™ ) pdu = o— [ W(p) "' p dp,
miJr, 2mi S, 271 Jy,

where W (i) = pnSo(pu~1) for € V5 as in (1.6.10). By (1.6.11),
pOW ()T =Y TIW ()T = Y Q)

The operator function on the right hand side is analytic on Vs since 0 € Vs.
It follows that

Q22 = %Y_l Wi(p) tdp = L.YA( W(p) tdp + W(,u)_ldu> .
mi Ao 27i A} Ay

The operator function W (-)~1 is analytic in the circle {u € C : |u| < 1/M},

therefore the first integral equals 0. In the proof of Theorem 1.6.6 it was

already used that the operator function W fulfils the assumptions of [MM75,

Theorem 2| with respect to A5 . By [MM?75, Theorem 3], the operator

1 _
o | W) tdu
1 A;
is bijective and hence so is the operator Qas. g

Corollary 1.7.2  Under the assumptions of Theorem 1.7.1, the block oper-
ator matriz A is similar to the block diagonal operator matrix

Zy 0\ ([ A+BK, 0 )
0 Zy) 0 D+CKy )’
in fact,

I K3\ ' (AB\( I Ky\ [A+BK, 0
Ky I C D K, I ) 0 D+CKy )
I
Proof. The operator < I ) maps H; isomorphically on £; and, by The-
1

orem 1.7.1 ii) and iii),

A(él) = (Ié) 7, A(I?) = <I§2> Zs. (1.7.5)

Therefore the restriction of the operator A to £; is an operator which is
similar to Z7. Similarly, the restriction of the operator A to Ls is similar
to Z3. The second statement is immediate from (1.7.5). O
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Corollary 1.7.3 If dim Hy = ny < oo, then Fi contains exvactly nq
eigenvalues of A (counting multiplicities), and the first components of the
corresponding eigenvectors and associated vectors form a basis in H;.

Corollary 1.7.4 If A= A* in Theorem 1.7.1, then

- {()een) ao{(FY) e} ao

with a uniform contraction K € L(H1,Hs) (i.e. | K| < 1).

Proof. Since A is self-adjoint, we have £; L Lo and hence Ky = —K7.
The strict inequality ||K1|| < 1 cannot be proved with the methods used
in this section; later, in Theorem 2.7.7, this is shown even for unbounded
diagonal elements A, D (see also [AL95, Lemma 2.2]). O

1.8 Spectral supporting subspaces

If a self-adjoint block operator matrix A4 has separated diagonal elements,
supW(D) < a < inf W(A) for some o € R, then W2(A) consists of two
components. Then, by (1.7.1) (see also (1.7.6) above), the spectral subspace
L(a,00)(A) is the graph of a bounded linear operator Ky € L(Hy, Ha).

In this section we drop the separation condition for the diagonal ele-
ments. We show that for intervals A C p(D), the corresponding spectral
subspace L£a(A) is the graph of a closed linear operator K : H; — Ha
which may only be defined on a subspace H$* := D(K{*) of H;; the operator
K# is bounded if A C p(D).

The main results of this section concern a description of the so-called
spectral supporting subspace H{ in terms of the Schur complement S .
Analogous results hold for intervals A C p(A) and the corresponding spec-
tral supporting subspaces H% (see [LMMTO03]).

Theorem 1.8.1 Suppose that A = A*. Let A C R be an interval such
that A C p(D). Then there exists a subspace HY C Hy and a bounded
linear operator K¢ : HY — Ha such that

La(A) = {(K;ZJ Lz € Hf} . (1.8.1)

Proof. A subspace L C Hi®H is the graph of a linear operator if it con-
tains no elements of the form (0 y)* with y # 0; it is the graph of a bounded
linear operator if there is a v > 0 with ||ly|| < v|z|| for all (z y)* € L.
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Let o := inf A, f := sup A and set Ao := (o + 3)/2,d := (6 — «a)/2.
Then, for every h = (z y)' € La(A), we have ||(A — Xo)h|| < &]/h|. Thus
1/2

(D = Xo)y + B x| < [I(A=Xo)hll <& (2l + llylI*) "™ < & (llzll + llylD)-
Denote o := dist (Ao, o(D)) (> ). Then
1
D =Xyl = 77— llyll = oyl
II( 0)yll TS lyll = ellyll
and hence
ellyl = 1Bl Izl < (D = Xo)y + B z|| < 6 ([l«]| + [ly]),
0+|B
or ol < By, 0

Definition 1.8.2 If A is an interval as in Theorem 1.8.1, then H% is
called the A-spectral supporting subspace of A in H;.

Together with the analogue of Theorem 1.8.1 for intervals A C R with
A C p(A), we obtain the following corollary.

Corollary 1.8.3 Suppose that A = A*. Let A C R be an interval such
that A C p(A) N p(D). Then there exist subspaces HY C Hi, H5 C Ha
and a bijective bounded linear operator K : HY — H5 such that

La(A) = {(K?J L eHlA} = {<(K1A2_1y> Cy eHgA}. (1.8.2)

If we only assume that A C p(D), then the operator K{ is no longer
bounded, but still closed:

Theorem 1.8.4 Suppose that A = A*. Let A C R be an open or half-
open interval such that A C p(D). Then there exists a closed linear operator
K# : Hy — Ha with domain HY := D(K) such that

La(A) = {( ;Zg) Lz € Hf} . (1.8.3)

Proof. Let e.g. A = (o, 3) C p(D) with a € o(D). We use the same
reasoning and notations as in the proof of Theorem 1.8.1. Assume that
an element h := (0 y)* with y # 0 belongs to LA(A). Then we have
(D = Xo)yll = |(A = Xo)h|| <& ||h]l =9 |ly|]| and, at the same time,

1(D = Xo) yll = 0 llyll > 1D = Ao)yll,

1
> -
S (PR |

a contradiction. This shows that £a (\A) is the graph of a linear operator K.
Since the subspace L (A) is closed, K is a closed operator. O
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Note that H% is the first component of £La(A). The subspace HE is
closed if A C p(D); it is not necessarily closed if only A C p(D).

Proposition 1.8.5 Suppose that A = A*. Let A = [a,5] C p(D),
v € (o, B), and Ay := [a,7], A2 :=(7,8]. Then
HE = H ML

the subspaces 'HlAl and HlA2 are orthogonal with respect to the inner product

o= () () e

where K& is the angular operator in the representation (1.8.1) of LA(A).

Proof. Since A is self-adjoint, we have
LA(A) =LA, (A) B L, (A).
On the other hand, by Theorem 1.8.1,

ea-{(5) e et} e {( 8, e iore

with bounded linear operators K&, KlAl, KlA2 : Hi — Ha. By projection
onto the first component, £ (A) is mapped isomorphically onto H% and
LA, (A) isomorphically onto HlAj, j = 1,2. This implies the first state-
ment. The second statement follows if we observe that K 1A1, K 1A2 are the
restrictions of K{* to M2 and H{?, respectively. O

Proposition 1.8.6 Suppose that A = A*. Let A = [, 3] C p(D) and
denote by Q the component of p(D) containing A. Let HY be the spectral
supporting subspace corresponding to A and let PR : Hy — HY be the
projection of H1 onto HY. Then the block operator matriz

. P:LAAPlA PlAB
Apa = ( BPA D (1.8.4)
in HA = HlA @ Ho satisfies

i) La(Aa) = La(A);
ii) o(Aa)NQ C A.

Proof. i) The subspace La(A) C HA is invariant under A and hence

also under Aa. Moreover, Aalz, 4y = Alza(a) so that o(Aalzaa)) =
o(Alzaa)) C A. This shows that La(A) C La(Aa).
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Using this inclusion and applying Theorem~1.8.1 to the operator Aa
in H2, we find ‘that there exists a subspace HY C HP and a bounded
linear operator K{* : H{ — Hy so that

La(Ap) = {(f(?x) Lz € ﬁf} 5 {(K?x) z€ Hf} = La(A).

As a consequence, we obtain H® = H2, K2 = K2, and hence the claim.
ii) It is sufficient to show that for every closed interval A such that
A C AcQ, wehave o(Ax) NA = o(Ax) NA.
By i), Lao(A) = La(Aa) C LZ(Aa). By Theorem 1.8.1 applied to Aa
in HA and the interval ;, there exists a subspace 7‘~(1A C HP and a bounded
linear operator K A 7‘~(1A — Hs such that

Lx(An) = {(f;lgx) Lz € ﬁ%} ) {(Kjgx) Lz € Hf} = La(A).

As in part i), we find 77(15 = HP, IN(lﬁ = K{, and hence L;(Aa) =
La(A) = La(Aa). This proves o(Ax) N A = o(Ax) N A. O

In the following we relate the spectral supporting subspace H% of the
block operator matrix A to its Schur complement S;. It turns out that H{
is the maximal spectral subspace of S; corresponding to the interval A.

Theorem 1.8.7 Suppose that A = A*. Let A = [a,3] C p(D) and
let Ta be a simply closed Jordan curve surrounding A and intersecting R
orthogonally in o and 3. Define
1 ! 1
=—— —d 1.8.

Qa 51 ). S1(z)" " dz, (1.8.5)
where f/ denotes the Cauchy principal value at R. Then the range of Qa
is given by R(QA) = HD.

Proof. Let Pa(A) € L(H) denote the orthogonal projection onto L£a (.A)
and set A° := (a, 3). We introduce the operator

~ 1 I

PA(A) = 3 (Pa(A) 4 Pac(A)) = 5 (A—2)"tdz.

Evidently, R(Pa(A)) = £La(A). The inclusion R(Qa) C Hf* follows from

P1]3A(.A) (g) =Qazx, =z € H,

where P; : H — 'H;i is the projection of H onto its first component Hj.
In order to show that the range R(QA) is dense in H%, consider z¢ € H{
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with 29 L P113A(.A) (z 0)* = Qax, © € Hy. This implies

<13A(A) (g) (;”00» —0, zeH.

Since the projection Pa (A) is non-negative, we conclude Pa (A)(zq 0)t = 0.
On the other hand, (2o KlAa:g)t € R(Pa(A)) and thus

= () ()

This shows that R(Qa) is dense in H{*. The proof that R(Qa) = H{ uses
a similar reasoning: Suppose that R(Qa) is not closed. Then there exists a
sequence (2,)5° C HY, ||z, || = 1, such that ||Qaz,| — 0 if n — co. Hence

() - (o) () - (a3

= (QAxnaxn) — 07 n — o0.

Obviously, Pa(A)(z, 0)f — 0 implies that Pa(A)(z, 0)® — 0 for n — oco.
Since (xn KlAacn)t € LA(A), we obtain the contradiction

= (5 () () en(i2.)
(Baf5) () e

Next we describe a complementary subspace of the A-spectral support-
ing subspace H{ in H; in terms of certain spectral subspaces of the Schur
complement S .

Theorem 1.8.8 Let A= A" and A = [o, 5] C p(D).
i) If there exists a v > 0 such that one of the conditions

(@, a+7)U(B—7,8) C p(A), (1.8.6)
(a—~a)U(B,B+7) C plA), (1.8.7)
is satisfied, then
Hi = L(—o0,0) (S1())+HE + L(0,00) (51(8))- (1.8.8)
it) If, in addition, o and 8 are isolated points of o(A) or in p(A), then
Hi = L(—000)(S1(a))+HP + Li0,00) (51(8)) (1.8.9)

and hence

dim (H1 6 HT) = dim £(_ 0y (S1 () + dim L g,00) (S1(3)). (1.8.10)
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Remark 1.8.9 The dimension formula (1.8.10) can also be written as
dim (Hy 6 HPY) = dim(S1()) _ +dim($1(8)), ,

where, for a bounded self-adjoint operator T, we denote by T4 := 1 (T+|T'|)
the positive and negative part of T, respectively.
Moreover, since we have H1*} = Loy (S1(e)) = ker S1(a), we can replace
L(—c0,0)(S1()) by L£(_o0,01(S1()) in the relations (1.8.8) and (1.8.9) and,
at the same time, H% by Hga’ﬁ]. The same holds for the point 3.

For the proof of Theorem 1.8.8, we provide a number of auxiliary lem-

mata concerning the monotonicity of the Schur complement S;. In fact,
S is a monotonically decreasing operator function on p(D) N R with

Si(\)=—I—-B(D -\ "?B*<—-I, Mcp(D)NR, (1.8.11)
and limy_ S1(A) = —oo. These observations are crucial in the following.
Lemma 1.8.10 Suppose that A= A* and let A = [a, §] C p(D).

i) If x =u+v where ue H{ and (S1(B)v,v) > 0, then (Si(a)z,z) > 0.
ii) If © =u+v where ue H{ and (S1(a)v,v) <0, then (S1(B)z,z) < 0.
Proof. We prove claim i); the proof of ii) is similar. Let P; : H — H,; be
the projection of H onto H;, j = 1,2. For every x = (z y)' € H, we have

Si(N)x =(A— XNz + By—B(D—\)"'B*z— By
=P (A—Nx—B(D-\)""(B*z+ (D - \y)
=P (A-Nx—B(D - )\)"'P(A-)x
Let 7 := maxyea (14 | B(D = \)~!|) < 14| B]|(dist (A, o(D)))"". Then
[S1 (V]| < X+ [IBD = N)7H) 1A =Nl <y [(A=Nx]|. (1.8.12)

Now let = u+v with u € Hf and v € H; such that (S1(3)v,v) > 0. For
arbitrary n € N, we decompose the interval A into n subintervals

Ay = [a+(k_1)(ﬂ_a), a+k(ﬂ_o‘)>, k=1,2,...,n—1,
JAVEES {OH—W, 6]

Let E4(A), EA(Ag) be the corresponding spectral projections of the oper-
ator A. Then, for u = (u KlAu)t € LaA(A), we have E4(A)u = u. If we set
uk := Ea(Ap)u and uy, := Prug, k= 1,...,n, then u = Pru=>_}_, uy.
For k=1,2,...,n, we choose arbitrary points Ay € Ag. By (1.8.12), we have
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IO <7164 = M) <72

Since S; is decreasing on [«, 8] and all operators Sl(/\) are self-adjoint for
A € R, it follows that

(Si(@)z,z) = (Si(a)(u+v),u+v) > (S1(A)(u+v),u+v)

(51 A1) (Zuk+’l}) Zuk+U) (S1(A1)u1,u+v)
+ (Z w+ 0,51 (M)
k=2
2($100) (3w +0), Y ui+v) =[S0 fu+ v

k=2 k=2

n
= |IDC e+ o 151y
k=2
Since uy, ..., u, are pairwise orthogonal, we have

n n
>l < [ w] <l k=120
j=Fk j=k

Hence, if we let v/ := ~ (JJu]| + ||v||), then

(Si(a)z,z) > (Sl()\Q)(zn: ug + v),zn:uk + v) -2, 6 Hulﬂ
k=2 k=2

Repeating these considerations, we finally obtain

(S1(@)2.2) = (51003 we+0) 3wt o)- 292 (s el
k=3 k=3

>

> (S1(A)v.v) — 27/ 22 leukH

> (S1(B)v,v) —27 ZHUkH
> - 20 (Z ||uk||2)

k=1
- 2 .

Since n can be chosen arbitrarily large, it follows that (Si(a)z,z) >0. O
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Corollary 1.8.11 Let A= A" and A = [a, 5] C p(D). Then
(Sl(a)x,x) >0, (Sl(ﬂ)x,x) <0, x € HlA;
if Q denotes the component of p(D) containing A, then
(Si(N)z,z) > (@—A)|z|?, zeHy, HFIeQ A<a,
(Si(N)z,z) < —(A=B)[lz]|]>, zeHT, fAeQ A>p

Proof. The first two claims are immediate from Lemma 1.8.10 ii) if we
set v = 0. The last claim follows from relation (1.8.11). O

Corollary 1.8.12 Let A= A" and A = [a, 5] C p(D). Then
2 €T + Loy (S108) = (Sil@)z,z) >0.

Proof. Since (S1(B)v,v) > 0 for v € Lg,00)(51(8)), the claim follows
immediately from Lemma 1.8.10. t

The next lemma is a well-known fact about the spectra of positive per-
turbations of self-adjoint operators (see e.g. [BS87, (9.4.4)]).

Lemma 1.8.13 Let T, Ty be bounded self-adjoint operators in a Hilbert
space so that (u,v) C p(T1) and || To — T1|| < v — p. Then

TW<T, = (p+|T2—Ti,v) Cp(T2),

T, <T4 — (ILL, v — ||T2 — T1||) C ,O(TQ)

Lemma 1.8.14  Suppose that A = A*, [o,a+7) C p(D) for some vy > 0,
and 0 € p(S1(N)) for all X € (o, + 7). If, for such A, we set

a(A) := max (0(S1(A)) N (—00,0)), b(A) :=min (o(S1(N)) N (0,00)),
then a and b are continuous non-increasing functions on (a, o+ 7y), and
(0,6(A0)) C p(S1(a)), (a(Xo),0) C p(Sila+7)), Ao € (o, +7).

Proof. First suppose that a(A) and b(\) are finite for all A € (o, a + 7).
The continuity of a and b on (a, a+ ) follows from [Kat95, Remark V.4.9]
since S is a continuous function of A with respect to the operator norm.
In order to show that b is non-increasing, it is sufficient to prove that for
arbitrary Ao € (a, o + 7) there exists an € > 0 such that

b(/\) > b(/\()), A— <A< N (1813)
Choose € > 0 such that [|S1(A) — S1(Xo)| < |a(Mo)| for all A € (Ao — &, Ao).

Then, since (a(Xo),b(Xo)) C p(S1(Xo)) and S1(A) > Si(Ao), Lemma 1.8.13
implies that for A € (A9 — €, A\g) we have
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(0,6(M0)) € (a(Xo) + 151(X) = S1(Xo)ll, b(Xo)) C p(S1(N)),

and (1.8.13) follows.

In order to prove the last statement for b, let A\g € (v, a+7y) be arbitrary
and suppose that there exists a 3 € (0,b(\)) such that 8 € o(S1(e)).
Then, again since S; is continuous in the operator norm, by [Kat95,
Remark V.4.9] there exists a A < )¢ in the neighbourhood of a such that

(0, b()\o)) N O'(Sl ()\/)) 7é @

Hence b(\') < b(\p), a contradiction to the fact that b is non-increasing.
The proofs for the function a are analogous; it is also easy to check that all
assertions remain true if a or b are no longer finite everywhere. 0

Lemma 1.8.15 Let A= A" and o € p(D)NR. Then

(o, +7) C p(A) for some v >0 <= (0,6) C p(Si(a)) for some 6 > 0,
(a—v,a) C p(A) for some v >0 <= (—4,0) C p(S1(c)) for some § > 0.
Proof. We prove the first relation; the proof of the second one is anal-
ogous. If (o, + ) C p(A) for some v > 0, then 0 € p(S1(A)) for all
A € (a,a +7), and the assertion is immediate from Lemma 1.8.14. Con-
versely, if (0,8) C p(S1(a)) for some § > 0, then (—¢,6 —¢) C p(Si(a) —¢)

for arbitrary e > 0. It is not difficult to see (e.g. using the resolvent identity
for D) that S1(a+¢) < S1(a) —e. Now choose £y > 0 such that

[|Si(e) —e = Si(a+e)|| <d—e, 0<e<eo.
Applying Lemma 1.8.13 (for the case To < T1), we conclude that
(.0 —e—|Si(a@) —e = Si(a+e)|) C p(Si(a+e)).
Thus 0 € p(Si(a+¢)), 0 < e < g, and hence (o, a + £9) C p(A). O

Lemma 1.8.16 Let T,,, n € N, and T be bounded self-adjoint operators
in a Hilbert space H such that T, is invertible, || T, || ||T — Tn| < w for
somew >0, neN, and |T—T,|| — 0, n — co. If x, T € H are such that
x =Tz, then

lim (7, 'z, z) = (T'7, 7). (1.8.14)
Proof. We have T, ‘o =T, Tz =7+ T, (T —T,)z and hence
1T 2| < (1+w)|z]|, neN. (1.8.15)

Further,
(T, 'z,2) = (@,2) + (T, (T — Tn)Z,2) = (2,T%) + (T - T,,)z, T, 'z),
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and therefore, by (1.8.15),
(T e, 2) = @ T2)| < T = Tl BT 2] < |17 = Toll (1 + w) 1]
Now (1.8.14) follows from the assumption [|T — T, || — 0, n — oc. O

Lemma 1.8.17 Let L1 and Ly be subspaces of a Hilbert space H and let
T be a bounded self-adjoint operator in H. If

(Tz,x) >0, z€Ly, z#0, (Ty,y) <0 ye€ Ly, (1.8.16)
then L1 N Lo = {0}. If the first inequality in (1.8.16) is sharpened to

(Tx,x) > 6 ||z||?, =€ Ly, (1.8.17)
with some 6 > 0, then L1+Ls is closed.

Proof. The first assertion is obvious. In order to prove the second asser-
tion, it is sufficient to show that there do not exist sequences (x,)$° C £y
and (yn)$° C L2 such that

[znll =1, fl#n —yall — 0, n— oo, (1.8.18)

(see e.g. [GK92, Theorem 2.1.1]). Assume to the contrary that such

sequences do exist. Then the sequence (y,,)$° is bounded and hence

S ATzl lzn = yall + 1T lzn = ynll lynll

— 0, n — oo.

Therefore (T'yp,yr) < 0 implies limsup,,, o (TTn, z,) < 0, a contradiction
to (1.8.17). O

Now we are ready for the proof of Theorem 1.8.8 on the description of
complementary subspaces of spectral supporting subspaces.

Proof of Theorem 1.8.8. i) Due to Lemma 1.8.15, the assumptions
in (1.8.6) are equivalent to (0,6) C p(Si(a)) and (—4,0) C p(S1(B)) for
some § > 0.

First we show that the sum in (1.8.8) is direct. By Corollary 1.8.11
and Lemma 1.8.17 (with T = S1(8)), the sum HE + L ) (S1(8)) is
direct. From Corollary 1.8.12 and Lemma 1.8.17 it follows that also the
sum L(—oo,0)(S1()) + (HE + L(0,00) (S1(8))) is direct.

In order to prove (1.8.8), assume to the contrary that an element
xo # 0 is orthogonal to the right hand side of (1.8.8). The relation
2o L 'Hga”ﬂ) implies that (z¢ 0)* L L(4,3)(A), therefore the vector function
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(A —2)"Yaxo 0)% defined e.g. for all non-real z, has an analytic contin-
uation onto the whole interval («,3), and the same holds for the scalar
function

o(z) = ((A — )t ("’BO) (‘?)) — (S1(2)'wo,70), z€C\R.
Obviously,

(1.8.19)
o) = ((A—zw(?), (ﬁf)) . 2eC\R.

Hence ¢'(X) > 0 for A € (a, ) so that ¢ is increasing on (o, 0).

First we prove (1.8.8) under the assumption (1.8.6). For every sequence
(An)$° C (e, a+7) such that A, \, a, n — o0, the operators T}, := S1(\,)
and T := 51 (a) satisfy the assumptions of Lemma 1.8.16. Indeed, since S;
is continuous we have ||5’1 () —S’l()\n)H — 0, n — oo. Moreover, for n € N,

1S1) M < ICA = 2a)7Hl < o =)™
151(An) = S1(@)]| = [Ja = A = (@ = An)B(D = A\p) 1 (D — ) 7' B||
<|H+BD =) (D —a) ' B*|| (A — @)
<w(A, —a)
with some constant w > 0. Thus ||S1(An) 7| [|S1(An) — S1(a)|| < w.
Nowjet S:=5 (a)‘ﬁ(om)(sl(a))' By definition, we have U(§)~C [0,00)
and ker S = {0}. Since (0,8) C p(S1(c)), we also have (0,8) C p(S); there-
fore, 0 is either a point of ,o(g) or an isolated point of O’(g). Because every

isolated spectral point of a self-adjoint operator is an eigenvalue, the second
case is excluded and so the operator S is boundedly invertible. From the
assumption that zg L £(_ s 0(S1(c)) it follows that o € L(g,00)(S1(c)).
If we set 7o := §*1x0 € D(g) = ﬁ(om)(Sl(a)), then o = S1(a)Zp and,
by Lemma 1.8.16,

lim (p()\n) = lim (Sl()\n)ilxo,xo) = (Sl(a) /x\o,/x\o) > 0.

Analogously we prove that for every sequence ()5 C (3—1, ) such that
tin /B, m — oo, there exists an T1 € L£(_ o0y (S1(3)) such that

Jim p(pn) = HILH;O(Sl(ﬂn)_lxoaﬂfo) = (51(8)21,71) < 0.

Altogether, for sufficiently large n € N, we have A\, < un, ¢(A,) > 0, and
(i) < 0, which contradicts the fact that ¢ is increasing on (a, 3).

The proof that (1.8.7) implies (1.8.8) is similar. Here we consider the
subspace R := Lg\[a,5(A) = L[, (A)* and the operator A = Alg, for
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which (o —v,a) U (8,6 +7) C p(/Nl) Then sequences (A,)$° C (o — 7, )
and (un)$° C (6,8+7~) with A, /" « and p, \, B, n — o0, are constructed
leading to an analogous contradiction as above.
ii) It remains to be proved that the direct sum in (1.8.9) is closed. By
Corollary 1.8.11,
(S1(B)z,x) <0, =z €HT.

The assumptions in ii) are equivalent to the fact that R(A — a), R(A — )
are closed. From the Schur factorization (1.6.2) it is clear that this is equiv-
alent to R(S1(c)), R(S1(8)) being closed. Hence 0 is an isolated point of

o(S1(a)) (o(S1(B)), respectively) or in p(Si(a)) (p(S1(B)), respectively).
This implies that there exists a 6 > 0 with

(Sl(ﬁ)xax) > 4 ||$||27 T e AC(O,oo)(Sl(ﬂ))

Then it follows from Lemma 1.8.17 ii) that the sum H{ + L(g,o0) (S1(8)) is
closed. By Corollary 1.8.12,

(Si(@)z,2) >0, z€HP+Lo,00)(S1(B)).
As 0 is an isolated point of o(S1(c)) or in p(S1(e)), there is a § > 0 with
(Si(@)z,z) < =8 |z]?, 2 € Lo (S1(a)).
Again by Lemma 1.8.17, it follows that the sum in (1.8.9) is closed. O

Corollary 1.8.18 Let o > max o(D). Then

Hi = Li-o00) (Sl(a))+H[1a’m)a Hi = L(—00,0) (51(a))+7{[1a’°°).

Proof. 1If we let 8 > max o(A) arbitrarily large in Theorem 1.8.8, then
L0,00)(51(8)) = {0} in (1.8.8) and (1.8.9) since limy .o S1(A) = —c0. O
Corollary 1.8.19 If A=][a, 5] Cp(D), then the following are equivalent:
i) HY =Hy;

ii) Si(a) >0, S1(B) <0.

Proof. That i) implies ii) follows immediately from Corollary 1.8.11.
Conversely, if ii) holds, then we choose two sequences (o, )$°, (8,)7° such
that ay, 7 «, B\, B, n — oo, and [aq, 51] C p(D). According to (1.5.7),
we have Si(ay) > 0, S1(8,) < 0, n € N. Hence, by Theorem 1.8.8 or

by [MS96] applied for every interval A,, := [, 3,], We obtain HlA" =H;.
Obviously, La(A) =, La, (A), and hence

HY = [ H" = Ha. O
n=1
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Remark 1.8.20 Certain analogues of the dimension formula (1.8.10),
but not of the decomposition (1.8.9), were proved in the papers [MMS87],
[Kru93], [ADS00] for a rather general class of operator functions S, includ-
ing even the non-analytic case. In the last two papers, the condition
S’(A\) > 0 (or rather S’(A) > 0 in [MMS87]) was replaced by a weaker
condition, called Virozub-Matsaev condition in [Kru93] and condition (S)
in [ADS00]. In all three papers a strong additional assumption is imposed
which implies the discreteness of the spectrum of S; as a consequence, in
(1.8.10) instead of H% the closed span of all eigenvectors of S to eigenval-
ues in A appears. It is easy to prove that, in the situation of [MMS87] (or
[Mar88, §33]), also an analogue of (1.8.9) holds.

1.9 Variational principles for eigenvalues in gaps

The classical variational principles (see e.g. [WS72], [RS78]) provide a char-
acterization of the eigenvalues of a semi-bounded self-adjoint operator A
below or above its essential spectrum in terms of the Rayleigh functional

p(z) = (lel]f), x € D(A),  #0.

For example, if A < Ay < --- are the eigenvalues of A below 0es5(A), then

A, = min max p(x n=12,....
n LCD(A) aef p( )7 ) 4y
dim L=n x#0

Note that the range of the Rayleigh functional is the numerical range of A,
W(A) = {p(z) : x € D(A), = #0}.

Even for bounded self-adjoint operators, eigenvalues in gaps of the essen-
tial spectrum cannot be characterized by such simple min-max principles.
However, after suitable decomposition of the underlying Hilbert space, we
may use that, for a self-adjoint block operator matrix A, the quadratic
numerical range is the union of the ranges A (A) of the functionals A\y:

W2(A) = A_(A) U A (A)
where (see Corollary 1.1.4)

/\i<a:) 1 (Az,x) (Dy,y)i\/<(Ax,x) (Dy7y)>i4|(3y7x)|2

y) 2\ =l "yl [l [lylI*

el lyl?

A:I:(A):{Ai<;> I$€Hlay€H25may7é0}'
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Theorem 1.9.1 Let A = A*. Assume that there exists an a > sup W (D)
so that (sup W (D), a) C p(A) and define
Ae := min(0ess(A) N (sup W (D), 0)). (1.9.1)
Further, let
k= K_(A) ;== dim £(_0o,0)(S1(N)) <00, A€ (supW(D),a].

If A1 < Ao < .-+ is the finite or infinite sequence of the eigenvalues of A
in the interval (sup W (D), Xc) counted with multiplicities, then

LCHq z€Ll yEH2
dim L=r+n z#0  y#0

Ap = min max max )ur(x), n=12,.... (1.9.2)
Y

Proof. First we observe that the index shift x in (1.9.2) is independent
of \. In fact, by means of continuity arguments, it can be shown that x_(+)
is constant on each subinterval of p(S;) (see [EL04]). Define

. x
Pntrs = Inf sup sup A; , n=1,2....
LCH1 ger yeHq Yy
dim L=rk+n 320 40

Let o/ € (supW(D),a) C p(A). Then o/ € p(S1) by Proposition 1.6.2.
First we prove that A\, < pi4n. To this end, set A := [\, 00). By Theo-
rem 1.8.1, the spectral subspace L£a(A) admits the representation

La(A) = {( a;%> Lz € Hf} (1.9.3)

where H2 C 'H; is a subspace and K : H® — Hy is a bounded linear
operator. According to Corollary 1.8.18, we have the decompositions

Hi = H ™ L0y (S1(0))) = HEHL ooy (S1(A0)). (1.9.4)
Since (supW(D),a) C p(A) and o < a, we have A = [\,,00) C [o, 00)
and hence HY C H[la/’oo). By (1.9.4) and by definition of , we obtain

codimyy, HY = dim £(_ o 0y (S1()) + codim, o’ ) HE =k+n—1.
1

Now let £ C H; be an arbitrary subspace with dim £ = x + n. Then
dim £ > codimy, Hf and hence there exists an 2 € LN HP, z # 0. If
K#£2 # 0, then (1.9.3) implies that

1 x T
m<—+— (A ;
=]+ K] ( <K1Am) <K1Am>>

_ 1 (A s ( ]| ) ( ] )) <A+< x )
|2 + [ K Pl \" 5K Pl ) Kl /) o = 7 \E )
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for the last inequality we have used that A, (z, K{2) is the larger of the
two eigenvalues of A, ga,. If K#£2 =0, then (1.2.6) shows that for every

Y €H27 y#oa
1 x x (Az, ) (m)
<o [ A : =2 <A :
= )+ Kl ( (Kl%) <K1A$>) ]| "y

So in each case we have found elements x € £, y € Hs with A\, < Ay (z,y)
and hence A\, < pfyn -

Next we prove that A\, > pxin. In the same way as above, we see
)\n Z Mr+n that

Hi=H O EL o) (S1(a))) = HO VLo (S1(An))
and
dim C(_OO,O] (Sl(/\n)) =K+n.

Now choose £ = L(_ g (Sl(/\n)). Ifzel,yeHsy z,y#0,and &, n e C

are arbitrary and we set u := (uv)' == ((z/|z| ny/||y||)t, then we have
u e 5(70070] (Sl ()\n)) and

e (4 0) (). -

Using the Frobenius-Schur factorization (1.6.2) of A — \,,, we obtain

(- (- ()
(RPN (R ) ()

= (S1(An)u,u) + ((D = Ap)w,w) <0

where w := (D — \,)"'B*u + v. This implies W (A, ,) C (—o0, \,] and
hence Ay (x,y) < A,. Thus the proof of \,, = pix4r is complete.

It remains to be shown that the infimum and the suprema in pi.4p
are all attained. Since A\, € o,(A) C W?(A), there exists an eigenvector
(T, yn)t = (v, KPx,)t € LA(A) such that N, = Ay (Zn, Jn) wWhere Ty, Un
are such that x, = ||zu||Zn, Yn = ||Ynl|¥n- O

We will further extend on variational principles for eigenvalues in gaps in
Sections 2.10 and 2.11. There we generalize the above result to unbounded
block operator matrices with real quadratic numerical range, including self-
adjoint and certain J-self-adjoint block operator matrices. The proof in the
unbounded case uses variational principles for the Schur complements. We
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also present a method to calculate the index shift and establish two-sided
eigenvalue estimates in terms of the entries of the block operator matrix.
The results in Sections 2.10 and 2.11 may easily be specialized to bounded
block operator matrices by observing that in this case D(A) = D(B*) = H;
and D(B) = D(D) = Ha.

1.10 J-self-adjoint block operator matrices

J-self-adjoint block operator matrices arise naturally when studying self-
adjoint operators in Krein spaces. In fact, a Krein space is an inner prod-
uct space (K,[,<]) that admits a decomposition K = K4 [+]K_ so that
Hi = (K4, [,]) and Ha = (K_, —[,-]) are Hilbert spaces (see [Lan82, Sec-
tion I.1]). With respect to the decomposition K = K4 @ K_, we have [, -] =
(J-,+) with J = diag (I,—I) as in Definition 1.1.14 and every bounded
self-adjoint operator in X has a block operator matrix representation
(1.1.3) with A = A*, D = D*, and C = —B*, i.e. A is J-self-adjoint.

In the following, we use the block operator techniques developed in
the previous sections to study the spectrum of J-self-adjoint block opera-
tor matrices; in particular, we identify intervals on which the spectrum is
of definite type; on such intervals, the operator possesses a local spectral
function. We also study the corresponding spectral supporting subspaces,
thus establishing results analogous to those derived in Section 1.8 for the
self-adjoint case.

We start with some elementary properties of the quadratic numerical
range of J-self-adjoint block operator matrices. Here an important role is
played by the sets Ay (A) introduced in Corollary 1.1.4; in the particular
case C = —B*, we have

. (Az,z) (Dy, y))2 |(By, 2)|?
disg(x,y) = — g = h
Al@.y) <||a:||2 EE AN ETTE

for x € Hyi, y € Ho, x,y # 0, and, if disa(z,y) > 0,

/\i(x)_l (Aw,w)Jr(D%y)i\/((Ax,x) (Dy7y)>2 4By, 2

y) 2\ el "yl el llyl? 2 [lylI>

Ay = Ai(A) = {)\i <§> cx € Hy, Yy € Ha, X,y 75 0, diSA(CC,y) > 0}.

If C = —B* and W?2(A) is real, then we have dis4(z,y) > 0 for all
x € Hi, y € Ha, z,y # 0, and hence W2(A) = A_ U A,. In this case,
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continuity arguments show that the sets AL are intervals. In general, we
can only prove a weaker statement (see Proposition 1.10.3 ii) below).

Lemma 1.10.1 For all (z1 y1)t, (w2 y2)* € H1 ® Ha, z1,22,y1,y2 # 0,
there exists a curve (x(t) (t))t, t €10,1], such that

Y
i)~ G) Go) =)
Co) =) ()= (). st tena
Proof. There exist at most two different points ¢ € C, say (1, (s, such
that Cz1 + (1 —Q)z2 = 0 or Cy1 + (1 — {)y2 = 0. Let ((t), ¢t € [0,1], be a

curve in the complex plane with ((0) =0, {(1) = 1 not passing through (y
and (2 . Then a curve with the required properties is given by

¢(t) (”31> +(1-¢@) (”32) teo,1]. .

1 Y2

In the following we always assume that dimH > 2; otherwise, A is a
2 x 2 matrix and the questions considered here are trivial.

Proposition 1.10.2  Suppose dimH > 2 and let A be J-self-adjoint.
i) If W2(A)\ R # 0, then W2(A) is connected.

it) If W2(A) consists of two components, then o(A) C R.

Proof. i) Let 21 € W2(A) \ R. Then z € 0,(Ay, 4,) for some z; € Hy,
y1 € Ha, x1,y1 # 0, with dis4(x1,y1) < 0. Since dim H > 2, we either have
dimH; > 2 or dimHy > 2 and thus, by Theorem 1.1.9, either W (D) C
W2(A) or W(A) C W2(A). Because A and D are self-adjoint, this implies
that there exists a 20 € W?(A) NR. Hence 22 € 0p(Ay,.,y,) for some
To € Hy, yo € Ha, x2,y2 # 0 with diSA(JZQ,yQ) > 0.

Let (z(t) y(t))t, t € [0,1], be a curve in H as in Lemma 1.10.1 connecting
(z1 y1)" and (x2 y2)'. Since t — disa (z(t), y(t)) is continuous, there exists
a to € [0,1] such that disa(z(t),y(to)) = 0. This means that the matrix
Az (to),y(to) has a double eigenvalue, which we denote by zo.

Now let z, 2" € W2(A) be arbitrary, z € op(Ayy), 2’ € op(Au ) for
some z,z’ € H1, v,y € He, x,2',y,y # 0. By Lemma 1.10.1, there exists
a curve (z(t) y(t))t, t €10,1], in H connecting (zy)® with (z(to) y(to))t. If
z = At (z,y), then Ay (z(t),y(t)), t € [0,1], is a curve in W2(A) from z to
z0. A curve from zq to 2’ in W?2(A) is constructed analogously.

ii) Since W2(A) consists of at most two components and o(A) C W2(A),
the claim is immediate from i). O
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In the following, we investigate the sets A1 in greater detail. As in
Proposition 1.3.9, we use the notations

a_ :=inf W(A), aq :=supW(A),
d_ :=inf W(D), dy :=supW(D).

Proposition 1.10.3  Let A be J-self-adjoint.

i) Then conv(A_ UA,) C conv(W(A) UW (D)) or, equivalently,
inf A >min{a_,d_}, supA; <max{ay,di},
and equality holds if dimH; > 2 and dimHy > 2.
ii) If inf Ay <supA_, then
(infA_,infAy]CA_, J[supA_,supA;) C Ay

Proof. We prove the second statements in i) and ii); the proof of the first
claims is similar.
i) For all z € Hy, y € Ho, x,y # 0, with dis4(z,y) > 0, we have
. <x) <1 ((A:vaf) (Dy,Qy) N ‘ (Az,z) (Dy,y) D
y) 2\ | lyll

EEENTE
(Az, x) (Dy,y)}

=max<{ — > ~—2 b < max{ay,d}
{ e Tl {apde

and thus sup A} < max{a,d;}. Since dimH; > 2, dim Hy > 2, we have
W (A)cW?2(A), W(D)cW?2(A) by Theorem 1.1.9, and so equality follows.

ii) Assume to the contrary that there exists a A\g € [supA_,supAy)
with Ag ¢ Ay. Since A\g < sup Ay, there is a A\ € Ay with A\g < Aq.
By assumption, there exists Ao € A_ N A;. Then A2 < Ay < A; and
there exist z1,z0 € Hi and y1,y2 € Ha, T1,y1,T2,y2 # 0, with A\ =
A (z1,y1) and Ao := Ay (w2,y2). Let (z(t) y(t))t, t € [0,1], be a curve in H
connecting (z1 y1)' and (22 y2)"* as in Lemma 1.10.1. Then Ay (z(t), y(t)),
t € [0,1], is a curve in W?(A) connecting A\; and Ap. This curve cannot
stay in R since A2 < Ag < A1 and Ao ¢ Aj; hence disa(z(t),y(t)) < 0
for some t € [0,1]. Let to € [0,1] be the minimal zero of dis4 (z(:),y(-)).
Then A4 (2(to),y(to)) = A—(x(to),y(to)) € Ay NA_. On the other hand,
A (z(t),y(t)) € Ay, t € [0,t0], and A4 (x(0),y(0)) = A1 > Ao; hence
A+ (2(t0),y(to)) > Ao =sup A_, a contradiction to Ay (z(to), y(to)) €A—. O

In the following we identify a subinterval [v, u] € W2(A) NR such that
outside of this interval A possesses a local spectral function. The interval is
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defined such that its complement lies outside of the intersection of A_ and
A, and does not contain accumulation points of the non-real spectrum.

Proposition 1.10.4 Let A be J-self-adjoint. Define
Ao :={AeR:I(\,)F C WA\ R, lim \, =A} (1.10.1)

and
v := min{inf Ay, inf Ag, max{a_,d_}},

. (1.10.2)
JTRES max{sup A_, sup Ay, mln{a_,_,d_,_}}.

Then the interval [v, ] satisfies the inclusions

a_ +d_ a+—|—d+

i) [max{a_,d_} min{ay,dy}] C [v,p] C 5 g ,

i) A_NAy C [infAy,supA_] C [,y

Proof. The left inclusion in i) and the right inclusion in ii) are immediate
from the definition of v and p. The left inclusion in ii) is obvious from the
inequalities inf Ay > inf A_, sup Ay > sup A_. For the right inclusion in i),
we observe that e.g. min{ay,dy} < (a4+d4)/2, A_(z,y) < (a4 +dy)/2

for all z € Hy, y € Ha, z,y # 0, by definition of A_, and Re (W?2(A)\R) C
[(a—+d_)/2,(ay++ dy)/2] by Proposition 1.3.9 ii). O

Remark 1.10.5 The interval [v, u] was defined differently in [LLMTO5,
(2.4)], not taking into account the accumulation of the non-real points
of W2(A). It was assumed, but not proved there, that non-real points
of W?2(A) can accumulate at the real axis only within A_ N A;. This
question is still open and hence the definition of v, u had to be modified
here to ensure the completeness of the proof of [LLMT05, Theorem 3.1]
(presented as Theorem 1.10.9 below).

In the following we introduce the notions of spectral points of definite
type of J-self-adjoint operators and of [J-nonnegative and J-nonpositive
subspaces (see [Lan82, Sections I1.4, I.1]).

Definition 1.10.6 Let A € L(H) be J-self-adjoint and let [-, -] := (J -, -).
i) An eigenvector xg at an eigenvalue Ag of A is called of J-positive type if
[0, X0] > 0;

an eigenvalue )y of A is called of J-positive type if all corresponding

eigenvectors are of J-positive type.

iii) A spectral point A\g € gapp(A) NR is called of J-positive type if

|xall =1, lim [[(A—Xo)Xn|| =0 = liminf [xy,xn] > 0.
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The definition of eigenvectors, eigenvalues, and spectral points of [J-
negative type is analogous.

Definition 1.10.7 A subspace £L C H is called J-nonnegative (J -
positive, uniformly J -positive, respectively) if [z, 2] > O forallz € £, x £ 0
(> 0 or > ~||z||* with some v > 0, respectively). A J-nonnegative sub-
space L is called mazimal J-nonnegative if it is not properly contained in
another J-nonnegative subspace.

If for an interval (o, ) C R the points of (o, 3) N o(A) are all of J-
positive or all of J-negative type for A, then A has a local spectral function
E4(A) on (o, ) (see [LMM97, Theorem 3.1]); the spectral function is
defined for all A belonging to the semi-ring M («, 3) generated by all closed,
open or semi-closed intervals whose closure is contained in («a, 3).

The subspace LaA(A) := EA(A)H is called the spectral subspace of A
corresponding to A. If A € M(«, B) is so that ANo(A) # 0 and consists of
points of J-positive type, then the corresponding spectral subspace L4 (A)
is a uniformly J-positive subspace of H (see [Lan82, Remark 1]).

A useful property of [J-definite subspaces is that they admit angular
operator representations (see e.g. [Lan82], [Bog74, Theorem I1.11.7]).

Remark 1.10.8 A closed subspace £ C H is J-nonnegative if and only
if there is a closed subspace HY C H; and a contraction K : H¥ — Hy with

e {(ic,) oo

The subspace £ is J-positive if and only if K is a strict contraction (i.e.
|Kz| < ||z|| for all z € H¥, z # 0), and £ is uniformly J-positive if and
only if K is a uniform contraction on H¥ (i.e. | K|| < 1); the subspace £ is
maximal J-nonnegative if and only if H{ = H;.

Now we are ready to classify spectral points of J-self-adjoint block
operator matrices according to their types.

Theorem 1.10.9 Let A be J-self-adjoint and let v, p be defined as
in (1.10.2). Then

i) the spectral points of A in (u,00) are of
J -positive type if dy < a4,
J -negative type if ay < dy;
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ii) the spectral points of A in (—oo,v) are of
J-negative type if d_ < a_,
J -positive type if a_ < d_;
iii) A has a local spectral function E 4 on (—oo,v) and (u,00).
Remark 1.10.10 From Proposition 1.10.3 i) it follows that
ay = d+ — O'(.A) N (LL,OO) = @,
a_=d- = o(A)N(—oo,v)=10.
Proof. 1), ii) We restrict ourselves to the interval (i, 00) and to the case
dy < ay; all other cases are analogous.
Let A € o(A) N (u,00). Then there exists a sequence (x,)° C H,
Xn = (2, yn)t, such that || xn||? = ||z |12 + [|yn]? = 1 and
Up = (A—-AN)xp — 0, n— 0. (1.10.3)
Without loss of generality, we assume that lim,_ .o ||z,| exists. In
order to prove that A is of [J-positive type, it suffices to show that
limy, oo lZa]> > 1/2 since [Xn,Xn] = [zal® = yall® = 2[zal* - 1.
Evidently, if lim, . |lyn]| = 0, the claim is trivial. Otherwise, we let

un = (up vp)Y, take inner products of the rows in (1.10.3) with =, and y,,
respectively, and arrive at

(Azy, xy,) — /\||acn||2 + (Byn,Tn) = (un,zn), (1.10.4)
—(B*%0,Yn) + (DY, yn) — Mynl® = (vn, yn)- (1.10.5)
If lim,, oo ||, || =0, then (1.10.5) would imply (Dyn, yn)/||ynll* = X, n— 00,

a contradiction to A > d;. So, in the following, we may assume without
loss of generality that x,,y, # 0 and 0 < lim,, o ||z,| < 1. If we set

’ 2l lynll” lyall®

l|nl?
then (1.10.4), (1.10.5), and (1.10.3) imply that

- (un’rn)
bl (23 ()
Awnn= ( - b = 1';‘%1” — 0, n — oo.
( Y ) 1yl —b, dp—X) \lynll (ln,yn)

[ynl

dy, =

Therefore dist (A, 0(As,,4,)) — 0, n — oo, by Lemma 1.3.2. Because
A > p > max{sup A_,sup Ag}, neither points of A_ nor non-real points of
W?2(A) can accumulate at A; hence limy, oo A (T, yn) = A.

Adding (1.10.4) and the complex conjugate of (1.10.5), we see that
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an||;vn||2—|— dn(1—||acn||2) — A= (Un,ZTn) + (Yn,vn) =16, — 0, n — 0.

Since A > p > dy > d,, there exists an ng € N such that, for n > ny,
A—p
0< ——————=ap—dp, <ay—d_, ‘)\ /\Jr ‘<T (1.10.6)
yn

Then we have, for all n > ng,

(loali = 3) (o = =) 2 (leall? = 3) (60— da) = A= 22222 e,
:1—%@;(%”) ())“"
54 )

Since ay > d4 > d_, we obtain the desired inequality lim, . ||z, ||* > 1/2.
iii) The existence of the local spectral function on (—oo, v) and on (u, 00)
follows from ii) (see [LMM97, Theorem 3.1 and Lemma 1.4]). O

Corollary 1.10.11 Let A be an interval with A > pu and let La(A) =
E4(AYH. If dy < ay, then there exist a subspace HY C Hi and a strict
contraction K{* € L(H{, Ha) such that

La(A) = {(K”;x) ‘z€ Hf};

if ay < d, then there exist a subspace H5 C Ho and a strict contraction
K$ e L(HQA,Hl) such that

csn=((2)vers).

Proof. Theorem 1.10.9 shows that LA (A) = E4(A)H is uniformly posi-
tive if d4 < aq and A No(A) # 0, and uniformly negative if a4 < d4 and
AnNo(A) # 0. Now both claims follow from Remark 1.10.8. O

As in the self-adjoint case (see Theorem 1.8.7), we call the subspaces H%
and H% A-spectral supporting subspaces of A in H; and Haz, respectively;
for the following description in terms of the Schur complements, we restrict
ourselves to the case dy < a4.

Theorem 1.10.12  Suppose that A is J-self-adjoint. Let A = [a, 5] > p
and let T'a be a simply closed Jordan curve that surrounds A, but no point
of o(A)\ A, and intersects R orthogonally in o and (3. Define
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1 i
Qp = —— S1(z)"tdz,

2mi Ta

where f’ denotes the Cauchy principal value at R. Then the range of Qa
is given by R(QA) =HP.

Proof. The proof follows the lines of the proof of Theorem 1.8.7 if we use
the local spectral function E 4 of A according to Theorem 1.10.9, introduce
1 1 !
Ea(A) = = (EA(A) + EA(AO)) ——— ¢ (A—z)ldz
2 2mi Jr,
instead of Pa (A) and use the symmetries e.g. of E4(A) with respect to the
indefinite inner product [, ] (see [LLMTO05, Theorem 3.3]). O

The next theorem is the J-self-adjoint analogue of Theorem 1.8.8.

Theorem 1.10.13 Let A be J-self-adjoint with dy < a4 and let A =
[, B] > p be an interval such that o, 8 € p(A). Then

Hi = L(—000)(S1()) +HE + L0,00) (S1(B)).

Proof. The proof is similar to the proof of Theorem 1.8.8 if we observe
that, although the Schur complement need not be decreasing in the J-self-
adjoint case, the following weaker statement can be proved: If p < A1 < Ag
and (S1(A2)x,z) > 0 for some x € Hy, = # 0, then (S1(A)z,x) > 0. For
more details we refer to [LLMTO5, Section 4]. O

We conclude this section by investigating the corners of the zones A _
and Ay of the quadratic numerical range. If a_ # d_ and ay # dyi,
respectively, then the outer corners inf A_ and sup A, are corners of W?2(A)
and hence, by Theorems 1.5.8 and 1.5.2, they belong to o(A), or even to
op(A) if inf A_ =min A_ and sup AL = max A, respectively.

In the following theorem, we prove analogous statements for the interior
corner sup A_ of A_; the formulation of the analogue for inf A is obvious.

Theorem 1.10.14  Let A be J-self-adjoint. Suppose that sup A_ > d4
and that there exists a neighbourhood of sup A_ containing no mon-real
points of W2(A). Then supA_ € o(A).

If, in addition, sup A_ = maxA_, then supA_ € op(A). In the latter
case, if supA_ = A_(xo,y0) for some xg € H1, yo € Ha, To,y0 # 0, then
there is a v € C so that (o yyo)® is an eigenvector of A corresponding
tosupA_.

Proof. The proof is very similar to the proofs of Theorems 1.5.2 and 1.5.8;
for details we refer the reader to the proof of [LLMTO05, Theorem 2.7]. O
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1.11 The block numerical range

The concept of quadratic numerical range for 2 x 2 block operator matri-
ces has an obvious generalization to n x n block operator matrices. For
this so-called block numerical range, we prove results on spectral inclusion,
estimates of the resolvent, and inclusion theorems between block numerical
ranges under refinements of the decomposition of the space (see [TW03]).
Let n € N, let Hq,...,H, be complex Hilbert spaces, and consider
H=H1 P - B H, With respect to this decomposition, every operator
A € L(H) has an n x n block operator matrix representation
App oo A
A= : (1.11.1)
Anl"' Ann
with entries A;; € L(H;, Hi), i,j =1,...,n. In the following we denote by
SHI@'”@Hn :ZSH1>< s XSHnZ {(xl .. .:Cn)t eH: ||$Cl|| =1,i=1, 2, ey n}

the product of the unit spheres Sy, in H,;; we also writeS™ or Sy instead of
SH,@--@H, if the decomposition H = H; & - - ®H,, is clear (note the slight
difference in notation between Sy, @...¢7, and the unit sphere Sy, @¢...omH,,
inHy & - ®Hy).

Definition 1.11.1 For z = (z1...2,)" € Sy e..en, we introduce the
n X n matrix

(Anxl,a?l) (Alnxn,afl)
Ay = : : € M,(C), (1.11.2)
04n1x17xn) T @4nnxn7xn)
that is, (Az)ij == (Aizs,2:), 4,5 =1,...,n. Then the set
Wioeam, (A) = | op(Ae) (1.11.3)
TeS™

is called block numerical range of A (with respect to the block opera-
tor matrix representation (1.11.1)). For a fixed decomposition of H, we
also write

W(A) = Wiy e.an, (A)-

Clearly, since o,(A;) = {A € C : det (A, —A) = 0} for all z € S",
W™(A) has the equivalent representation

WA)={AeC:3z eS8 det (A4, — ) =0}. (1.11.4)
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Remark 1.11.2 For n = 1 the block numerical range is just the usual
numerical range, for n = 2 it is the quadratic numerical range introduced
in Section 1.1. For n = 3, the block numerical range is also called cubic
numerical range and for n = 4 quartic numerical range. If A € M, (C) is
an n X n matrix, then W™ (A) coincides with the set of eigenvalues of A.

Like the numerical range and the quadratic numerical range, the block
numerical range of a bounded block operator matrix A is bounded,

W™A) c{reC: A <A},
and closed if dim H < co. The former follows if we let © = (z1...3,)" € 8",

z=(21...2,)"' €C", |Iz|| = 1, set yj:=zjxj, 5 = 1,...,n, y:i=(y1...Yn)"
so that ||y|| = 1, and observe that

n n 2 n n 2
Iz =33 (s wi) 2| < 30 || s | sl = 1Ayl < JlA)1,
i=1 j=1 i=1 j=1

IfH=H1®- - ®H, is decomposed into n components, then the cor-
responding block numerical range consists of at most n (connected) com-
ponents; as in the case n = 2, this follows from the fact that the set of all
matrices A,, x € 8", is connected and from a continuity argument for the
eigenvalues of matrices (see [Kat95, Theorem I11.5.14] and [Wag00]). If, for
example, A is upper or lower block triangular, then

W (A) = W (A1) U+ UW(Ann).

This shows that, like the quadratic numerical range, W"(A) need not be
convex; the next example shows that its components need not be so either.

Example 1.11.3 Consider the 4 x 4 matrix

2 01]1
0 —2[1] 1
A7_1110
i i]0]-1

with respect to C* = C2@ C@ C. The corresponding cubic numerical range
has 3 components and none of them is convex (see Fig. 1.8).

Proposition 1.11.4 If A* denotes the adjoint of A, then

) Wr(A*) ={XAeC:xe W"(A)} = W"(A)*.
i) A=A = W"(A) CR.
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\‘

Figure 1.8 Cubic numerical range W3(A7) = Weagege(A7) of Az

Proof. For assertion i) we observe that (A;)* = (A*),; assertion ii) is

obvious since in this case all matrices A, are symmetric. O

In Fig. 1.8 the eigenvalues of A7, which are marked by black dots,
are obviously contained in W3(A7). In order to prove a general spectral
inclusion theorem, we need the following generalization of Lemma 1.3.2.

Lemma 1.11.5 Let M € M, (C). If M is invertible, then
M

gLt |
M= Taea

(1.11.5)

For all x € C", ||z|| = 1, we have
dist (0,0(M)) < /M= M|

Proof. The first estimate was proved in [Kat60, Lemma 1] (see also [Kat95,
Section 1.4.2, (4.12)] and note that C" is a unitary space). The second
statement is trivial if M is not invertible. If M is invertible and x € C",
||z]| = 1, then ||[Mz| > [|[M~]|7! > 0. Denoting by A1,...,\, the eigen-
values of M and using (1.11.5), we obtain

(dist (0, 0(M)))" = (nﬁ{lm)"g AL An| = | det M|

n—1
L I
M

The next theorem generalizes the spectral inclusion property of the

< [IM T Me]). O

numerical range (n =1, see (1.1.1)) and of the quadratic numerical range
(n=2, see Theorem 1.3.1).
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Theorem 1.11.6 o,(A) C W"(A), o(A) C Wn(A).
Proof. First let A € ,(A). Then there exists z = (z1...2,)" € H, z # 0,

such that Az — Az = 0. If we write x; = ||z;|| Z; with Z; € H,, ||Zi] = 1,

i=1,...,n, then T:= (T1...7,)* € 8", (2;,7;) = ||z4||, i = 1,...,n, and
|21l (AuZ1,71) = A -+ (A1, 71) |21 ]

(A-Nf )= : : :
[zl (An1Z1,Zn) -+ (Ann@n, Tn) — A (e

(Anz,21) + -+ (Apzn, T1) — AM(z1,21)

(Ap121,Zn) + -+ + (A,mmn, Tn) — Man, Tn)
(Z?:l Ajjxj — Ay, fl)

= : = (Ax—/\;v,ff) = 0.
(E?Zl Apjz; — Aoy, in)

Hence A € o,(Az) C W"(A) by definition (1.11.3).

Now let A € o(A). Then we either have A € g,(A*)* or A € gapp(A)
(the approximate point spectrum of A, see (1.3.4)). If A € o,(A*)*, then
the inclusion already proved and Proposition 1.11.4 i) yield A € o, (A*) C
Wm(A*) = W™(A)* and hence A € W™ (A). If A € gapp(A), then there is a
sequence (z("))°C H, [|2®)|| = 1, so that Az)—Az) — 0, v — co. If we
) (V||A(VW1thx EH“HAV)H—IZ—I n,v=12.
then E(”) = (fgy). .. Af(lu)) € 8™ and, in a similar way as above7 we obtam

write x; = ||z

3
(Az0) — A) 1 = (Aa:(”) — /\a:(”),ﬁz\(”)) — 0, v — o0
[
thus we have €, = || (Az0) — ) (||;vlu)|| . ||(E,(1V)||)tH — 0, v — oo. Since
||(Hx§y)|\ ||x£f')||)t|| = ||z®|| = 1, Lemma 1.11.5 implies that

dist (X, 0(Auw)) = dist (0,0 (Aper — A)) < V[ Aper — A" ey

< AL+ )" te — 0, v — o0,

and therefore

re Jo(Aw) C | o(Ax) =Wn(A). O

veN TES™
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Example 1.11.7 As an illustration of Theorem 1.11.6, we consider the
block operator matrices

21i 110 —2l-1]1 o0
il2 01 “1l—2]0 1
As=1 100 2|1 |0 M= = —1]0 —3i
01 1 [—2 —1l-2|3i 0

Figure 1.9 shows their eigenvalues marked by black dots and their cubic
numerical ranges. Note that the horizontal line in the right picture is part
of the cubic numerical range.

Figure 1.9  Cubic numerical ranges Wegc2gc(As), Wegegez2 (Ag), and eigenvalues.

The next theorem generalizes Theorem 1.1.9; it shows that the block
numerical range of a principal minor of an n x n block operator matrix A
is contained in W™ (A) if a certain dimension condition holds.

Theorem 1.11.8 Letk e N1 <k <n, 1 <i; < - < i <n, and
denote by P : H1 @ --- @ H,, — Hi, @ --- @ H;, the projection onto the
components i1, ...,i of H.

If there exists an enumeration iy,...,1, _, of the elements of the set
{1,...,n}\ {i1,..., i} with dim H%Zn—(j—l), j=1,...,n—k, then

W?'{il@"'@"'lik (PAP) - WHI@"'@Hn ("4)
Proof. For k = n, the statement is trivial. For & = n — 1 there is

an ¢ € {1,...,n} such that {i1,...,ix} U {i} = {1,...,n}. If we denote
Hg =H1®-- - OHi-1DHiy1D--- P H, and .A; := PAP, then
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A o Ao Ay 0 Ay
A — Aiig o Aisiicr A o Aicin
! Aiv11 - Air1im1 Aivrivr 0 Aivin
Anl e An,i—l An,i+1 ttt Ann

Now let A € Wi a...oHi_1 @M1 0--@H.,. (Aj). Then there exists an element
= (x1... i1 Tiy1...7n)" € Sy with det ((A;)wz — /\) = 0. Since

dim span{Aﬂajl, . 7Ai,i—1371'—17 Ai,i+1$i+1; . ,Aznﬂjn} S n—1< dlmHz
by assumption, there is an z; € H;, ||z = 1, with (Az)i; = (Ayxj, 2) =0
forj=1,...,i—1,i+1,...,n. Then we have x := (z1...2,)" € Sy and
(Az)in - (Ao)iicr (Ao)e (Ao)rivr - (Az)in

(Az)i—11 -+ (Aw)i—i—1 (Az)i—1 (Ae)i—1,i+1 -+ (Az)i—1n
A, = 0 0 (Az)ii 0 0
(Az)iv1,1 - (Az)igri—1 (Az)igri (Az)ittivr - (Az)itin

Aot (At (A (Addmsrs - (A)un

Thus det(A; — A) = ((Az)ii — A) det ((A4})r — A) = 0 and, consequently,
A € Wi, g-.em, (A). The case k < n — 1 follows by induction. O

The particular case k = 1 of Theorem 1.11.8 shows that, under a certain
dimension condition, the numerical ranges of the diagonal entries A;; of A
are contained in the block numerical range of A (compare Theorem 1.1.9
and Corollary 1.1.10 for the case n = 2).

Corollary 1.11.9 Letig € N. If there exists an enumeration i), ...,i,_4
of {1,...,i0—1,i0+1,...,n} with dim Hi;. >n—(j—-1),5=1,...,n—1,
then
W(Aioio) c Wn(A)7
in particular, if dim H; > n fori=1,...,n, then
W(Ai) CW™A), i=1,...,n

Corollary 1.11.10 Suppose that dimH; > n, i = 1,...,n, and that
Wn(A) = F1U---UF, consists of n disjoint components. Then there
exists a permutation w of {1,...,n} such that W(Ay) C Fray, i =1,...,n.
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Proof. Let x1 € Sy, be arbitrary. Then, by the dimension condition,
we can recursively choose zr € Sy, kK = 2,...,n, in such a way that
Tk 1 {Aklxl, ceey Ak’k_lxk_l}. Since W”(A) = .7:1 U ce U]:n, every
matrix A, x € Sy, has exactly one eigenvalue in each component of W™ (A).
In particular, if we let 2 := (z1...2,)" € Sy, then

(Anml,ﬂ?l) (Alnmmﬂfl)

O et (Annxn; xn)
hence there exists a permutation 7 of {1,...,n} with (Ayx;, x;) € Fr( for
t=1,...,n. By Corollary 1.11.9 we have W(A;;) C W"(A) fori=1,...,n;
since W (A;;) is convex, the assertion follows. O

The dimension condition in Theorem 1.11.8 cannot be dropped; this can
be seen from the following example.

Example 1.11.11 We reconsider the matrix As from Example 1.5.5,
now with the 3 x 3 block decomposition in C @ C? @ C, and its principal
minor Af given by
1 |3+1 2 i
3+i| 1 i 2 ,
A= ol 1 [sei |0 AT
i -2 3+i| 1

Figure 1.10 shows that the quadratic numerical range of A% is not contained
in the cubic numerical range of As; here n=3, k=2, i1 =2, i3 =3, ij =1
and so the dimension condition dim H; > 3 of Theorem 1.11.8 is violated.

Next we consider the behaviour of the block numerical range under
refinements of the decomposition Hy & --- ® H, of H. Theorem 1.11.13
below is a generalization of the fact that the quadratic numerical range is
contained in the numerical range (see Theorem 1.1.8).

Definition 1.11.12 Letn, 7 € Nand H = Hy &+ &M, = H1®- - &Hz
with Hilbert spaces Hi,...,H, and Hi,...,Hz. Then Hy & --- & Hy is
called a refinement of Hy & --- ® H, ifn <n ind there exist integers
O=ipg<--- < i, = n with Hy :Hik—l"'l@'.'@H'Lk for all £ = 1,....n.
Theorem 1.11.13 If Hi®- - ®H; is a refinement of H1®- - -@&Hy, then
Wﬂl@m@ﬁﬁ (“4) CWhia-aH, (“4)7
or, briefly,
Wh(A) c W™(A), 7>n.
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Figure 1.10 Wegc2ac(As) and Weege(A5)

Proof. It is sufficient to consider the case n = n + 1; the general case
easily follows by induction. If 7 = n + 1, there exists a k € {1,...,n} such
that the refinement ﬁl @ P ﬁﬁ of H=H1 P - D H, is of the form
H=H1®D - - ®Hr_1 @H}C@Hi@,ﬂk+l ®---DH, where Hy = H}CEBH%
With respect to this refined decomposition, A has the representation

Ay - Al A2 . Ay,

1 11 12 1
Ap - A A o A

2 21 422 2
Ap - Al A o Ak

Apy - AL, A2, o A,

with At € L(HL, HE), AL, € L(H;, HL), A3 € L(M, Hy), ki j=1,...,m,
s,t =1,2. For the entries A;; € L(H;,H;), i, =1,...,n, of the represen-
tation (1.11.1) of A with respect to H = H1 & - - - ® H,, we have

Apr, = (Aii 4z | Api = 2, ) Aji = (Ajy A3y )

By Theorem 1.11.6 about the spectral inclusion, we conclude that

Wi, e enternze. -an, (A)
= U {o(A) x e Snlea---@H;@Hi@»»»eaHn}

- U {WC®~~~@C2@~~@C(Aw)1 xGSHl@---@H;@Hi@---@Hn}
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The theorem is proved if we show that, for © € Sy, ¢..0nten2e. 01,

WLCX---XC2><-- CU {O’ yESHl@ ®Hn } Wng; EBHn(A)
To this end, let = € SHl@»»»@H;@Hﬁea---@Hm r=(v1...252%...2,)" €EH
with lo1]| = -+ = [z} | = a3]|'= - = [|zs]| = 1. Then

(Anzy, ) |- | Az, o) (Afeg,x) |- | (Ain®a, 1)

A — (Allclxl’mllc) (Allckxkvxllc) (Allckxkvxk) (Allcnxnaxllc)
(Afiwn, ) |- | (Al 23) (AfRag,af) |- | (A7, 20, 77)
(Anlxlaxn) (A}ka]iaxn) (Aikxiaxn) (Annxnaxn)
By -+ Big -+ Bin

= Bkl Bkk Bkn :BGL(C@®C2@@C)

Now let z € Scg...¢c2¢...@c be arbitrary. If we find a y € Sy, g...9H,, With
B, = A,, then a((Ar)z) = 0(B,) = o(A,) and hence

Wee.-ac26--oc(A U{ )z) : 2 € Scg.ac20-0C |
C U {‘7 (Y € Sy @Hn}

as required. To this end, let z = (zlz;@zn)t cCq---e6C?q---aC,

2 = (2} z,%)t € C?, with 212 =--- =||z||* =+ = |2n|* = 1. Then
(Biiz1,21) -+ (Bikzk,21) - (Binzn, 21)
B.=| (Brizi,2k) -+ (Brk2k,2k) -+ (BrnZn,2k)
(B’I’lel7z’n) e (Bnkzkazn) (Bnnzruzn)
Set
Vi =z, t=1,...,n, i £k, yp:= (y,ﬁ y,%)t = (z,:iyc,lC zzxi)

Then it is not difficult to check that |ly;|| = 1, ¢ = 1,...,n, and hence
y:=(1---Yk---Yn)" € Sryo--@mn,- With this choice of y, we obtain the
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desired equality B, = A,. For example, for k = 1,...,n, the k-th diagonal
elements (B, )k of B, and (A, )k of A, coincide since

(B = <( (Alkxk’mk)zk (Alimkvxk)zk ) < Zlﬁ ))
(Aikxk, mk)zk (Aiimiwk)zk Zl?
= ((Akkykvxk) (Akkykvxk)) ((Akkyivxi) + (Aiiyi,xi))zzi

= (Agyi + Azyioue) + (Arkus + Afvi, vi)

Allckyli + Akkyk ) < Z/k ))
— , =(A , = (A ;
<( Ai}cyi Aﬁyi 3/1% (At o) = (Ay)ie

the proof for the other entries is similar. O

Example 1.11.14  As an illustration for Theorem 1.11.13, we reconsider
the matrix As from Example 1.3.3:

0 0 1 0
0 0 0 1

As=| 5 (1.11.6)
—1 =2 —5i i

Its block numerical ranges with respect to the four successively refined
decompositions C*= C?® C?=C?2¢Cd C =C® C o Ca C (the first one
being the numerical range and the last one the spectrum) are displayed in
Fig. 1.11 below.

Remark 1.11.15 In [FHO8], K.-H. Férster and N. Hartanto considered
the block numerical range of (entrywise) nonnegative matrices. They devel-
oped a Perron-Frobenius theory for it, thus generalizing corresponding
results for the spectrum and the numerical range.

The estimate for the resolvent of a block operator matrix in terms of
the quadratic numerical range also generalizes to the block numerical range.
For the proof we need the following generalization of Lemma 1.4.2.

Lemma 1.11.16 Let Ar) : 8" — M,(C) be uniformly bounded from
below, i.e. assume there exists a § > 0 such that for all x € S™

|Azal > 6 all, aecCm (1.11.7)

Then
[Ayll > llyll, veH;

if, in addition, A is boundedly invertible, then || A71| < d~ L.
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Figure 1.11  Wea(A3), Weege2 (A3), Wezgeac(As), and Wegcacac(As).

Proof. Let y = (y1...yn)" € H be arbitrary, write y; = |ly:]| 7: with
Ui € Hi, |l = 1,4 = 1,...,n, and set o = ([Jga]l ... lynll) € C".
Then § := (§1...Yn)" € 8™ and hence, by assumption (1.11.7), we have
[ Ajal|? > 62||al|* = 62||y||?. Together with the equalities

o o~ ~ o~ 2
(Allyhyl)”yl” et (Alny’rwyl)”yn”

1Az |

(An ¥, ) llyall + - - 4 (Annns Yo ) [y

SIS )| < 20 30 w02
=1 j=1 =1 =1
= i H iAijyjHQ = || Ay,

j=1

=1 j=

the desired estimate follows. The last claim is obvious. O
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The following theorem generalizes the resolvent estimate in terms of the
numerical range (n = 1, see (1.1.2)) and in terms of the quadratic numerical
range (n = 2, see Theorem 1.4.1).

Theorem 1.11.17  The resolvent of A admits the estimate

e (R
lA=n7 < dist (X, Wn(A))"

More exactly, if F1,...,Fs are the components of Wn(A), then there are

A Wn(A). (1.11.8)

integers ng, j =1,...,s, with Z§:1 n; =n such that
_ A=\t _—
A-N"1| < H —, A Wn(A); 1.11.9
L T O

in particular, if W™(A) consists of n components, then

A= A"
[T, dist(\ )’

[(A=N7 < A g Wn(A).

Proof. Let A ¢ Wn(A). If Fi,...,Fs are the components of Wn(A),
then there are integers n;, j = 1,...,s, with Z;:l n; = n such that each
matrix A;, x € 8™, has exactly n; eigenvalues in F; for all j = 1,...,s.
Now let x € 8™ and let A\1,..., A, be the eigenvalues of A,. Then there
exists a partition I U --- U Iy = {1,...,n} so that \; € F; if and only if
1 € I;. Then n; = #Ij,]—l , S, and

|det(Ay—N)| = [A=A1] -+ A=A, |—HH|)\ >\|>Hd1st A F)M >0

j=1liel;
for z € 8™ since A\ ¢ Wn(A); in particular, A, — \ is 1nvert1ble This and

Lemma 1.11.5 now imply that

[A=Na " A=A
|det(A, — N)| — szl dist (A, F;)m™i
for all z € 8™. Since A ¢ Wn(A), we have A € p(A) by Theorem 1.11.6
and hence A — X is invertible. Using this and (1.11.10), we obtain the
second assertion of the theorem from Lemma 1.11.16. The first and the
third estimate are immediate consequences of the second inequality. O

[(A=N < (1.11.10)

As for the numerical range and the quadratic numerical range, the esti-
mate of the resolvent yields an upper bound for the length of Jordan chains
at boundary points of the block numerical range (compare Corollary 1.4.8).

Proposition 1.11.18 Let A\ € 0p,(A). If Ao € OW™(A) has the exterior
cone property, then the length of a Jordan chain at Ay is at most n.
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More exactly, if Wn(A) = F1U...UF, consists of s disjoint components,
such that Ao € Fj,, and the integers nj, j =1,...,s, are as in the proof of
Theorem 1.11.17, then the length of a Jordan chain at Ao is at most nj,.

In particular, if W™(A) consists of n components, then the length of a Jor-
dan chain at \g is at most one, i.e. there are no associated vectors at Ag.

Proof. The proof is completely analogous to the proof of Corollary 1.4.8
for the quadratic numerical range (see [TWO03, Proposition 4.4]). g

Remark 1.11.19 The block diagonalization theorem (see Theorem 1.7.1
and Corollary 1.7.2) was generalized recently to the nxn case by M. Wagen-
hofer (see the PhD thesis [Wag07]). He did not only assume that W"(A) has
n disjoint components, but that they are separated in some stronger sense.

1.12 Numerical ranges of operator polynomials

A special class of n x n block operator matrices, so-called companion oper-
ators, arises as linearizations of operator polynomials of degree n. Here we
study the relation between the block numerical range of a companion oper-
ator and the numerical range of the corresponding operator polynomial.
Let Ho be a complex Hilbert space, let A; € L(Hy),4=0,...,n—1, and
set A:= (Aop,...,An—1). Consider the operator polynomial P4 given by

Pa(A) = NI+ A" A, + -+ XA+ Ap, N€EC.

The companion operator C* of P, is the n x n block operator matrix in
the Hilbert space H = H{ = Ho @ - - - @ Ho given by

0 I - .. 0
0 I
cA =
: 0 I
—Ao—A1 - —Ap 2 —An

It is well-known that the spectral properties of P4 and its companion oper-
ator C4 are intimately related (see [Miil56], [Mar88, §12.1]); in particular,
O'(PA) = U(CA) and o} (PA) =0op (CA).

The numerical range of the operator polynomial P4 is given by
W(Pa):={AeC:3 feH, f#0, (PaNf, f) =0} (see (1.6.1)). It is
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not difficult to check that W(Pa) C W (C*); in fact, if (Pa(\)f,f) =0,
then ((C4—N)x,x) = —A""Y(Pa(A)f, f) =0 for x := (f,Af,..., A" "L f)L.
The next theorem shows that W(P4) is even contained in the block
numerical range of its companion operator C4:
Theorem 1.12.1 W (P4) C W"(C4).
Proof. Let \g € W(P4). Then there exists an = € Ho, ||z|| = 1, such
that A\ is a zero of the scalar polynomial
(PaN)z,z) = A" + A" (A2, @) + -+ AMArz,2) + (Ao, z) = 0.
The companion operator of the scalar polynomial (PA()\);E, x) isthen xn
matrix Cé ..z)- Since the zeroes of (Pa(A)z,z) coincide with the eigenval-

ues of Cé vvvvv 2)» 1t follows that A € oy (Cé,___,z)) cwr(cH). O

Example 1.12.2 To illustrate Theorem 1.12.1, we reconsider the matrix
Asin Example 1.3.3. It is the companion operator of the quadratic matrix

polynomial
2 —i —5i 21
Py(N) == A 12+A( o >+<1 2), rec.

Figure 1.12 shows the numerical range of P3 on the left. It is contained
in the quadratic numerical range of A3 with respect to the decomposition
C? @ C? on the right.

A
@

Figure 1.12 W (P3) and We2gc2 (A3).

Next we show that if H is finite-dimensional, Hy = CF, then, up to
the point 0, the numerical range of P4 coincides with a higher degree block
numerical range of its companion operator. To this end, we consider C#4
with respect to a refined decomposition of H = Hy = C"*.
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Theorem 1.12.3  If we consider the companion operator C* with respect

to the decomposition
(n—1)k

nk k
C*=Ceo---@CaC (1.12.1)
then

W(Pa) n=1

Wen CA — W(nfl)kJrl CA — ) b

Co @C@Ck( ) ( ) W(PA)U{O}, n>1.
Proof. For n =1 the assertion is immediate. For n > 1, with respect to

the decomposition (1.12.1), C4 has the block operator representation

0 --- 0 1 .-+ 0 0 --- 0 0 --- 0 01,1
0 --- 0 0 --- 1 0 --- 0 0 --- 0 011
0 0 0 1 -0 0 0 01,%
0 0 0 0 0 1 0 0 01,%
0 0 0 0 0 0 1 0 01,
0 0 0 0 0 0 0 1 01,k
0 0 0 0 0 0 0 e1
0 --- 0 0 --- 0 0 0 0 --- 0 ek

R L | | O )y

Here 015 = (0---0) € L(C*,C) is the zero vector, e; = (0---1---0) €
L(CF,C) is the j-th row unit vector, j = 1,...,k, and
(4)

. alj
A = | eL(c,ch
ay)

is the j-th column of 4; = (ag?)]:_tzl, 1=0,....,n—=1,7=1,..., k. Now let

T = (xél)...xék)...x(1)2...x7(1k7)2 (51...§k))t cCo®.---aCoCk

n—

with ‘xél)‘ =...= ‘xflk_)2| = |£|| = 1 where £ := (& ...&)". By similar
manipulations of determinants as in the proof of the previous theorem, one
can show that, for A # 0,

det (C21 — ) = (=1)" A= DED (P (A €).
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This implies W(n=Dk+1(CA)\ {0} = W (P4)\{0}. Finally, it is not difficult
to see that 0 € W (n—1k+1 (CA) for n > 1. O

Example 1.12.4 As an example for Theorem 1.12.3, we consider the
quadratic matrix polynomial (compare [LMZ98])

0 2.8i 21
. \2
PH(A)._AINLA(_Z& 0 >+<12>, AeC,

with its companion operator 417 decomposed as

olol1 o0

ololo 1
An = | —1 0 —2.8i

—1|-2]28 0

In Fig. 1.13 the cubic numerical range of 417 with respect to this decompo-
sition and the numerical range of the operator polynomial P;; are displayed.
A closer look shows that the numerical range of P;; on the right does not
contain the point 0, whereas the cubic numerical range on the left does.

Figure 1.13  Wegege2 (A11) and W(P11).

Remark 1.12.5 In [Lin03] H. Linden applied the quadratic numerical
range to derive enclosures for the zeroes of monic polynomials in C of degree
n>3. He enclosed the quadratic numerical range of the companion matrix
Ca with respect to the decompositions C"= C"~ ! C and C"= C" 2@ C?
(and thus the zeroes) in two circles of equal radius. Examples show that the
enclosures are tighter than those obtained from the numerical range of C 4.



86 Spectral Theory of Block Operator Matrices

1.13 Gershgorin’s theorem for block operator matrices

Gershgorin’s circle theorem is a valuable tool to enclose the spectrum of
matrices (see [Ger31], [Bra58], [Var04]). Its generalization to partitioned
matrices and bounded block operator matrices (see [FV62], [Sal99]) is
straightforward. In general, there is no inclusion between the quadratic
or block numerical range and the Gershgorin sets; depending on the par-
ticular situation, one or the other may give a better spectral enclosure.
However, the quadratic or, more generally, block numerical range has the
advantage of not using norms of inverses.

The following Gershgorin theorem for bounded block operator matrices
is due to H. Salas (see [Sal99]). Its proof generalizes Householder’s proof
of Gershgorin’s theorem in the matrix case; it may even be generalized to
unbounded diagonally dominant block operator matrices.

Theorem 1.13.1 Let n € N, let Hy,...,H, be complex Hilbert spaces,
H=H1® - B Hn, and let A € L(H),

Ay e A
A=| :
Anl e Ann

with A;; € L(H;,H;), 4,5 =1,...,n. If we define

G; = O’(A“‘) @] {)\ S p(A“) : ||(A“ — )\)*1H71 < ZHA”H} (1].3].)

fori=1,... n, then n 7
o(A) c )G
i=1
Proof. Suppose that A ¢ J!_, 0(A4;;). Then we can write
A —X 0
A—xr= (I+M(N) (1.13.2)
0 Apn— A
where
0 (A —A) 1A - (A=A 1AL,
(A —A) 1Ay 0 (A —X) 1Ay,
M(N) =

(Ann—/\)_lAnl 0
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If | (Asi —)\)*1”71 > Z%; |Asj|| for i =1,...,n, then |[M(N)|| < 1. Hence
both factors in (1.13.2) are boundedly invertible and so A € p(A). O

Remark 1.13.2 For a self-adjoint diagonal entry A;;, the norms of the
inverses in (1.13.1) are known explicitly and we have

g, = O'(A“‘) @] {)\ S p(A“) : dist ()\, U(A“)) < ZHAUH}’
ok
for non-self-adjoint A;;, only the estimate in terms of the numerical range
is available and thus, in general, we only have the inclusion

g; C O’(A“‘) @] {)\ S p(A“) : dist ()\, W(A“)) < ZHA”H}
poh
In the remaining part of this section we consider the case n = 2. For

a 2 x 2 block operator matrix A, the spectrum of A can be described in
terms of the spectra of the Schur complements as (see Proposition 1.6.2)

o(A)\o(Ay) =0o(Si), i=1,2. (1.13.3)

This description and a spectral enclosure for the Schur complements allows
us to tighten the spectral enclosure (1.13.1) by the Gershgorin sets:

Proposition 1.13.3 Let n =2 and define
Nl = O'(All)U{)\Ep(All)ﬂ p(AZQ) : || (All—)\)iﬂlg(/lzg—)\)iﬂgl || > 1},
NQ = O'(AQQ)U{)\Ep(All)ﬂ p(AQQ): || (AQQ—)\)_%Ql(All —A)_%12|| > 1}.

Then
o(A) C (J(All)UO(Sl))U(J(AQQ)UJ(SQ)) CNUN; C GiUGs. (1.13.4)

Proof. The first inclusion in (1.13.4) is obvious from (1.13.3). For the
second inclusion, we observe that we have A ¢ N; U Ny if and only if
A € p(A11) N p(Azz2) and the two inequalities

[|(A1r — N) "M Ara(Age — N) T An || < 1, (1.13.5)
H(AQQ — )\)_11421(1411 — /\)_1A12H <1 (].].36)

hold. Since, for A € p(A11) N p(Asz), we can write
S1(N) = (A1 — A) (I — (A1 — A) " Apa(Ase — A) "1 Aay),
Sa(A) = (Aga — M) (I = (Az2 = X) "M Aa1 (A1 — A) i),
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we conclude that A ¢ N7 U N5 implies A € p(S1) N p(S2). Because S; is
defined on C \ o(Ay;), we have p(S;)Uc(S;) = C\ o(As), i = 1,2. Hence
X € p(S1)Np(S2) is equivalent to A ¢ (o(A11) Ua(S1)) U (0(A22) Ua(S2)).

For the third inclusion in (1.13.4), we note that A ¢ G; UGs if and only
if A ¢ 0(A11) Uo(As22) and the two inequalities

(A =N 7Y A2l < 1, |[(A22 = N7 [[A2a ]l < 1

hold; the latter imply the two inequalities (1.13.5), (1.13.6). Therefore
A & G UG, implies A ¢ N7 UN,. O

To conclude this section, we compare the spectral enclosures by the
Gershgorin sets to those by the quadratic numerical range for self-adjoint
and J-self-adjoint 2 x 2 block operator matrices. In particular, we con-
sider situations where the quadratic numerical range yields estimates of
the spectrum that are independent of the size of the off-diagonal entries.

Remark 1.13.4 Let n = 2, A;; = A}, Ase = A3, and suppose that
either AQl = ATQ or AQl = _ATQ

i) The Gershgorin type Theorem 1.13.1 yields the inclusion
U(A) C {)\ € C: dist ()\,U(All) @] U(Agg)) < ||A12H}

ii) If dist (0(A11),0(A22)) > 0 and Ay = Aj,, then Theorem 1.3.7 i),
which uses the quadratic numerical range, gives the tighter inclusion

C {)\ € C: dist (/\,O'(All) U O’(AQQ)) < ||5A12||},

where

1 2| Asa|
1) = ||Aiz||tan | = tan < ||A12]|;
Mz = [ Arzll <2 e <diSt (O (A1), O(AQQ)) s

if, in addition, max o(As2) < mino(A11), then, by Theorem 1.3.6 ii),
o(A) N (maxo(Az), mino(Arr)) =0
independently of the size of ||.A12]|-
iii) If Ag; = —Aj7,, then Proposition 1.3.9 i) shows that
Re o (A) C[min{min o Ay; ), min o(Az) }, max{max o Ay ), max o{ As2) }|
independently of the size of ||.A12]|-

If the spectra of the diagonal elements are not disjoint, then the Gersh-
gorin enclosure in Remark 1.13.4 i) still applies, but the estimates in
Remark 1.13.4 ii) do not. The following example shows that, in some cases,
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a change of the decomposition of the space leads to a block operator matrix
with diagonal elements having disjoint spectra.

Example 1.13.5 Let H = H1 & Hi, and let A1y = A, Az = Ajq,
A21 = ATQ be such that O’(All) = 01 UO’Q with ag; 75 @7 1 = ].,27 and
dist (01,02) > 2||A12]|. Then the two Gershgorin sets G1, G2 coincide and
consist of two components,

g1 = QQ = 21 UEQ, El' = {)\ € C: dist (/\,O'i) S ||A12||}, 1= 1,2,

whereas the quadratic numerical range with respect to the given decompo-
sition H = H; @ H; consists of a single component by Corollary 1.1.10 ii).

The inclusion by the quadratic numerical range may be improved by
using another decomposition of H. Since o(A11) = o1 Uos, there exist
invariant subspaces Hi, H? of Aj; such that

U(A11|H%) =01, U(A11|H§) = os.

We consider the new decomposition H = Hy & Ho with H; = H: @ HE
for i = 1,2. By a standard perturbation argument for self-adjoint opera-
tors (see [Kat95, Theorem V.4.10]), the assumption dist (o1, 02) > 2 || A1
implies that the new diagonal elements g“', 1 = 1,2, have separated spectra
(they are contained e.g. in the two disjoint components ¥; of the Gersh-
gorin sets). Hence Remark 1.13.4 ii) applies to the block operator matrix
obtained with respect to this new decomposition.
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Chapter 2

Unbounded Block Operator Matrices

Unbounded block operator matrices provide an efficient way to describe
coupled systems of partial differential equations of mixed order and type.
Hence information about the spectral properties of block operator matri-
ces is of major interest. We distinguish three classes of block operator
matrices, depending on the position of the dominating operators: diago-
nally dominant, off-diagonally dominant, and upper dominant. The main
results concern the localization and structure of the spectrum, variational
principles and estimates for eigenvalues in gaps of the spectrum, criteria
for block diagonalizability as well as existence and uniqueness of solutions
of Riccati equations.

2.1 Relative boundedness and relative compactness

In this chapter the perturbation theory of unbounded linear operators plays
a crucial role. Here we provide some general results on relatively bounded
and relatively compact perturbations. More specific perturbation results
are stated within the sections where they are used.

Let E, F be Banach spaces. A linear operator T from E to F with
domain D(T) is called closed if its graph G(T):={(z,Tz) : € D(T)} is a
closed subspace of E'x F' and closable if the closure G(T') of its graph is a
graph; in this case, the operator T with m: Q(T) is called the closure
of T. If T is closed and S is a closable linear operator with domain D(S5)
such that S=T, then D(9) is called core of T (see [Kat95, Section IIL.5]).
Note that a bounded linear operator T is closed if and only if its domain
D(T) is closed; in particular, an everywhere defined bounded linear operator
is closed. Conversely, the closed graph theorem says that an everywhere
defined closed linear operator is bounded (see [Kat95, Theorem I11.5.20]).

91
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Definition 2.1.1 Let 7T be a closable linear operator in a Banach space F.
The resolvent set and the spectrum of T are defined as

p(T) :={X € C:T — Xis injective, (T — )~ € L(E)},
o(T) i= C\ p(T),
and the point spectrum, continuous spectrum, and residual spectrum as
op(T) :={X € C: T — Xis not injective},
0o(T) := {\ € C: T — X is injective, R(T — \) = E, R(T — \) # E},

or(T) :={A € C: T — Xis injective, R(T — \) # E}.

Note that p(T') # () implies that T is closed; in fact, if A\ € p(T), then
(T—X\)~1 is closed and hence so is T—\. Then, by the closed graph theorem,
p(T) ={X € C:T — Xis bijective}

and hence o(T) = o,(T) Uoc(T) U, (T) (see [EE87, Section 1.1]).

Definition 2.1.2 Let E, F, G be Banach spaces and let T',.S be linear
operators from E to F and from E to G, respectively.

i) S is called relatively bounded with respect to T (or T-bounded) if
D(T) C D(S) and there exist constants ag, bg > 0 such that

[Sz]| < asllz]| + bs||Tz|, 2 € D(T). (2.1.1)

The infimum Jg of all bg so that (2.1.1) holds for some ag > 0 is called
relative bound of S with respect to T' (or T-bound of S, see [Kat95,
Section IV.1.1]).

il) S is called relatively compact with respect to T (or T-compact) if
D(T) C D(S) and, for every bounded sequence (z,)$° C D(T) such
that (Tz,)° C F is bounded, the sequence (Sz,)5° C G contains a
convergent subsequence (see [Kat95, Section IV.1.3]).

Remark 2.1.3 The following observations are useful:
i) If T is closed and S is closable, then D(T') C D(S) already implies that
S is T-bounded (see [Kat95, Remark IV.1.5]).
ii) The inequality (2.1.1) is equivalent to
1Sall? < a@lzl? + b2 |Tel?, zeDT),  (212)
with @'y, b’y >0; moreover, (2.1.1) holds with bg <6 for some 6 >0 if and

only if (2.1.2) holds with by <§ (see [Kat95, Section V.4.1, (4.1), (4.2)]).
This follows from the simple fact that, for arbitrary + > 0,

(E+6) <A+ )E+0+7)€, &6 €ER (2.1.3)
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In general, the sum of closable or closed operators is not closable or
closed, respectively. However, closability and closedness are stable under
relatively bounded perturbations with relative bound < 1. For the stability
of bounded invertibility, an additional condition is required.

Theorem 2.1.4 Let E, F be Banach spaces, let T, S be linear operators
from E to F', and let S be T-bounded with T-bound < 1.

i) T+S is closable if and only if so is T; then ’D(m) zD(T). In partic-
ular, T+S is closed if and only if so is T (see [Kat95, Theorem IV.1.1]).
il) T+.S is boundedly invertible if so is T and the constants ag, bs in
inequality (2.1.1) satisfy
a5||T71H +bs <1

(see [Kat95, Theorem IV.1.16]).
Corollary 2.1.5 Let E, F be Banach spaces and let T, S be linear oper-

ators from E to F. Suppose there exists a ray ©,, , = {re? : r > p} with
p>0, € (—mn] and a constant M > 0 such that ©,, C p(T') and

M
(T -7 < ok A€ OB, (2.1.4)

If S is T-bounded with T-bound < 1/(M + 1), then there exists an R > p
such that Or, C p(T' + 5).

Proof. Let A € ©,,. There exist ag,bg > 0, bg < 1/(M + 1), such that
ISz < asllzl + bs||T|| < (as + bs|A) 2] + bs|(T = Nzl|, 2 € D(T).
Theorem 2.1.4 ii), applied to T'— X and S, shows that A € p(T + S) if
(as + bs|Al) (T = N7 +bs < 1.
Due to assumption (2.1.4), this inequality is satisfied if
aS|M7|+(1+M)bS <1

M
The latter holds if [\| > R with R > p such that R > — =5

1— (14 M)bs
Lemma 2.1.6 If S is T-bounded with T-bound § < 1, then S is (T +S)-
bounded with (T + S)-bound < §/(1 —6).

O

Proof. By assumption, there exist ag, bg > 0, 6 < bg < 1, such that
[5z]| < asllz|| + bs||Tz|| < as|z|| + bs[[(T + S)z|| + bs[|Sz|, =« € D(T).

Since bg < 1, it follows that
bs
—bg

as
|5z < ——|l=|l + [(T"+ S)zll, =€ D). U
1—bg 1



94 Spectral Theory of Block Operator Matrices

If T is closed, then Dy = (D(T), | - ||r) with the graph norm ||z||¢ :=
llz|| + || Tx||, = € D(T), is a Banach space. Obviously, S is T-bounded if
and only if S is a bounded operator from Dr to G, and S is T-compact if
and only if S is compact from D7 to G. Hence every relatively compact
operator is relatively bounded; in fact, much more can be said.

Proposition 2.1.7 Let E, F be reflexive Banach spaces, let T, S be lin-
ear operators from E to F' such that T or S is closable. If S is T-compact,
then S is T-bounded with T-bound 0 (see [EES87, Corollary I11.7.7]).

Lemma 2.1.8 Let E, F, G be Banach spaces and let T, S be linear oper-
ators from E to F and from E to G, respectively.
i) If T =To+ Ty, Th is To-bounded with To-bound < 1, and S is To-
compact, then S is T'-compact.
ii) Let S = S+ 51 be T-bounded. If Sy is So-bounded with Sy-bound < 1,
then Sy is T-bounded; if Sy is So-compact, E, G are reflexive, and Sy
or S is closable, then Sy is T-bounded and Sy is T-compact.

Proof. i) Let (x,)7° C D(T) be a sequence such that (x,)° and (T'x,,)°
are bounded. By Lemma 2.1.6, T is T-bounded; hence (T1z,)7° is bounded
and so is (Tox,)7° = (Tan —Thiz,)7°. Since S is To-compact, it follows that
there exists a subsequence (z,,)5° C (2,,)$° such that (Sz,, )3 converges.

ii) By Lemma 2.1.6, the first assumption implies that S; is S-bounded;
since S is, in turn, T-bounded, it follows that S; is T-bounded and hence
so is Sop = S — S1. Now let Sy be Sp-compact and let (z,)3° C D(T) be a
sequence such that (z,,)$° and (Tx,)$° are bounded. By Proposition 2.1.7,
Sp is Sp-bounded with Sp-bound 0. Due to the first claim in ii), Sy is
T-bounded and so (Spz,)$° is bounded. Because Sp is Sp-compact, there

exists a subsequence (z,, )$° C (z,)3° so that (S1zy, )7° converges. O

Relatively compact perturbations have some useful properties, e.g. in
view of adjoints (T'+S)* of densely defined sums of unbounded operators
or in view of the essential spectrum. First we need the notion of Fredholm
operators (see [GGK90, Chapter XVII.2] and [EES7, Chapter IX.1, k = 3]).

Definition 2.1.9 A closed linear operator 7" in a Banach space F is called
Fredholm if for its kernel ker T" and its range R(T)

n(T) := dimkerT < oo, d(T):=dim(E/R(T)) < oo;

in this case ind(T) := n(T) — d(T) is called the index of T. The essential
spectrum of T is defined as

Oess(T) :={A € C: T — X is not Fredholm}.
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Note that the condition d(T") < oo automatically implies that the range
of a Fredholm operator is closed (see [GGK90, Corollary XI.2.3]).

For non-self-adjoint linear operators, there are several other definitions
for the essential spectrum (see e.g. [EE87, Section IX.1, k = 1,2,4,5]). The
definition used here yields the following information about the complement
o(T) \ Oess(T).

Theorem 2.1.10 Let T be a linear operator, p(T)# 0, and Q0 an open
connected subset of C\oess(T). If QN p(T) # O, then o(T) NQ is discrete,
i.e. consists of countably many isolated eigenvalues of finite algebraic multi-
plicity with no accumulation point in Q (see [GGK90, Theorem XVII.2.1]).

For the adjoint of a sum of unbounded operators, in general, only the
inclusion (T'+S5)* D T*+ S* holds. If S is bounded, equality prevails. A
more general result is due to R.W. Beals (see also [Gol66, Corollary V.3.9]):

Proposition 2.1.11 Let E, F be Banach or Hilbert spaces and let T, S
be densely defined linear operators from E to F. If T is Fredholm, S is
T-compact, and S* is T*-compact, then (T + S)* =T*+ S* (see [Beab4]).

Remark 2.1.12 If S is T-compact, then S* need not be T"-compact. In
fact, it may happen that D(T*) N D(S*) = {0} even if T is the inverse of a
positive definite compact operator in a Hilbert space (see [Bea64]).

It is a classical result of Weyl that relatively compact perturbations of
a self-adjoint operator do not alter the essential spectrum (see [Wey09)).
Here we use the following two generalizations for closed linear operators (see
[EE87, Theorem IX.2.1, k = 3] and [Kat95, Theorem IV.5.35, footnote 1]).

Theorem 2.1.13 Let E be a Banach space. If T is a closed linear oper-
ator in E and S is a T-compact operator in E, then
Oess(T' + ) = 0ess (1),
and ind(T' — A) =ind(T' + 5 — A) for A ¢ oess(T).
Remark 2.1.14 Theorem 2.1.13 also holds if one uses the definitions of

the essential spectrum from [EE87, Section IX.1] for k = 1,2, 4, but not for
k = 5; in this case, additional hypotheses are required.

A weaker criterion for the stability of the essential spectrum is the com-
pactness of the difference of the resolvents.

Theorem 2.1.15 Let E be a Banach space and let T', Ty be closed linear
operators in E with p(T) N p(To) # 0. If, for some Ao € p(T) N p(To), the
difference (T — \o) ™ — (To — Xo) ™! is compact, then
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Oess(T) = 0ess(To),
and ind(T — X) = ind(To — A) for A & oess(T).
Proof. Let AeC\{Ao}. The proof of this theorem is based on the relation
T—=Xx=A=2)(T =) (A=) = (T =X)7),
and an analogous formula for Ty. By the spectral mapping theorem for the

essential spectrum (see [EE87, Theorem I1X.2.3, k = 3]) and the compact-
ness assumption, we have

A€ Oess(T) <= (A= 20)"" € Oess (T — X)) = 0ess (To — X0) ™)
<= )\ € 0ess(T0)-

Since Ao € p(T)Np(Ty), the operators T'— Ao and Tp— Ag are Fredholm with
index 0. Then, for A ¢ 0.s(T), the index stability theorem (see [GGK90,
Theorem XVIIL.3.1]) yields that
ind(T — X) =ind (T — Xo) "' = (A= X))
=ind ((To — Ao) ™" — (A= Xo) ') = ind(Tp — A). O
Remark 2.1.16 The assumption of Theorem 2.1.13 implies the one in
Theorem 2.1.15. In fact, if S is T-compact and Ao € p(T) N p(T + S), then

S(T — \o)~! is compact (see [Wei00, Satz 9.12]) and hence, by the second
resolvent identity, so is

(T+S =)= (T—X)t=—(T+S—X)1S(T— )"
Domain inclusions, in general, only imply relative boundedness (see

Remark 2.1.3 i)). If the unperturbed operator has some additional proper-
ties which allow to define fractional powers, much more can be said.

Definition 2.1.17 For w € [0, 7) we define the sector

Y, = {re:r>0,[¢| <w} cC. (2.1.5)
A densely defined linear operator 7" in a Banach space E is called sectorial
if there exists an w € [0, 7) such that
(i) C\ X, C p(T),
(it) supyeeys, [[(T = N7 < o0,
and T is called m-accretive if w < /2. The infimum of all such w is called
(sectoriality) angle of T (see e.g. [KW04, Section 9], [Kre71, Chapter 1.5.8]).

A sectorial operator T is always closed as p(T) # (. A Neumann series
argument yields the following equivalent characterization of sectoriality.
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Remark 2.1.18 The operator T is sectorial if and only if

(i") (=00,0) C p(T),

(ii’) there exists an M > 0 such that ||(T — )7t < f\)\ﬁ

and T is m-accretive if and only if (i) and (ii’) with M =1 hold; in this case,

A€ (—OO, 0)7

1
(T -2 < Rea’ Rez <0. (2.1.6)

For a sectorial operator T', the fractional powers T7, 0 < v < 1, are
defined (see e.g. [KW04, Section 15], [Kre71, Chapter 1.5.8], [Paz83, Sec-
tion 2.6]); like T itself, they are all densely defined closed linear operators.

Proposition 2.1.19 Let E, F' be Banach spaces, S a closable linear oper-
ator from E to F, and T a sectorial operator in E. If there is a v € (0,1)
with D(TY) C D(S), then S is T-bounded with T-bound 0.

Proof. Since T is closed and S is closable, the inclusion D(T7) C D(S)
implies that S is T7-bounded. Due to the log-convexity property of the
mapping o — ||T*z||, there is a C' > 0 such that, for every ¢ > 0,

|T7z|| < C(e7||z| + '~ 7||Tx|)), =€ D(T)CDT) (2.1.7)

(see [KW04, Theorem 15.14a)]). This and < 1 imply that 7" is T-bounded
with T-bound 0. Together with the first statement, the claim follows. [

For a non-sectorial operator 7' in a Hilbert space, Proposition 2.1.19
applies to the sectorial operator |T| and yields:

Corollary 2.1.20 Let E, F be Hilbert spaces, S a closable linear operator
from E to F, and T a densely defined closed linear operator in E. If there
is a vy € (0,1) with D(|T|") C D(S), then S is T-bounded with T-bound 0.

Proof. 1If (Ey)xer is the spectral function of T, then the spectral theorem
and Holder’s inequality show that, for = € D(T),

1—v
|T7z||?= /)\Q'Yd (Eyz,z) < (/dEAxx) (/ A2d( EAxx)

=||z|?* || Tz >,

Now let € > 0 be arbitrary. Applying Young’s inequality, we arrive at

1—y v % - e 5 'Vi 1=y
TN T 2] = | — [l Tzl ) < Q=)= llel+e 7T

<eall +e 7Tl O
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Remark 2.1.21 If T is a nonnegative operator in a Hilbert space F,
then the inequality (2.1.7) holds with C' = 1.

For the study of exponentially dichotomous block operator matrices (see
Section 2.7), we need a number of variations of the notion of accretivity;
here we may specialize to linear operators in Hilbert spaces.

Definition 2.1.22 Let E be a Hilbert space with scalar product (-, -) and
let T be a linear operator in E. Denote the numerical range of T by

W(T) = {(Tz,z): 2 € D(T), ||z| = 1}. (2.1.8)
Then the operator T is called accretive (see [EE87, Definition I11.6.1]) if
(i) W(T) CEr2={2€C:Rez>0};

it is called strictly accretive if the inequality Rez > 0 in (i) is replaced by
the strict inequality Re z > 0, and uniformly accretive if, instead of (i),

({i") W(T) C a+%;/2 = {2z € C:Rez > a} for some a > 0.

The operator T is called regularly accretive (see [Gom88)) if, instead of (i),
(i) W(T) Cc X, for some w € [0,7/2),

it is called regularly quasi-accretive (or regularly accretive with vertex «) if
T + « is regularly accretive for some o € R.

As in the bounded case, the numerical range W (T') is convex (see [Sto32,
Theorem 4.7]) and o,(T) € W(T). For the inclusion of the spectrum, an
additional condition is required: If T is closed, then o(T) C W(T) holds
if every component of C\ W(T') contains a point A\g € p(T) (see [Kat95,
Section V.3.2]); then, as in the bounded case, the resolvent satisfies the

norm estimate

(T — A A g W(T).

1 1
s o
ist (A, W(T))

Remark 2.1.23 If T is accretive and (—o0,0) N p(T) # 0, then T is m-
accretive (see [Kat95, Section V.3.10]) and the above resolvent estimate
coincides with (2.1.6). Using this additional property, we define strictly m-
accretive, uniformly m-accretive, regularly m-accretive, and regularly quasi-
m-accretive operators. One can show that 7' is m-accretive if and only if it
is maximal accretive, i.e. T has no proper accretive extension (see [Phi59]).
Obviously, T is regularly m-accretive if and only if it is sectorial with
angle < 7/2; note that such operators are referred to as m-sectorial with
vertex 0 by T. Kato (see [Kat95, Section V.3.10]).
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2.2 Closedness and closability of block operator matrices

If the entries of a block operator matrix are densely defined and closable,
this need not be true for the block operator matrix. Moreover, if a block
operator matrix is closable, its closure need not have a block operator
matrix representation anymore. In the following, we identify classes of
closable block operator matrices and we describe their closures.

Let H1, Ho be Banach spaces. In the product space H := Hi & Hy we
consider an unbounded block operator matrix

A= < é g ) (2.2.1)

where A : H1 — H1, B: Ho — H1, C: Hy — Hso, and D : Hy — Hoy are
closable operators with dense domains D(A), D(C)CHy, D(B),D(D) C Hs.
We always suppose that 4 with its natural domain

D(A) = D1& Ds := (D(A)ND(C)) & (D(B) N D(D)) (2.2.2)

is also densely defined. Note that, unlike bounded operators, unbounded
linear operators, in general, do not admit a matrix representation (2.2.1)
with respect to a given decomposition H = H; & Ha.

If either the entries A and D or the entries B and C are bounded, then
A with its domain (2.2.2) is closable as the sum of a closable and a bounded
operator; if, in addition, the unbounded entries are closed, then A is closed.
We use the following classification of unbounded block operator matrices
in terms of the positions of the dominating entries (see [Tre00], [Tre08]).

Definition 2.2.1 The block operator matrix 4 in (2.2.1) is called

i) diagonally dominant if C is A-bounded and B is D-bounded,
) off-diagonally dominant if A is C-bounded and D is B-bounded,
iii) upper dominant if C'is A-bounded and D is B-bounded,
)

ii

iv) lower dominant if A is C-bounded and B is D-bounded.

The lower dominant case does not need extra consideration; it is equiva-
lent to the upper dominant case if the two space components are exchanged.
In all cases above, the domain of the block operator matrix A is deter-
mined by the domains of the dominating entries,
D(A) & D(D) if A is diagonally dominant,
D(A) =< D(C)a@D(B) if Ais off-diagonally dominant, (2.2.3)
D(A) ® D(B) if A is upper dominant;

hence A is automatically densely defined since so are its entries.



100 Spectral Theory of Block Operator Matrices

If at least one of the entries in each column is closed, then the type of
dominance may be read off from domain inclusions (see Remark 2.1.3 i)).

Remark 2.2.2 The block operator matrix A is

i) diagonally dominant if A, D are closed, D(A) C D(C), D(D)CD(B),
ii) off-diagonally dominant if B, C are closed, D(C') C D(A), D(B)CD(D),
iii) upper dominant if A, B are closed, D(A) C D(C), D(B) CD(D).

In order to guarantee that A is closable or closed, we need more refined
assumptions on the strength of the entries with respect to each other. First
we consider the diagonally dominant and the off-diagonally dominant case
(see [Tre08, Section 2]).

Definition 2.2.3 Let 6 > 0. The block operator matrix A is called

i) diagonally dominant of order § if C is A-bounded with A-bound d¢,
B is D-bounded with D-bound §p, and § = max {05, dc},

ii) off-diagonally dominant of order d if A is C-bounded with C-bound 0 4,
D is B-bounded with B-bound ép, and § = max{d4,dp}.

Remark 2.2.4 If H; = H,, then the block operator matrix A is off-
diagonally dominant (of order ¢) if and only if

- (U (A5)-(52) e

is diagonally dominant (of order §); in this particular situation, the follow-
ing statements for the off-diagonally dominant case may be deduced from
the corresponding statements for the diagonally dominant case.

Proposition 2.2.5 Define the block operator matrices

T;:(’é%), S;:(ﬁ,ﬁ). (2.2.5)

i) If A is diagonally dominant of order &, then S is T-bounded with
T -bound 9.

i) If A is off-diagonally dominant of order ¢, then T is S-bounded with
S-bound §.

Proof. We prove i); the proof of ii) is similar. Let ¢ > 0 be arbi-
trary. By the assumptions and Remark 2.1.3 ii), there exist constants
alg, ag, blg, b > 0 such that dp <V < dp +¢, d¢ < b, < d¢ + ¢ and

1Bgl* < allgll* + b5 Dgll*, g € D(D), (2.2.6)
ICFI* < aZllFII* + 0N AFI?, f € D(A). (2.2.7)
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Hence we obtain, for (f ¢g)* € D(A) ® D(D),

lce@r

= 1Bgl* + llCf]?
< agllgl® + b1 Dgl* + ad | F1? + bE I Af]?

Al o[/ A 0N (f
(N[ wactonen?| (5 5) (1
Since max {b, b} < max{dp +¢,dc +¢c} = +¢, this shows that S is 7-
bounded with 7-bound < 4. That the 7-bound indeed equals ¢ follows by

contradiction if we first set f=0 and then g=0 in the above inequality. [J

2
< (max {ag, a'c})2

An immediate consequence of Proposition 2.2.5 and Lemma 2.1.6 is:

Corollary 2.2.6 If, in Proposition 2.2.5 i) orii), the order of dominance
§ is <1, then S or T, respectively, is A-bounded with A-bound < §/(1—9).

Theorem 2.2.7  The block operator matriz A is closable if

i) A is diagonally dominant of order < 1 with closure given by

— A B
A-(en)
if, in addition, A and D are closed, then A is closed.
ii) A is off-diagonally dominant of order < 1 with closure given by
— A B
A=(2n)
if, in addition, B and C are closed, then A is closed.

Proof. All claims follow from Proposition 2.2.5, Theorem 2.1.4 i), and
from the formulae

(20)-(G3) (60)-(2%) o

In the above theorem the assumptions are symmetric for the two
columns of the block operator matrix. In fact, a stronger dominance in
one column may compensate for a weaker one in the other column.

Theorem 2.2.8 The block operator matriz A is closable if
i) A is diagonally dominant and, for the relative bounds d¢c of C, dp of B,
se(1+6%) <1 or 65(1+6%) <1;
if, in addition, A and D are closed, then A is closed.
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i) A is off-diagonally dominant and, for the relative bounds §4 of A and
5D Of D,
A(1+63) <1 or 6p(14463) <1
if, in addition, B and C are closed, then A is closed.

Proof. We prove i); the proof of ii) is analogous. Let e.g. 62 (1+6%) < 1.
Then §¢c < 1 and dgdc < 1. We consider the block operator matrices

r-(33) o= (2)

First we prove that 7 is closable. Suppose that ((xn yn)t)
is a sequence such that (z, y,)* — (0 0)*, n — oo, and

)= (o) — ()

T = — , N — 00,

with some v € H1, w € Hs. Since D is closable, this shows that w = 0. The
assumption that B is D-bounded implies that there exist ag,bg > 0 with

. C D(A)aD(D)

1Bynll < apllynll + 05| Dyl — 0, n — oc.

Hence By, — 0 and Az,, — v, n — oo. Then v = 0 because A is closable,
which completes the proof that 7 is closable. In a similar way, one can
show that 7 is closed if A and D are closed.

By Theorem 2.1.4 i), it suffices to prove that S is 7-bounded with 7-
bound < 1. Choose € > 0 so that (6c+¢)?(1 + (dp+¢)?) < 1 and let the
constants a', ag, by, b, > 0 with 6p < by < dp+¢, d¢ < b < dc +¢€ be
as in (2.2.6), (2.2.7); in particular, we have b7 (1+b)?) < 1. For (f g)*
D(A) ® D(D) and arbitrary v > 0, we obtain, using the inequality (2.1.3),

2
00 f . 9
I(&0) @) =ten
a2 | fI1+b3 (|| Af +Bg| + | Bgl))?
< aZ||f %+ (147~ YOZ||AS + B[+ (1+)b¢ By

< aZ||FIPH+ (1+7) a2 | gl1>+ 1+ )63 || Af + By + (1+7) b’2b'2|\Dg|\

|G- 6ok

There exists a y > 0 with b7 max{1+~7} (1+7)b3} < 1 if and only if
b1 b
102 = ogb2
the latter is satisfied as the equivalent condition b%(14b%?) <1 holds. O

bgmax{1+y~(1+7)b5}

< max{a (147) aB
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Corollary 2.2.9  The block operator matriz A is closable if

i) C is A-bounded, B is D-bounded and at least one of them has relative
bound 0; if, in addition, A and D are closed, then A is closed.

i) A is C-bounded, D is B-bounded and at least one of them has relative
bound 0; if, in addition, B and C are closed, then A is closed.

Remark 2.2.10 The assumptions of Corollary 2.2.9 are satisfied if either
A is diagonally dominant and one of the off-diagonal elements is bounded or
if A is off-diagonally dominant and one of the diagonal elements is bounded.

Proposition 2.1.19 and Corollary 2.1.20 together with Corollary 2.2.9
yield some useful criteria for a block operator matrix to be closable or
closed; here we restrict ourselves to closedness and to the Hilbert space case.

Corollary 2.2.11  The block operator matriz A is closed if A and D are
closed and one of the following holds:
i) D(A) € D(C) and D(|D|") C D(B) for some v € (0,1),
iy D(D) C D(B) and D(|A|") € D(C) for some v € (0,1),
or if B and C are closed and one of the following holds:
ii) D(C) C D(A) and D(|B|") C D(D) for some v € (0,1),
ii") D(B) C D(D) and D(|C|") C D(A) for some v € (0,1).
Proof. 1If i) holds, then C is A-bounded and B is D-bounded with D-

bound 0 by Corollary 2.1.20. Hence A is closed by Corollary 2.2.9 i). The
proof for the other cases is analogous. O

Under weaker assumptions than in the previous theorems, the closure of
a block operator matrix need not be a block operator matrix. This means
that, in general, the domain of the closure is non—dlagonal (see [Nag90],
[Nag89]), i.e. it does not have the form D1 &) Dg with D1 C Hy, Dg C Ho.

In the following, we characterize the closablility of block operator matri-
ces and describe their closures in terms of the Schur complements.

Definition 2.2.12 The operator functions S; and Sy defined by
Si(\):=A—-X—B(D-\"'C, XepD), (2.2.8)
So(A):=D—-A—=C(A—=N"'B, )€ p(A), (2.2.9)

are called Schur complements of A.

The values S1(A\) and Sa(A) are linear operators in H; and Ha, respec-

tively. In contrast to the bounded case (see Definition 1.6.1), they need not
be bounded and their domains D(S1(A)) and D(S2(A)) may vary with A.
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Remark 2.2.13 We have
D(S1(\) =D(A)ND(C)=D; if D(D)C D(B),
D(S2(\)) =D(B)ND(D) =D, if D(A) C D(O),
independently of A € p(D) and A € p(A), respectively; in particular,
[ D(A) if Ais diagonally dominant,
D(Sl (%) ) n { C) if A is lower dominant,

D(C)
D(D) it Ais diagonally dominant,
D(B) it Ais upper dominant.

D(S2(N)) = {

The next theorem was proved in [ALMS94, Theorem 1.1, Proposi-
tion 3.1] for upper dominant block operator matrices; in the more general
form presented here, it was established in [Shk95, Theorem 1.1].

The Frobenius-Schur factorizations (2.2.10), (2.2.12) below generalize
the corresponding formulae in the bounded case (see (1.6.2), (1.6.3)); later
we also use them to relate the spectrum of the block operator matrix to
the spectra of its Schur complements.

Theorem 2.2.14  Suppose that D(A) C D(C), p(A) # 0, and that, for
some (and hence for all) u € p(A), the operator (A — p)~'B is bounded
on D(B). Then A is closable (closed, respectively) if and only if Sa(u) is
closable (closed, respectively) for some (and hence for all) p € p(A); in this
case, the closure A is given by

Z“”(cmiru)l ?><A5u %)(é m) (2:210)
independently of u € p(A), that is,
D(A) = {(;) €Hi®Hz: x4+ (A—p) "By e D(A), y € D(W)} :

—(z\ ([ (A=p)(z+(A—p)~'By) +pzx
A(y) a (C(x+ (A—p)1By) + (S2(u) + 1) y)

Proof. First we note that the assumptions on (A — u) ™1 B and on Sa(u1)
do not depend on the choice of y € p(A). In fact, for u, o € p(A), the
differences (A — o) 1B — (A — )1 B and Sa(uo)—Sa2 (1), respectively, are
bounded since, by the resolvent identity for A,

(A=) "B = (A= p)"'B= (o — p)(A = po) ' (A—p)~'B,
Sa (o) = Sa(p) = —(mo — p) (I + C(A = o)~ (A — ) "' B).
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By direct computation, we see that

A=l D) s )0 TEE ) 2

Note that in (2.2.11) we can replace (A — )™ 'B = (A—pu)~1B |D(B) by
(A — )~ 1B since the domain of the middle factor is equal to

D(A) & D(Sa(p)) = D(A) @ (D(B) N D(D)) C D(A) & D(B).

Then the first and last factor in (2.2.11) are bounded and boundedly invert-
ible in H; @ H2. Hence A — p is closable (closed, respectively) if and only if
so is the middle factor in (2.2.11); since p(A) # @ implies that A is closed,
the latter holds if and only if Sa(u) is closable (closed, respectively). In this
case, the closure of the product of the three operator matrices is obtained
by taking the closure of the middle factor. This proves (2.2.10). Since A
does not depend on y, the right hand side of (2.2.10) does not either. O

Remark 2.2.15 If H;, H, are Hilbert spaces, then (A — p)~'B is
bounded on D(B) if and only if D(A*) C D(B*).

Proof. We follow the proof of [ALMS94, Proposition 3.1]. If D(A*) C
D(B*), then (A — p)™'B C (B*(A*— 7)~')" is bounded by the closed
graph theorem. So the densely defined operator (A — 1)1 B is closable and
(A—p)~1B = (B*(A*—~@)~')". Conversely, if (A — u)~'B is bounded on
the dense set D(B), then (A — u)~ 1B is everywhere defined and bounded;
hence so is (B*(A*— ﬁ)_l)*j (A — p)~1B which yields D(A*) Cc D(B*).O

An example for the subtle difference between closed and closable block
operator matrices was given in [ADFGO00, Section 6] where accretive block
operator matrices were considered. Block operator matrices of this form
also occur in stability problems in hydrodynamics; there information about
the closure is needed so that results for contractive semigroups can be
applied (see [AHKMO03, Remark 3.12, Theorem 3.15)).

Example 2.2.16 Suppose that A and D are uniformly positive self-
adjoint operators in H; and Ha, respectively, A >« > 0and D > > 0,
and B is a densely defined closable operator from Hsy to H;. If A and B
are unbounded with D(AY?) ¢ D(B*) and D is bounded, then

A B
= p)

is closable, but not closed; this follows from Theorem 2.2.14 and from
Remark 2.2.15 since B*A~1 B is bounded on the dense set D(B) so that
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S2(0)=D—B*A™'BS D — B*A~1B = 5,(0)

is bounded on D(B) and thus closable, but not closed. If, however, D is
unbounded and D(D) C D(B), then A is closed by Corollary 2.2.111"). Since

Re (Ax,x) = Re (Az, ) + Re (Dy, y) > max{a, §}||x||

forx = (z y)' € D(A) @ (D(B)ND(D)), A is uniformly m-accretive if D is
unbounded and D(D) C D(B), but not if D is bounded; in this case, only
the closure A, which is given by (2.2.10), is uniformly m-accretive.

Remark 2.2.17 General criteria for unbounded block operator matrices
to be accretive and regularly accretive were derived in [Arl02] (there, like
in [Kat95], the notion sectorial is used for regularly accretive). In addition,
m-accretive and regularly m-accretive extensions are parametrized in terms
of the Schur complements and their derivatives.

The following analogue of Theorem 2.2.14 in terms of the first Schur
complement is proved in a completely analogous way.

Theorem 2.2.18 Suppose that D(D) C D(B), p(D) # 0, and that, for
some (and hence for all) p € p(D), the operator (D — u)~*C is bounded
on D(C). Then A is closable (closed, respectively) if and only if S1(u) is
closable (closed, respectively) for some (and hence for all) p € p(D); in
this case, the closure A is given by

7l=u+<é B(D;u)1>< 50 Dgﬂ)(ﬁ g) (2.2.12)

independently of p € p(D), that is,

D(A) = {(5) €M1 Hy: x € D(Si(D), (D) 1Ca+y e D(D)} ,

—(*\ (S1(p) +p)z+ B((D —p)~Cx+y)
A(y>_( (D—pw)((D—p)~TCx+y)+ny )

Remark 2.2.19 If H;, Hs are Hilbert spaces, then (D — pu)~1C is
bounded on D(C) if and only if D(D*) C D(C*).

Apart from the Schur complements, there is another pair of operator
functions that reflect the spectral properties of a block operator matrix.
These so-called quadratic complements may be used, in particular, if neither
D(A) € D(C) nor D(D) C D(B); in this case, the domains of the Schur
complements are, in general, not independent of A.
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Definition 2.2.20 Suppose that either C' or B is boundedly invertible.
Then the quadratic operator polynomials 77 and 75 defined by

Ti(\) :=C — (D - A\)B™'(A— ) if B is boundedly invertible, (2.2.13)

To(\) == B — (A—=XNC YD —\) if C is boundedly invertible, (2.2.14)
for A € C are called quadratic complements of A.

The values T1(A) and T3(\) are linear operators from H; to Ho and

from ‘Hz to Hi, respectively; their domains D(T1())) and D(T2())) may,
in general, depend on .

Remark 2.2.21 We have
D(Tl()\)) =DA)ND(C) =D, if D(B) Cc D(D),
D(Tg()\)) =D(B)ND(D)=Dy if D(C)cC D(A),
independently of A € C; in particular, if A is off-diagonally dominant,
D(Ti(\)) =D(C), D(Tx(\) =D(B).

In the special case H; = Ho, there is a certain relation between qua-
dratic complements and Schur complements.

Remark 2.2.22 If H; = Hs, then, with G as in (2.2.4), we have

Q(A—A)Z(? é) (A(;A DJ?A):(AfA D;A>=:AA.

Thus, the quadratic complements T7(\), T5(\) may be identified with the
first and second, respectively, Schur complement of A, evaluated at 0; in
this case, the following results using the quadratic complements may be
deduced from the corresponding results using the Schur complements.

Theorem 2.2.23 Suppose that D(C) C D(A), C is boundedly invert-
ible, and that C~1D is bounded on D(D). Then A is closable (closed,
respectively) if and only if Ta(u) is closable (closed, respectively) for some
(and hence for all) p € C; in this case, the closure A is given by

71:“+<I (A—u)0‘1)<0 Tz(u))(f O‘l(D—N)), (2.2.15)

0 1 c 0 0 1
independently of p € C, that is,
D(A) = {(;) EH1PHa: 2+ C YD —p)yeDC),ye< D(Tg(u))} ,

—(z\ (A=) (z+CUD —p)y) +px+Ta(n)y
A(?J) B ( C(z+C~H (D —p)y) +ny )
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Proof. Obviously, for every u € C,
To(p) = B— AC™'D + p(AC™' + C'D) — p*C™,
the coefficients of p and 12 being bounded operators due to the assumptions.

Hence the closability of T5(u) does not depend on the choice of u € C. By
direct computation, we find that

A-p= (é (A_?)Cfl )(g TQé’”)(é Cl(?"”). (2.2.16)

Note that in (2.2.16) we can replace C~1(D — p) = C~1(D — p) |D(D)
C~1(D — p) since the domain of the middle factor is equal to

D(C) & D(Tx(n)) = D(C) @ (P(B)ND(D)) C D(C) & D(D).

by

Then the first and last factor in (2.2.16) are bounded and boundedly invert-
ible. Hence A— p is closable if and only if so is the middle factor in (2.2.16);
since C' is boundedly invertible and thus closed, the latter holds if and only
if To(u) is closable. In this case, the closure is obtained by taking the clo-
sure of the middle factor. This proves (2.2.15). Since A does not depend
on u, the same is true for the right hand side of (2.2.15). O

Remark 2.2.24 If H;, Ho are Hilbert spaces, then C~1(D — pu) is
bounded on D(D) if and only if D(C*) C D(D*).

If B is boundedly invertible, the following analogue of Theorem 2.2.23
can be proved.

Theorem 2.2.25 Suppose that D(B) C D(D), B is boundedly invert-
ible, and that B~'A is bounded on D(A). Then A is closable (closed,
respectively) if and only if T1(u) is closable (closed, respectively) for some
(and hence for all) p € C; in this case, the closure A is given by

v )y )i ),

independently of p € C, that is,
D(A) = {(Z) EH1®Ho: 2 € D(T1(p)), B-Y(A—p)z+ye D(B)} ,
_ [z B(B-Y A-pz+y)+pz
A — _ .
(y) <(D—u)(B‘1(A—u)x+y) +T1(u)x+uy>

Remark 2.2.26 If H;, Ho are Hilbert spaces, then B~1(A — pu) is
bounded on D(A) if and only if D(B*) C D(A*).
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In the diagonally dominant and off-diagonally dominant case, the closed-
ness of the Schur complements and of the quadratic complements can be
related to the closedness criteria given in Theorems 2.2.7 and 2.2.8. Here
aas,ap,ac,ap and by, bp,bo,bp denote the constants in the inequalities
for the respective relative boundedness properties (see (2.1.1)).

Corollary 2.2.27 The block operator matriz A is closed if one of the
following assumptions holds:

i) A is diagonally dominant, p(A) # 0, D is closed, (A—p) ' B is bounded
on D(B) for some u € p(A), and

((ac + ulbo) (A = )M + b )bp < 1; (2.2.18)

ii) A is diagonally dominant, p(D) # 0, A is closed, (D—u)~1C is bounded
on D(C) for some p € p(D), and
((as + |ubp)I(D = )M +b5)be < 1; (22.19)

iii) A is off-diagonally dominant, C is boundedly invertible, B is closed,
C~'D is bounded on D(D), and

(aAHC_lH + bA)bD <1

iv) A is off-diagonally dominant, B is boundedly invertible, C is closed,
B~1A is bounded on D(A), and

(aDHB_lH + bD)bA < 1.

Proof. i) In Theorem 2.2.14 the diagonally dominant operator A is closed
if (A — )71 B is bounded on D(B) and S () is closed for some p € p(A).
Since C'is A-bounded and B is D-bounded, there are ac, b, apg, bg >0 with
IC(A = p)~' Bz|| < (ac + |p| be)l[(A — p) ™' Bz + bel| Bz||
< ((ac + |plbe) (A= )M + be) (bl + bs | Dz]))

for x € D(D). Now So(p) = D—pu—C(A—p) 1B is closed if C(A—pu)~ 1B
is D-bounded with D-bound < 1, which is satisfied if (2.2.18) holds.

The proof of ii) and for the off-diagonally dominant case is similar. O

Remark 2.2.28 The above criteria compare to those derived in Theo-
rems 2.2.7 and 2.2.8 as follows; we restrict ourselves to the diagonally dom-
inant case and let d¢ denote the A-bound of C' and dg the D-bound of B.

i) If max{dc,dp} < 1, then Theorem 2.2.7 i) shows that A is closed
without any further assumptions.
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ii) The weaker condition dpdc < 1 is necessary for Corollary 2.2.27 1) or ii)
as well as for Theorem 2.2.8 i); in the latter, the sufficient conditions
62(1+6%) < 1 or 6%(1+ 62%) < 1 do not require any assumptions
linking A to B or C to D.

The results of Theorems 2.2.14, 2.2.18, 2.2.23, and 2.2.25 should also be
compared with the following results established in [Eng96, Proposition 2.2,
Theorem 2.15] in view of applications to systems of evolution equations.
Under the assumptions therein, more direct factorizations than in the pre-
vious theorems can be used. However, in general, not the closure but only
a closed extension of the block operator matrix A is obtained.

Remark 2.2.29 The block operator matrix A is closable if:

i) Ais diagonally dominant, A, D are boundedly invertible, A~1B, D=1C
are bounded on D(B) and D(C), respectively; a closed extension of A is

D(A)= { (i)em@ Ho: 2+ A 1By € D(A), D 1Ca+ty € D(D)},

a7\ A(z + A~ By) ,
y D(D-1Cx +y)
ii) A is off-diagonally dominant, B, C' are boundedly invertible, B~!4,

C~1D are bounded on D(A) and D(D), respectively; a closed extension
of Ais

D(A) = { (Z)eHl@ Ho: B-1Az+y € D(B),z+C-1Dy € D(C)},

aG)-(e )

Proof. i) Since A and D are boundedly invertible, we can write

(g g) - <§ g) (DIIC A}lB ) (2.2.20)

By assumption, the first factor is closed and A~'B, D~'C have bounded
everywhere defined closures. Thus

A" L A0 1 A-1B
~\0 D D-'Cc I ’
is a closed extension of the right hand side of (2.2.20) and hence of A. The
proof of ii) is analogous. O
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Remark 2.2.29 is a special case of [Eng96, Proposition 2.2, Theo-
rem 2.15]; for i) we choose X = [D(A)], Y= [D(D)], K= A~'B, L= D-1C
therein, for ii) we choose X = [D(C)], Y= [D(B)],G=C~'D, H = B~ 1A.

Note that, in general, Remark 2.2.29 only yields a closed extension A
of A, not the closure as in Theorems 2.2.14, 2.2.18, 2.2.23, and 2.2.25.
This is due to the following difference between the factorization (2.2.20)
and the factorizations (2.2.10), (2.2.15), respectively: In the latter, both
outer factors are bounded and boundedly invertible, whereas in the former
the first factor is boundedly invertible, but not bounded; so, in general,
the closure of the right hand side cannot be obtained simply by taking the
closure of the second factor.

2.3 Spectrum and resolvent

In this section we relate the spectrum of an unbounded block operator
matrix A4 to the spectra of its Schur complements and of its quadratic com-
plements. Furthermore, we give representations of the resolvent in terms of
the Schur complements and of the quadratic complements. These relations
are based on the factorizations for A — X established in the previous section.

First we need the definitions of the various parts of the spectrum for
operator functions (compare Section 1.6 for the bounded case) and a lemma
on the spectra of equivalent linear operators and operator functions.

Definition 2.3.1 Let E, F be Banach spaces, let 2 C C be open, and
let S be an operator function on € whose values S(A) are closed linear
operators from E to F. We define the resolvent set and spectrum of S by

p(S):={reQ:0ep(S\)}.
o(9):={reQ:0e€0(S\N)} =2\ p(S);
analogously, we define the point spectrum, continuous spectrum, and resid-
ual spectrum of S. The numerical range of S is defined as

W(S):={xeQ:0eW(S\))}.

Note that for the particular case S(A\) =T — A, A € C, with a closed lin-
ear operator T' the above definitions coincide with those for the operator T’
(see Definition 2.1.1 and (2.1.8)).

Lemma 2.3.2 Let E, F,G, and H be Banach spaces, let Q C C be open,
and let S, T be operator functions on Q whose values S(X), T () are closed
linear operators from E to F and from G to H, respectively. If S and T
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are equivalent on , i.e. for every A € Q there exist bounded and boundedly
invertible operators Wi(\) : H — F and Wa(\) : E — G so that

T\ = Wi (DS (N), N e, (2.3.1)
then

o(T) = 0a(5), op(T) =0p(5), 0c(T) =0c(5),  0u(T) = 0x(9).

Proof. According to the assumptions on W; and Ws, it is sufficient to
prove the inclusions in one direction. First we note that (2.3.1) is an opera-
tor equality; in particular, D(T'(A)) = {z € E : Wa(X) € D(S(\))}. Then,
if A € 0,(T) with eigenvector € D(T'())), then A € 0,,(S) with eigen-
vector Wa(A)z € D(S(X)). For the inclusions of the continuous and the
residual spectrum, we observe that, due to the assumptions on W7 and W,

R(Wi(N)SNW2(N) = Wi(AR(S(N),
R(Wi(\N)SAWa (X)) = Wi(A)R(S(N)). O

The characterization of the spectra of unbounded block operator matri-
ces by means of their Schur complements seems to have been first used in
[Nag89] for the diagonally dominant case; in the upper dominant case, it
was also used in [ALMS94] and in subsequent papers to obtain information
about the essential spectrum (see Section 2.5).

Theorem 2.3.3 If the block operator matriz A satisfies
i) D(A) Cc D(C), p(A) # 0, and, for some (and hence for all) p € p(A),
(A — p)~1B is bounded on D(B) and S2(p) = D —pu— C(A—p)~'B
is closable, then

(A-N""

:< é _(A_IA)AB )<(A_3);2%1><—C(AI—A)1 ? )

:<(A—/\)1+ (A—N)1BS:(\) C(A-N)"' —(A—NTBS(N) 1)

—S0) C(A=N) S0

ii) D(D) Cc D(B), p(D) # 0, and, for some (and hence for all) p € p(D),
(D — u)~1C is bounded on D(C) and S1(p) = A —pu— B(D — p)~C
is closable, then
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o(A)

oo (A) .
and, for A € p(S1) = p(A) Np(D) C p(A),
(A-n"

(e DTN ) ()

_ S0 51V B(D-A)"!
DN TCS5N  (D-N"HDNTCSM) BD-ANY

Proof. By the assumptions, the block operator matrix A satisfies the
conditions required for Theorems 2.2.14 and 2.2.18, respectively. All claims
in i) and ii) follow from the Frobenius-Schur factorizations (2.2.10) and
(2.2.12), respectively, therein together with Lemma 2.3.2. O

For diagonally dominant block operator matrices, the resolvent sets and
hence the spectra of the Schur complements can be characterized in terms
of the entries of the block operator matrix as follows.

Proposition 2.3.4  Suppose that A is diagonally dominant and closed.
If p(A) N p(D) # 0, then

p(S1) Np(A) = {pep(A)Np(D): 1€ p(BD —p) ' C(A—-p)~ 1)},
p(S2) N p(D) = {p e p(A)Np(D): 1€ p(CA—p) 'B(D—p)~ ") };

moreover, p(S1) N p(A), p(S2) N p(D) are open.

Proof. We prove the claims for S7; the proof for Ss is analogous. Since
Sy is defined on p(D), we have p(S1) C p(D). For p € p(A) N p(D), we

can write
Si(p) = M(p)(A—p), M(u):=I1-B([D—p) 'C(A-p)"

The operators A, D are closed because p(A), p(D) # 0. Since A is diago-
nally dominant, the operators B(D — u)~1, C(A — p)~! are everywhere
defined and bounded (see Remark 2.2.2 i)), thus closed, and hence so
is M (u). Clearly, if M (u) is boundedly invertible, then so is Sq(p). Vice
versa, if p € p(Sy), then M (u) is bijective. Since M (u) is closed, it is thus
boundedly invertible by the closed graph theorem.

To prove that p(S1) Np(A) is open, let po € p(S1)Np(A) C p(A)Np(D).
Then M (o) is boundedly invertible. Choose ¢ > 0 such that {u € C :
lu—po] < e} C p(A) N p(D). Then, for ueC, |u—puo| < &, we have
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M (o) — M ()| = ||(B(D—p0) '~ B(D—p) 1) C(A—pro) "
+B(D—p) " (C(A—po) ' =C(A—p) ™) ||
< lp = po] (IB(D = pao) HHID =) HIC (A= pao) 71|
+ IBD =) IC(A=po) (A=) )
< | — ol Ce
with some constant C. > 0. Here we have used the fact that the mappings
A= (A=X)"1 A= (D—=X)"1, and hence A — B(D—\)"! are holomorphic
on p(A) N p(D) with values in L(H1), L(Hz), and L(Hz, H1), respectively;
in the last case, this follows from the relation
B(D—=X)"" = B(D—po) "+ (A—po)B(D—po) " (D=A)"", A€ p(D).
For ueC, |u—po| < min{e, 1/C.}, a Neumann series argument implies that
M () is boundedly invertible and hence p € p(S1) N p(A). O

The following corollary is immediate from Theorem 2.3.3 i) and Proposi-
tion 2.3.4; it was first proved in [Nag89, Lemma, 2.1], [Nag97, Theorem 2.4].

Corollary 2.3.5 Suppose that A is diagonally dominant and closed.
Then, for X € p(A) N p(D), the following are equivalent:
i) A€ p(A),
ii) 1€ p(B(D—-N"1C(A-N1),
i) 1€ p(C(A=XN)"'B(D—-X)1).
Next we use Theorems 2.2.14 and 2.3.3 i) to establish a criterion for
symmetric block operator matrices in a Hilbert space to be essentially self-

adjoint, i.e. A = A"; the formulation of the analogous result obtained from
Theorems 2.2.18 and 2.3.3 ii) is left to the reader.

Proposition 2.3.6 Suppose that Hy,Ho are Hilbert spaces, A, D are
self-adjoint, and C = B*. If D(|A|*/?) ¢ D(B*) and D(B) N D(D) is a
core of D, then A is essentially self-adjoint and

D(A) = {(;) €M:a+(A-p)"1ByeD(4),y e D(D)},

2(7) - (A-w(@+ (A=W By) +px
Y B*x + Dy ’
where p € p(A) is arbitrary; in particular, D(A) C D(|A|Y/?) & D(D).

Proof. First we show that the assumptions of Theorem 2.3.3 i) are sat-
isfied. Since D(A) = D(|A|) C D(|A|*/?), we have D(A) C D(B*) = D(C).
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Further, D(|A|'/?) C D(B*) implies that, for every u € p(A), the oper-
ator B*(A — p)~'/? is bounded and everywhere defined and the opera-
tor (A — p)~Y2B C (B*(A - ,u)’l/2)* is bounded and densely defined
with closure (A —p)~1/2B = (B*(A — pu)~"/?)". Thus (A — p)"'B =
(A — p)~2(A — u)~Y2B is bounded on D(B), and B*(A — p)~'B =
B*(A—p)~Y2(A—u)~ 2B is closable, being bounded on the dense set D(B).

Obviously, A is symmetric. In order to show that A is essentially self-
adjoint, it suffices to prove that there exist uq,p0 € C\ R, Imuy > 0,
Im iz < 0, such that 1, p2 € p(S2) and hence p1,u2 € p(A) by Theo-
rem 2.3.3 i). Since D(B) ND(D) is a core of D, we have, for p € C\ R,
Sa(u) =D —p—B*(A~p)'B=(D—p)(I —(D~pu) 'B*(A~u)~'B).
Now choose p1, s € C\ R, Im g > 0, Im p2 < 0, such that

[Tm ;| > || B*(A—p)~'B||, i=1,2.
Then a Neumann series argument shows that pi, po € p(S_g)

The formula for ’D(Z) follows from Theorem 2.2.14 if we observe that
D(S2(p)) = D(D) for every p € p(A). Since the operator (A — p)~'B
in (2.2.10) is bounded and densely defined with closure (A — )~ !B =
(A —p)="1/2(A—pu)~Y2B = (A — u)~Y2(A — n)~1/2B, we conclude that
D(A) C D(JA|'/?) & D(D) C D(B*) @ D(D). Now the representation of
A is a direct consequence of Theorem 2.2.14. O

The quadratic complements may also be used to describe the spectrum
and the resolvent of block operator matrices.

Theorem 2.3.7 If the block operator matriz A satisfies

i) D(C) C D(A), C is boundedly invertible, C~1D is bounded on D(D),
and, for some (and hence for all) p € C, To(u) = B—(A—pu)C~H(D—p)
is closable, then

o(A) =0(Tz), op(A) =0p(T2),
0o(A) =0e(T2), 0:(A) = 0e(T2),
and, for \ € p(71) = p(Tg),

(A-N""
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ii) D(B) C D(D), B is boundedly invertible, B~'A is bounded on D(A),
and, for some (and hence for all) p € C, Ty () = C—(D—p)B~Y(A—p)
is closable, then

1

(A"

(=t 3><BO—1 Tl(ﬁ)_l)(—w—]m—l /)

( “L()_(D-NB~! Lo )

B4+ BIA_NTi(N) (D-NB™' —B(A_NTi(\)

Proof. By the assumptions, A satisfies the conditions of Theorems 2.2.23
and 2.2.25, respectively. Thus all claims follow from the factorizations
(2.2.15) and (2.2.17), respectively, therein together with Lemma 2.3.2. O

The following characterization of the spectrum of an off-diagonally dom-
inant block operator matrix is analogous to Corollary 2.3.5.

Corollary 2.3.8 Suppose that A is off-diagonally dominant and closed,
and that B, C' are boundedly invertible. Then the following are equivalent:

i) A€ p(A),
i) 1€p((A—NC YD —-NB™),
iii) 1€ p((D—A)BLH(A-N)C).

2.4 The essential spectrum

The essential spectrum is not as widely known as other parts of the spec-
trum, in particular, eigenvalues. Nevertheless, information about it is indis-
pensable in applications for various reasons: the stability of a physical sys-
tem is guaranteed only if the whole spectrum lies in a half-plane, and, near
the essential spectrum, numerical calculations of eigenvalues become diffi-
cult. Since the essential spectrum itself is hardly accessible by numerical
methods, it has to be tackled analytically.

If the essential spectrum of a closed linear operator is empty and its
resolvent set is non-empty, then the spectrum consists only of isolated eigen-
values of finite algebraic multiplicity which accumulate at most at co. This
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is a typical situation for regular differential operators. For regular matriz
differential operators, however, the essential spectrum need not be empty;
a simple example is given in Example 2.4.3 below.

In this section we establish some abstract results that allow us to deter-
mine the essential spectrum of block operator matrices. The first method
relies on perturbation arguments; the second method uses the previous fac-
torization results which relate the essential spectrum of a block operator
matrix to that of its Schur complements or quadratic complements.

The following perturbation theorem was first proved in [MT94] for diag-
onally dominant block operator matrices.

Theorem 2.4.1 Let A; : H1 — Hy, B; : Ho — Hq, C; : H1 — Ha, and
D;:Hs — Ha, i = 0,1, be unbounded closable operators such that
D(Ao) C D(Al), D(BQ) C D(Bl), D(Co) C D(Cl), D(DQ) C D(Dl),

and define the block operator matrices

(A By (A B
Ao.—(co DO), Al._<cl Dl).

Suppose that either

i) Cp is Ag-bounded with Ag-bound dc, and By is Dg-bounded with
Dy-bound dp, such that dp,0c, <1,

ii) A1, C1 are Ag-compact and By, D1 are Dgy-compact,

or that

iii) Ag is Cp-bounded with Cy-bound 64, and Dy is Boy-bounded with
By-bound dp, such that 64,0p, <1,

iv) A1, C1 are Cy-compact and By, D1 are By-compact.
Then A; is Ag-compact; if Ag is closed, then A := Ay + A1 is closed and
Uess(AO + Al) - Uess(-AO)-
Proof. We consider the second case where iii) and iv) hold and A is off-
diagonally dominant; the proof for the first case where A is diagonally dom-
inant is completely analogous and may be found in [MT94, Theorem 2.2].
Let (£,)5° € D(Ag) = D(Co) ® D(By), £, = (fn gn), be such that
(£,)5°, (Aof,)3° are bounded. Then we have, for n € N,
AOfn + Bogn = I,
COfn + DOgn = kn
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with bounded sequences (hy,)3° C Hi, (kn)7° C Ha. Choose € > 0 so that
(04,+¢€)(dp,+e) <1. By assumption iii), there exist constants aa,, ap,,
bay, bp, >0 with 04, <ba, <da,+¢, 0p, < bp, < dp,+ € and

[Aofll < aa, |l fIl +baolICofll, f € D(Co),
1Dogll < ap, llgll + bo, [ Bogll, g € D(Bo).
We conclude that, for n € N,
[ Bognll < [|nll + [l Aofnll
<N hall + asoll full +040[|Co ful
Shnll + ang fall +ba, (1l + [ Doganll)
Sl + angll full +0a0[[Enll +apsbaollgnll +ba,bD, | Bognl-
Since ba,bp, < 1, it follows that

[l + ol fnll + bao [ Fnll + aDobao[lgnll
1-b4a,bp,

[ Bognll <

and hence (Bogn)°® C Hi is a bounded sequence. Analogously, one can
prove that (Cofrn)3° C Hz is bounded. Since A;, Cy are Cp-compact and
By, D; are By-compact, there exist subsequences (fr, )72, and (gn, )5,
such that (A1 fn,)iZ1, (C1fu,)iZ1s (Bign, )i, and (Dign, )32, are con-
vergent. Consequently, for the subsequence (f,, )72, with £,, := (fn, gn,)",
the sequence (A;f,, )32, C H1 @ Ha with elements

Alfn +Blgn
Aqf,, = k 1, keN,
1w < Olfnk ‘|'Dlgn;C

converges as well. This proves that A4; is Ap-compact. The last statement
follows from Theorem 2.1.13. [l

Remark 2.4.2 The assumptions i) and iii) of Theorem 2.4.1 are satisfied
if the following conditions i) and iii’), respectively, hold:

i) Ag, Dy are closed and either D(Cy) C D(Ap) and By is bounded or
D(By) CD(Dy) and Cy is bounded;

iii") By, Cp are closed and either D(Ap) C D(Cp) and Dy is bounded or
D(Dy) CD(By) and Ay is bounded.

Then, in each case, one of the relative bounds is 0 and so Ay is automatically
closed by Corollary 2.2.9. In the particular case By = 0 or Cy = 0 of i),
the block operator matrix Ag is upper or lower block triangular and hence

Uess(-AO + Al) = Uess(-AO) = Uess(AO) U Uess(DO)-
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As a first simple illustration of the above perturbation results, we
consider block operator matrices that arise as linearizations of A-rational
Sturm-Liouville problems, which exhibit a so-called “floating singularity”
(see [Bog85], [LMM90], [AL95]).

Example 2.4.3 Let ¢€L;1(0,1) and w,u€ Lo [0, 1]. In the Hilbert space
L(0,1), we consider the spectral problem
(—DQ tq—A— %) y=0, y(0)=y(1)=0, (2.4.1)
where D = d/dx is the derivative with respect to the variable z € [0,1].
Depending on information about the sign of the function w, there are differ-
ent ways of transforming (2.4.1) into a spectral problem for a block operator
matrix. We can write
w1 =Jw,  we =+Jw if w>0,
w = wiwWs, wlz\/m7 we = —y/|w| if w <0,
wy =1, Wy = W in any case.
According to this factorization, we set
w2
u_ Y
Then (2.4.1) is equivalent to the spectral problem

<_D1202+q 121) (Z;) :A@;) y1(0) =3 (1) =0,  (24.2)

in Ly(0,1) @ L2(0,1). Here the block operator matrix A with entries

Y1 =y, Y2:=

A:=-D?+q, D(A) == {y1 € W3(0,1) : y1(0) = y1(1) = 0},
B:=w;-, C:=wy-, D(B):=D(C):=Ly0,1),
D:=u-, D(D) := L3(0,1),

can be decomposed as

N2
Az( D +q w1)+< 0 0>::A0+A1.

0 u wy 0

Without loss of generality, we may assume that 0 ¢ R(u) (the essential
range of the function u); otherwise we shift the spectral parameter corre-
spondingly. Then the above decomposition of A satisfies all assumptions
of Theorem 2.4.1 (see Remark 2.4.2). In fact, the operator Ag = —D? + ¢
with Dirichlet boundary conditions on [0, 1] has compact resolvent since
g € L1(0,1) implies that g is relatively form-bounded with form-bound 0
with respect to —D? (see [BS87, Section 10.5.4], [RS78, Theorem XIII.68]);
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thus the bounded multiplication operator ws - is relatively compact with
respect to Ag; moreover, wy - is relatively bounded with respect to the
boundedly invertible multiplication operator u-. Now Remark 2.4.2 yields
that the essential spectrum of A (i.e. that of (2.4.2)) is given by

Uess(-A) = Uess(-AO) = Uess(uf ) = R(u)v
in particular, if u is continuous on [0, 1], then oess(A) = u([0, 1]).

Note that, in fact, the original A-rational spectral problem (2.4.1) is the
spectral problem for the first Schur complement S; of the block operator
matrix A. In [LMM90] and all subsequent papers, the formula for the
essential spectrum was obtained using the second Schur complement So
(see also Remark 2.4.11), not by the simple perturbation argument above.

Remark 2.4.4 The above result and its proof carry over if one replaces
—D?2 by an arbitrary elliptic differential operator of order 2m on a bounded
region 2 C R™ of class C™ with suitable boundary conditions so that the
resolvent is compact and if ¢, w, u are bounded functions on € (see [FM91]).

An example for the off-diagonally dominant case is furnished by Dirac
operators in R?, which describe the behaviour of a quantum mechanical
particle of spin 1/2 (see [Tha92] and Section 3.3.1).

Example 2.4.5 Denote by m and e the mass and the charge, respectively,
of a relativistic spin 1/2 particle, by ¢ the velocity of light, by % the Planck

constant, and by & = (o1, 02, 03) the vector of the Pauli spin matrices

1. (01 o (0 —i 3. (10

Let ¢ : R® — R be a scalar potential and A = (a1,a2,a3) : R® — R3
a vector potential generating an electric field E = V¢ and a magnetic
field B = rot ff, respectively. Then the Dirac operator in R? with electro-
magnetic potential is the block operator matrix (see [Tha92, (4.14)])

He — mc? + e¢ B c&'~(—ihV—§ﬂ) (2.4.3)
¢ - (—inV — 2A) —mc? + e¢ o
in Ly(R3)*= Ly (R?)%2@® Ly(R3)2. For ¢ = 0, A = 0, the free Dirac operator
mc? cé - (—ihV)
Hpeo = - . )
f ( cé - (—ihV) —mc?

is self-adjoint on D(Hpee) = H(R?)* = H(R?)?2@ H!(R3)?, where H! (R?)
is the first order Sobolev space. According to Theorem 2.4.1, we decompose

(2.4.4)
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- me e (<= 2A) e 0
H‘?_(c(?-(—ihV—%ﬂ) —me? >+( 0 e¢)—.H0+V,

-, -,

The Dirac operator Hg is self-adjoint on D(Hg) = H1(A) & H1(A) with

-

H, (A) {y € Ly(R3)? : (ih&, + Za)y € Ly(R3)?, v = 172,3}

if the potential V- = eg- is (¢ & (—ihV—<A))-bounded with relative bound
< 1. Then assumption iii) of Theorem 2.4.1 holds with 4, = dp, = 0 as
Ay = mc?, Dy = —mc? are both bounded (see Remark 2.4.2). If the
potential V- = e¢- is (c&- (—ihV — €A ))-compact, then assumption iv)
of Theorem 2.4.1 holds and we obtain, using the properties of the Pauli
matrices & (see [Tha92, (5.79)])

Oess(Ha ) =0ess(Ho) z{)\ ER : A= (mc?)? € 0ess (c2 (—ihV—%A}Q—ec 5-§) }

The relative compactness assumption on V' and hence the relative bound-
edness assumption is satisfied if, for example,

A€ Lo1oc(®?)?, ||A]] € Loo(R?), || B|| € Ls/2(R%), V € Ly(R?)
(see [EL99, Theorems 2.2, 2.4, Corollary 2.3]). Moreover, if V € L3(R3)
and either A € C*°(R?)? and |B(z)| — 0, |2| — 00, or A € La 10c(R?)? and
|B|| € L2(R?), then

Uess(H‘i’) = Jess(HO) = Uess(Hfree) = (_007 _mCQ] U [m027 OO) (245)

(see [EL99, p. 190] and compare [Tha92, Section 4.3.4]); in particular, this
holds for A =0 and V € L3(R3).

In the remaining part of this section, we use the factorizations (2.2.10),
(2.2.12) and (2.2.15), (2.2.17) in order to express the essential spectrum
of a block operator matrix in terms of the essential spectra of the Schur
complements S7, So and of the quadratic complements T4, T5.

In the following, if E, I' are Banach spaces and S is an operator function
defined on some subset 2 C C such that S(A) are linear operators from E
to F', we introduce the essential spectrum of S as

Oess(S) == {A €Q:0 € 0ess (S(N)) }- (2.4.6)

Since Fredholm operators are closed, A\ € oess(S) if S(A) is not closed. If
S(A) is a closable for all A € Q, we define the operator function S by

S(\) =SV, Aeq.
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Theorem 2.4.6 Suppose that D(A) C D(C) and p(A) # 0. If, for some
(and hence for all) p € p(A),

i) (A— p)~ 1B is bounded on D(B),
ii) So(p) =D — pu— C(A — p)~1B is closable,
then _ _
Oess(A) \ 0(A) = 0ess(S2).
Proof. In the factorization (2.2.10), the first and last factor are bounded
and boundedly invertible and A — X is bijective for A ¢ o(A). Thus A — \

is Fredholm if and only if so is S2(\) by [GGK90, Theorem XVIL3.1]. O

If D(D) € D(B), then the essential spectrum of A may be described in
terms of the first Schur complement; the corresponding analogue of Theo-
rem 2.4.6 is formulated below. If A is diagonally dominant, we may choose
the Schur complement whose essential spectrum is easier to calculate.

Theorem 2.4.7  Suppose that D(D) C D(B) and p(D) # 0. If, for some
(and hence for all) p € p(D),

i) (D — p)~1C is bounded on D(C),
i) Si(u) =A—pu— B(D—p)~1C is closable,
then _ _
Oess(A) \ 0(D) = 0ess(S1).

Under certain compactness assumptions, the description of the essential
spectrum of a block operator matrix A can be further improved. The
following result generalizes a corresponding result in [Kon98, Theorem 1]
for self-adjoint block operator matrices; the proof relies on the fact that the
difference of the resolvents of A and of the block diagonal matrix

Ao = <§ D—C(AO— uo)lB) B <§ Tuo(;ﬂto) 247)

for an arbitrary fixed pg € p(A) is compact.

Theorem 2.4.8 Let D(A)CD(C), p(A)Np(D)#0, and let D(B)ND(D)
be a core of D. If, for some (and hence for all) p € p(A) N p(D),

i) (A—p) B and C(A — p)~1B are bounded on D(B),

i) (D—p) tC(A—p)~t and (A —p)"1B(D — u)~! are compact,
then, for every po € p(A) with p(A) N p(A) N p(D — C(A— po)~1B) # 0,
the difference of the resolvents (Z — )\)71 and (ZWO— /\)71 is compact for
A€ p(A)Np(A)Np(D — C(A— po)~'B); in particular,

Uess(z) = Jess(A) U Uess(D - C(A - ﬂO)ilB)'
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Proof. Since p(A)Np(D) # B, the operators A and D are closed. By the
second condition in i), S2(u) is closable for every u € p(A) and

Sa(p) =D —p—C(A—p)~'B (2.4.8)
because D(B)ND(D) is a core of D. Together with the first condition in i),
Theorem 2.2.14 shows that the block operator matrix A is closable. Now let
1o € p(A) and A€ C be so that A€ p(A)Np(A)Np(D—C(A—po)~1B) # 0.

Using the formula for the resolvent of A in Theorem 2.3.3 i), we obtain that
—1 ~1

(A== (A =)
:< AN TBSN) CA-N"'  —(A-N"TBSH0H) )
50 AN SO (Salue) o -2 )

It remains to be shown that all entries of this block operator matrix are
compact. For the left lower corner, we observe that, by (2.4.8),

50 C(A-N"!

=(D-NCA- N+ (%N~ (DN T)e(A-N T
=(D-N'CA- N+ 5N (DA 5%MN) (D - N oA
—(D-N'CA-N)T+5H0) CA—NTB(D - A "C(A-N)""!
which is compact by the second condition in i) and the first condition in
ii). Analogously, one can show that the right upper corner is compact using
the second condition in ii). This and the fact that C(A—X)~! is bounded

because of D(A) C D(C) imply that also the left upper corner is compact.
For the right lower corner, (2.4.8) and the resolvent identity for A show that

S2(A) = (S2(po) + 1o — A)
=500 (Salmo) + 1o — A — 5oV (Sala0) + po — A)
= 5N (CLA—N "B~ C(A— o) 1B) (Salpo) + o — A)
= (A~ 0) 52N C(A—N) " TA— o) 1B (Saljuo) + o~ A) "

which is compact since it is the product of bounded operators and the
compact operator Sa(A) C(A—X)~L O

-1

-1

—1

The following analogue of Theorem 2.4.8 in terms of the first Schur
complement can be obtained by comparing the resolvent of A with the
resolvent of the block diagonal matrix (see (2.4.7))

4 . (A-BO )T 0 S1(po) +po 0
Zp0 0 D 0 D)’

where po € p(D) is arbitrary, but fixed.
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Theorem 2.4.9 Let D(D)CD(B), p(A)Np(D)#0, and let D(A)ND(C)
be a core of A. If, for some (and hence for all) u € p(A) N p(D),

i) (D—p)~1C and B(D — p)~1C are bounded on D(C),
i) (A—p) *B(D —p)~t and (D — pu) *C(A — u)~t are compact,

then, for every po € p(D) with p(\A) N p(D)Np(A—B(D — po)~1C) # 0,
the difference of the resolvents (A —\)~1 and (Az,,,, —\) ™t is compact for
A€ p(A)np(D)Np(A—B(D — po)~1C); in particular,

Uess(vz) = Jess(D) U Oess (A - B(D - ,Uo)flc)-

Remark 2.4.10 Theorem 2.4.8 was first proved in [ALMS94, Theorem
2.2] in the special case that the block operator matrix is upper dominant,
A has compact resolvent, and C'(A — p) 2B is compact for some u € p(A4),
and, shortly after, in [Shk95, Theorem 2] for closable block operator matri-
ces with D(A) C D(C) under the slightly more general assumption that
C(A—p)~! and (A — pu)~1B are compact for some p € p(A) (note that, if
either C or B is bijective, this again implies that A has compact resolvent).
In both cases, it was shown that the difference of the corresponding block
operator matrices A and XL uo is compact.

Example 2.4.11  Theorem 2.4.8 applies to various matrix differential
operators. Let, for example, 2 C R™ be a domain and consider

_ -A+q —-Vb+w\ (AB
A= (cdiv+w2 u >_ (C D) (249)

in Ly(Q) ® L2(9). For simplicity, we assume the coefficients g : Q@ — M, (C)
and b, ¢, wy, wa, u :  — C to be sufficiently smooth. Note that if b, ¢ Z 0,
then the order of A equals the sum of the orders of B and C; otherwise
the order of A is strictly greater. In the particular case b = ¢ = 1 and
g = w; = we = u = 0, the operator (2.4.9) is related to the so-called
linearized Navier-Stokes operator or Stokes operator (see e.g. [LL8T]).
First we consider bounded 2 C R™. If n =1 and Dirichlet boundary
conditions are imposed in the first component, then A = —D? + ¢ is a
Sturm-Liouville operator with compact resolvent and thus oegs(A)=0. It is
easy to check that conditions i) and ii) of Theorem 2.4.8 are satisfied. If we
choose g € p(A) arbitrary, e.g. po= 0 if ¢ > 0, then Theorem 2.4.8 yields

Uess(vz) = Oess (D - C(A - /JO)_lB) = Oess (U/ — bC) = (U — bC) (ﬁ),

in particular, if b = ¢ = 0, this reproves the result of Example 2.4.3. Higher
order ordinary matrix differential operators in L (Q)*® Lo (Q)! were treated
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in [ALMS94, Theorem 4.5]. For n>>1, an analogous result (with oss(A)#0)
may be found in [Kon02, Theorem 2].

Now let @ C R™ be unbounded. The case n =1, I = [0,00) (or R) was
considered as an example in [Shk95]; there it was proved that if g, b, ¢, wi,
and we tend to 0 for |z| — oo (so that gess(A) = [0,00)), then

Oess (A) = [0,00) Udess (u—bec) =[0,00) U (u—be) (Q);

the conditions on the coefficients were weakened in [KM02, Proposition 4.1]
for the self-adjoint case ¢ = 5, we = Wy where it was assumed that u is
bounded from below and ¢ as well as (|b|* + |w1|?)/(|u| + 1) tend to 0 for
|z| — oco. Similar conditions were used in the case n > 1 for = R" in the
previous papers [Kon97, Proposition 2], [Kon98, Theorem 2]. The case of
higher order self-adjoint partial matrix differential operators for which the
order of A = (—A)! + ¢ is 2] and the order of B (and hence of C = B*)
is strictly less than [ was studied in [Kon97, Proposition 1]; then, under
certain assumptions on the coefficients, ey (A) = [0, 00) Unu(R™) (compare
[Lut04, Theorem 6] for the case n = 1 and multiplication operators B, C).

Remark 2.4.12 Matrix differential operators (2.4.9) with b =c¢ =0 in
L1(R) @ Ly (R) with periodic boundary conditions were studied in [HSV00],
[HSV02]. As in the classical case of periodic Sturm-Liouville operators, the
essential spectrum of A is the union of the spectra of all matrix differential
operators Ay, 6 € [0,2m), that arise when A is considered in Ls(0,1) ¢
L(0,1) with boundary conditions y;(1) = e'y; (0), y;(1) = €'y} (0) in the
first component. The above example shows that oess(Ag) = u([0,1]) =
u(R). Together with results on the discrete spectrum of Ag, it was shown
that oess(A) consists of two sequences of bands, an infinite sequence to the
right of u(R) tending to co and a finite or infinite sequence accumulating
from the left at the lower end point of u(R) (see [HSV00, Theorem 1]).

For self-adjoint block operator matrices, the assumptions of Theo-
rem 2.4.8 were considerably weakened in [Kon98, Theorem 1] by requiring
that only the difference of the resolvents of A and Xl, o is compact. In the
following we formulate this result as a special case of Theorem 2.4.8.

Corollary 2.4.13 Suppose that A and D are self-adjoint, C = B*, and
D(B)ND(D) is a core of D. If

i') D(JA['?) c D(B*),

i) (D —p)~tB*(A —p)~! is compact for some u € C\ R,

then, for every po € p(A), the difference of the resolvents (Z — )\)71 and
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(71 Lo — )\)71 is compact for A € C\ R; in particular,
Uess(z) = oess(A) U Uess(D - B*(A - /J“O)ilB)'

Proof. By the assumptions, C \ R C p(A) N p(D) and A is essen-
tially self-adjoint by Proposition 2.3.6. In the proof of the latter, it
has also been shown that assumption i) implies assumption i) of Theo-
rem 2.4.8. Assumption ii’) implies assumption ii) of Theorem 2.4.8 because
(A—p)'B(D—p)~* c ((D —E)*lB*(A—ﬁ)’l)* for p € C\R. Moreover,
D — B*(A — puo)~ 1B is self-adjoint, being a bounded perturbation of the
self-adjoint operator D. Hence C\R C p(A)Np(A)Np(D—C(A — p1o)~'B).
Now the claims follow from Theorem 2.4.8. (]

Remark 2.4.14 In [AKO05, Theorem 4.3] the above result was further
extended to show that if, in addition to the assumptions i’) and ii’), one
supposes that (D — p)~!B*(A — u)~! is a Hilbert-Schmidt operator, then
the local wave operators Wf(z, A,,) exist and are complete, and for the
absolutely continuous spectrum o, (71) of A one has

Tac(A) N A = (0ac(A) Uoae (D — B*(A—po)~'B))NA

where A := R\ (UQSS(A) U Oess (D — B*(A— ,uo)*lB)) (see [Kat95, Sec-
tion X.4] for the corresponding definitions). In order to prove this, it was
shown that the difference of the corresponding resolvents is of trace class
and hence a resolvent version of the Kato-Rosenblum theorem (see [Kat95,
Theorem 4.12]) applies; the special case b=c=0, w; =wy = /w of Exam-
ple 2.4.11 was treated before in [ALLO1, Proposition 2.1, Corollary 2.1]. For
matrix differential operators (2.4.9) in Lo(R"™) & Lo(R™), more results on
the absence of singular continuous spectrum and eigenvalue accumulation
were proved in [Kon96], [Kon98] using Mourre’s commutator method.

In order to simplify the calculation of the essential spectrum of the
Schur complement in Theorem 2.4.8, the following theorem is useful. Under
certain relative compactness assumptions, it allows us to split off terms of
the entries of the block operator matrix.

Theorem 2.4.15 Let A be self-adjoint, A > a >0, p(A)Np(D) # 0, let
D(B) N D(D) be a core of D, and let 6 € [0, 1] be such that

D(A%) ¢ D(C), D(A'"?) c D(B¥). (2.4.10)

Further, suppose that
A:A0+A1, B:B0—|—B1, O:CO+01, D:D0+D1
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are such that
i) A; is Ag-compact and Ay > ag > 0,
ii) By is Bo-compact, B} is B-compact, and By is Fredholm,
iii) Cy is Cy-compact, D1 is Dgy-compact,
iv) (Ao — po) "% A1 (Ag — 1o)== is compact for some po € p(A) N p(Ap).

Then

Oess(D — C(A — 119) 1 B) = 0ess (Do — Co(Ao — p10) ' By).

Proof. Assumption (2.4.10) implies that the operators C(A — pg)~%,
B*(A—Tig)~ =% are bounded and hence so is the operator C(A—po) ' B =
C(A — o)A — 110)~ =9 B and its closure C(A — j10)~'B. In order to
see that Co(Ag — o) 1 By is bounded on D(By), we write
Co(Ag — p0) ™" Bo = Co(Ag — o) ™% (Ao — o)~ " By
and observe that
Co(Ao—p0) ™" = (Co(A—p10) ) (A — 110)" (Ao — 10) 7).

B (Ag—pi0)~ 179 = (B; (A—ﬂo)f(lfe)) ((A— 110)' % (Ag — No)f(lfe))
are bounded. In fact, here the first factors are bounded because of (2.4.10)
and D(By) =D(B), D(Cy) = D(C); the second factors are bounded since
A and Ay are uniformly positive self-adjoint operators with D(A) = D(Ay)

and thus D(Af) = D(A?) by Heinz’ inequality (see [Kre71, Theorem 7.1]).
The claim follows from Theorem 2.1.13 if we show that the difference

D — C(A — /Lo)le — (DQ — CQ(AO — Mo)leQ) (24].].)
= D1+ Co(Ao—po) ' A1 (A—po) "' Bo— Cr(A—po) ' B— Co(A—po) ' By

is (D — C(A — po)~'B)-compact. Since C(A — pig)~'B is bounded, it is
sufficient to prove that all four terms on the right hand side of (2.4.11)
are D-compact. The operator D; is D-compact by assumption iii) and
Lemma 2.1.8 ii). The third term is compact since

C1(A = po) ' B = C1(A— o) (A — o)~ "9B,

C1(A—110)~% (A=)~ B are bounded due to the inclusions (2.4.10)
and D(C) C D(C}), and C1(A—pp)~% is compact by assumption iii) and
Lemma 2.1.8 ii). The fourth term is compact since so is its adjoint

*

(ColA—p0)*B1)" = ((A — o)~ =9 B1)" (Co(A — o))"

to see this we note that Co(A — o) ™% is bounded because D(A?) C D(C) =
D(Cy) by (2.4.10) and assumption iii) and that
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((A—=p0)""9B1)" = Bf (A —g)~*
is compact by (2.4.10), assumption ii), and Lemma 2.1.8 ii). In order to
show that the second term is compact, we write
Co(Ao—po) " A1(A—po) "' By

= (Co(Ao—p10)"") ((Ag—p10) "~ Ay (A=p10) %) (A—p0) " =9 By).
It has been shown above that the first pair of factors on the right hand side
is bounded. The middle group of factors is compact by assumption iv).
The last pair of factors is bounded since

(A=po)~ =9 By)" = Bj(A—mi5)~ =9

and B is A'~%-bounded due to the second domain inclusion in (2.4.10),
assumption ii), and Lemma 2.1.8 ii). O

Next we describe the essential spectrum of block operator matrices in
terms of their quadratic complements.

Theorem 2.4.16 Let D(C) C D(A) and let C be boundedly invertible. If
i) C71D is bounded on D(D),
ii) To(u)=B—(A—p)C~Y(D—p) is closable for some (and thus all) peC,
then . o
Uess(A) = Oess (TQ ) .

Proof. In the factorization (2.2.15) the first and the last factor are
bounded and boundedly invertible and C' is bijective. Thus A—\ is Fred-
holm if and only if so is T2(A\) by [GGK90, Theorem XVIIL.3.1]. O

The following analogue of Theorem 2.4.16 for boundedly invertible B
can be proved in the same way; note that if B and C' are invertible, Theo-
rem 2.4.16 as well as Theorem 2.4.17 below may be applied.

Theorem 2.4.17 Let D(B) C D(D) and let B be boundedly invertible. If

i) B71A is bounded on D(A),
ii) T1(u)= C—(D—p)B~Y(A—p) is closable for some (and thus all) peC,

then - o
Uess(A) = Oess (Tl ) .

Applications of the above results are given in Chapter 3 to determine
the essential spectra of block operator matrices arising in magnetohydrody-
namics (see Theorem 3.1.3) and in fluid mechanics (see Proposition 3.2.2,
Proposition 3.2.3, and Theorem 3.2.4).
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2.5 Spectral inclusion

In this section we present a new method to localize the spectrum of
unbounded block operator matrices. As in the bounded case, we intro-
duce the concept of quadratic numerical range which refines the classical
notion of the numerical range of a linear operator. In particular, we show
that the quadratic numerical range has the spectral inclusion property for
diagonally dominant and off-diagonally dominant block operator matrices
of order 0.

The definition of the quadratic numerical range for bounded linear oper-
ators (see Definition 1.1.1) generalizes as follows to unbounded block oper-
ator matrices A of the form (2.2.1) with dense domain D(A),

A= ( é g ) . D(A) =Dy &D; = (D(A) N D(C)) & (D(B) N D(D)).

Definition 2.5.1 For f €Dy, gDy, ||f||=]lgl|=1, define the 2x2-matrix

_ ( (AL, f) (Bg.f)
Apy = ( Cr o (DM)) € Ma(C). (2.5.1)

Then the set

W2(A) = |J op(Arg) (2.5.2)
f€Dy,9€D2,
Ifll=llgll=1

is called the quadratic numerical range of the unbounded block operator
matrix A (with respect to the block operator representation (2.2.1)).

Remark 2.5.2 The equivalent descriptions of the quadratic numerical
range in the bounded case given in Proposition 1.1.3 and Corollary 1.1.4
as well as the elementary properties stated in Proposition 1.1.7 generalize
directly to the unbounded case; the only modification in the definitions,
statements and/or proofs is that the conditions f €Sy, and g € Sy, have
to be replaced by fe€Ds, ||f]| =1, and g€Ds, |g|| = 1, respectively.

As in the bounded case, the quadratic numerical range of an unbounded
block operator matrix consists of at most two components which need not
be convex. However, in the unbounded case, both components may be
unbounded subsets of the complex plane; e.g. if A is an unbounded positive
operator, a := inf W(A4) > 0, and

A0
4=(0 %),

then W2(A) = W(A) UW(-A) = (—o0, —a] U [a, 00).
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The inclusion of the quadratic numerical range in the numerical range
(see Theorem 1.1.8) and the inclusion of the numerical ranges of the diago-
nal elements in the quadratic numerical range (see Theorem 1.1.9) continue
to hold for unbounded block operator matrices:

Theorem 2.5.3 For an unbounded block operator matriz A, we have
W2(A) c W(A).

Proof. The proof is completely analogous to the proof of Theorem 1.1.8
if we take f € D1, g € D, ||f[| = [lg]| = 1. O

Theorem 2.5.4 Let A be an unbounded block operator matriz. Then

i) dimHs >2 = W(A) C W2(A),
ii) dimH; >2 = W(D) C W2(A).

Proof. We prove i); the proof of ii) is analogous. Let dim Hs > 2. Since
Dy is dense in Ha, for each f € Dy, ||f|| = 1, there exists an element
g € Do, ||g|| = 1, such that (Cf, g) = 0. To see this, let e1, e2 € D, |le1]| =
le2|] = 1, be linearly independent. If (C'f,e1) = 0 or (Cf,e2) = 0, we can
take g = e1 or g = e, respectively. If (Cf,e1) # 0 and (Cf,e2) # 0, there
exist non-zero constants oy, as € C such that for ¢ = aje; + ases we have
(Cf,9) = a1(Cf,e1) + az(Cf,ez) = 0; in this case we choose g := g/||g]|.
With this choice of g we obtain, as in the proof of Theorem 1.1.9,

_( (Af,f) (Bg, f) .
Af’g_( 0 (Dg,g)>’

hence (Af, f) € W2(A), and W(A) C W2(A) follows. O

The following results generalize Corollary 1.1.10 and Proposition 1.1.12
from the bounded case.

Corollary 2.5.5 Suppose that A is an unbounded block operator matriz
and that dimH; > 2 and dim Hy > 2.
i) If W2(A) consists of two disjoint components, W2(A) = F1 U Fy, they
can be enumerated such that
W(A) Cc Fr, W(D)C Fo.
i) If W(A)NW(D) # 0, then W?(A) consists of one component.

Proof. Assertions i) and ii) are immediate from Theorem 2.5.4 if we
observe that W (A) and W (D) are convex and hence connected even if A
and D are unbounded (see [Sto32, Theorem 4.7]). O
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Proposition 2.5.6 If W(A)NW(D) =10, B,C are bounded, and
2VIIBICI < dist (W(A), W(D)),
then W2(A) consists of two disjoint components.

Proof. The proof is completely analogous to the proof of Proposi-
tion 1.1.12 if we observe that the convex sets W (A) and W (D) can be
separated by a line having distance dist (W (A4), W (D)) /2 to both sets. O

To generalize the inclusion of the numerical ranges of the Schur comple-
ments (see Theorem 1.6.3) to the unbounded case, we restrict ourselves to
the cases D(A) C D(C) or D(D)CD(B); otherwise, S1(A) or Sa()), respec-
tively, need not have dense A-independent domains (see Definition 2.2.12).

Lemma 2.5.7 For f € Dy, g €Dy, f,g#0, and X € C, we define
Al g A) = det < (Af’ {()/’Jj ;\)(ﬁ 7 (Dgy(gl?g—,{\)(g,g) ) '
i) If D(D) C D(B) and f € D1=D(S1(\)), f #0, with Cf #0, then
A(f, (D - )N)"'Cf; A) = (S1(N)f, f) (Cf, (D — A)_le). (2.5.3)
ii) If D(A) C D(C) and g € Dy="D(S2(N)), g # 0, with Bg # 0, then
A((A=XN""Bg,g;A) = (S2(N)g,9) (Bg,(A=XN)""Bg). (2.54)
Proof. The claims are immediate from the definition of A(f, g; A\) with
g:=(D-X)"1Cf #0 and f := (A—\)"'Bg # 0, respectively, therein. [J
Theorem 2.5.8 Let A be an unbounded block operator matrix.

i) If D(D) C D(B), then W(S1) C W2(A).
ii) If D(A) C D(C), then W(S2) C W2(A).
iii) If A is diagonally dominant, then W(S1) U W (S2) C W2(A).

Proof. Claim i) is obtained from formula (2.5.3) in the same way as in
the proof of Theorem 1.6.3 for the bounded case; analogously, ii) follows
from (2.5.4). Claim iii) is immediate from i) and ii). O

Next we establish the spectral inclusion property of the quadratic
numerical range for unbounded block operator matrices (see Theorem 1.3.1
for the bounded case). The inclusion of the point spectrum holds without
further assumptions:

Theorem 2.5.9  For an unbounded block operator matriz A, we have

op(A) C W2(A).
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Proof. The inclusion can be proved in the same way as in the bounded
case (see Theorem 1.3.1 and its proof), the only difference being that
(f g)tEDl @DQ O

The approximate point spectrum of an unbounded linear operator T in
a Hilbert space (see the definition in (1.3.4)) is contained in the closure of

the numerical range, gapp(T') C W(T); in fact, for A € oapp(T), there exists

a sequence (2,,)5° CD(T), ||zn|| =1, with (T — X)x,, — 0, n — oo, and thus
|((T — /\)a:n,xn)| < H(T — )\)an — 0, n— oco.

We prove the analogue of this inclusion for the quadratic numerical

range for diagonally dominant and for off-diagonally dominant block oper-
ator matrices of order 0 (see [Tre08, Theorem 4.2]).

Theorem 2.5.10 If A is diagonally dominant of order 0, then

Tapp(A) C W2(A).
Proof. Let Ay € 0app(A). Then there is a sequence (£,)3° = ((fn gn)')]
Cc D(A)@DD), || fol*+ llgnll? = 1, such that (A — X\)f, — 0, n — oo, i.c.
(A—Xo)fn + Bgn =: hyy — 0,
Cfn+ (D —Xo)gn =t kn — 0,

Since the dominance order of A is 0 and hence < 1, the operator

(2

is A-bounded by Corollary 2.2.5. Thus (A — A\o)f, — 0, n — oo, implies
that (Sf,)7° and hence also (Bgn)(l)o and (Cfn)(fo are bounded. Then,
by (2.5.5), (A= X0)fn); and ((D = Xo)gn); are bounded as well.

Now choose f,, € D(A), g, € D(D) with || fn|l = |gnll = 1, fo = | fullfr
and g, = ||gn||gn for n € N, and consider
A/;’La /;Z - A BA’na /’\n

(Afu J2) (BGn, Jn) )) Lo

Assume first that liminf, o || fr|| > 0 and liminf,, . ||gn]| > 0, with-

out loss of generality || fr|l, llgn|| > 0, n € N. By (2.5.5), we have

o 1 —~ TS
(Afas ) = 20 = s ((ons ) = lall (BT ).

(Gt 3) = 9all (DFsGa) = 20) ).

n — 0o. (2.5.5)

Mﬁ%»=w<

P 1
(Cfn:8n) = 1700

and thus
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1
”fn“

( na§n) (D§n7§n) _)\
ann ’

(hns fn)  (BGns fn)

A(fayGni Ao) = det (2.5.6)

The elements of the first column tend to 0 and the sequences with elements
Bg., = Bgn/||gx|l and (D — Xg)gn = (D — X0)gn/||gn|| are bounded. Hence

A(J?n,ﬁn; Xo) — 0, n— oc.
As A(fn, Tn; ) is a monic quadratic polynomial, we can write
A(FGns ) = (A=A (A= %), neN, (2.5.7)

where AL, A2 are the solutions of the quadratic equation A(fn,ﬁn; )\) =0
and hence A1, A\2 € W?2(A). From (2.5.6) and (2.5.7) it follows that AL — Xg
or A2 — \g, n — 0o, and thus \g € W2(A).

Next we consider the case that liminf,, . ||gn|| = 0. Then we have
liminf,, o0 || fnll > 0 since || fnl|?>+ [lgn||* = 1. Without loss of generality,
we assume that lim, e g, = 0 and || f,,|| > v, n € N, for some ~ € (0, 1].

First suppose that dim Hy > 2. We show that Bg, — 0, n — oo. For
this let & > 0 be arbitrary. Since ((D — Xo)gn); is bounded, there exists
an M > 0 such that ||[(D — Ao)gnl| < M, n € N. Since A is diagonally
dominant of order 0, the operator B is D-bounded with D-bound 0 and
hence there exist constants a’z, bg > 0 such that bp < e/(2M) and

[Bgnll < allgnll + b5](D = Xo)gnll, n€N.

If we choose N € N such that ||g.|| < €/(2a’5), n > N, it follows that
|Bgn|| < € for n > N. The fact that Bg, — 0,n — oo, and the first
relation in (2.5.5) show that (A — Xo)fr — 0, n — 0o and 80 A\g € Tapp(A).
Together with Theorem 2.5.4, we obtain

Ao € Oapp(A) Co(A) C W(A) C W2(A).

If dimH; = 1, B and D are bounded operators. Then g, — 0 implies
that Bg, — 0, ( = Ao)gn — 0, n — oo, and, with fn, Jn chosen as
above, (A )\O)fn—> 0, Cf,— 0, n — o0, by (2.5.5) and because we have
||ﬁb|| < ~v7!, n € N. The boundedness of B and D also implies that
(BGn)3°, ((D = Xo)gn); are bounded. Therefore

(AFusB) =0 (BGuFo) ) )
—~ — 0, n —oo.
(Cfnvgn) (D/g\mgn) - )\O

Now, in the same way as above, it follows that Ao € W2(A).

A(FusGni o) = det (
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The case liminf, . ||fn]| = 0 is treated analogously if we use that C
is A-bounded with A-bound 0. O

The next corollary is a direct consequence of Theorem 2.5.10 if we note
that boundedness and relative compactness both imply relative bounded-
ness with relative bound 0 (see [EE87, Corollary I11.7.7], Proposition 2.1.7).

Corollary 2.5.11 If B is bounded or D-compact and if C is bounded or
A-compact, then

Tapp(A) C W2(A).

Theorem 2.5.10 and Corollary 2.5.11 generalize [LT98, Theorem 2.1]
where it was assumed that A and D are closed and B and C' are bounded
and so, in particular, A is closed. In this case, by the closed graph theorem,
the approximate point spectrum c,pp(LA) is the complement of the set r(.A)
of points of reqular type which is defined as

r(A):={AeC:3C\>0|(A-Nz| > C)ljz|, z € D(T)}.

The inclusion of the approximate point spectrum for off-diagonally dom-
inant block operator matrices was considered only recently (see [Tre08,
Theorem 4.4]).

Theorem 2.5.12 If A is off-diagonally dominant of order 0 and B, C
are boundedly invertible, then

Tapp(A) C W2(A).

Proof. The first part of the proof is analogous to the proof of Theo-
rem 2.5.10, now with f,,, f, € D(C) and g, g, € D(B); we continue to use
the same notation. In fact, by Corollary 2.2.5, the operator

A0
T =
)
is A-bounded. Thus, in the same way as in the proof of Theorem 2.5.10,
we can show that Ao € oapp(A) implies that all sequences ((A — o) fn)

(Bgn);)oa (Cfn)(l)oa ((D_Ao)gn);)o are bounded, A(.]?na/g\n7 )\0) - 01 n — oo,

and hence Ao € W2(A) if liminf, .o || fr|| > 0 and liminf,,_ « ||gn|| > O.

It remains to consider the case liminf, . ||g»| = 0, without loss of
generality lim, o0 gn = 0 and || fn|| > v, n € N, with some v € (0,1]; the
case liminf,,_ . || fn|| = 0 is analogous.

If dim Hy = 1, the proof is the same as the respective part of the proof
of Theorem 2.5.10. If dim Hy > 2, we prove that (Dg,)$° tends to 0; since
C' is boundedly invertible, this and the second relation in (2.5.5) yield
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fn = _Cil(D - /\O)gn + Cilkn — 0; n — 00,

a contradiction to [|fn]] > v > 0,n € N. Let € > 0 be arbitrary. Since
(Bgn); is bounded, there exists an M > 0 such that || Bg,|| < M, n € N.
Since A is off-diagonally dominant of order 0, the operator D is B-bounded
with B-bound 0 and hence there exist constants ap, bp > 0 such that
bp < e/(2M) and

[Dgnll < apllgnll + bl Bgnll, n€N.

If we choose N € N such that |gn| < €/(2ap), n > N, it follows that
|Dgnl| <€ forn > N. O

Corollary 2.5.13 If A is bounded or C-compact, D is bounded or B-
compact, and if B, C' are boundedly invertible, then

Tapp(A) C W2(A).
The following example shows that Theorem 2.5.12 and Corollary 2.5.13
do not hold without the assumption that B and C' are boundedly invertible.

Example 2.5.14 Let A = C = D = 0 and let B be a bijective (and
hence closed) linear operator with dense domain D(B) & Haz. Then the
block operator matrix

00

is closed and off-diagonally dominant with W?2(A) = {0}. If A € C\ {0},
then A — X is injective, the range R(A — X) = H1 @ D(B) & H1 ® Hy is
dense and hence Ay € 0¢(A) C Tapp(A); if A =0, then A— X is not injective
and hence A\g € 0p(A) C 0app(A). Thus oapp(A) = C is not contained in
W2(A) = {0}.

For a closed linear operator T', the spectral inclusion o(7') C W(T') in

A= <0 B), D(A) = H, ® D(B),

the numerical range holds if every component of C\ W(T') contains a point
u € p(T), or, equivalently, a point p such that the range R(T — ) = H (see
[Kat95, Theorem V.3.2]). The analogue for the quadratic numerical range
is as follows.

Theorem 2.5.15 Let A be closed and either diagonally dominant of
order 0 or off-diagonally dominant of order 0 with B, C' boundedly invert-
ible in the latter case. If Q is a component of C\ W2(A) that contains
a point p € p(A), then Q C p(A); in particular, if every component of

C\ W2(A) contains a point i € p(A), then

o(A) C W2(A).
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Proof. For A € r(A), the range R(A — \) is closed and the mapping
A — dim R(A — \)* is constant on every component of r(A) (see e.g.
[Kat95, Theorem V.3.2]). Thus, by Theorem 2.5.10 or 2.5.12, respectively,

the same is true on each component of C\ W2(A) C C\ gapp(A) = 7(A).
By assumption, it follows that R(A — A) = H for all A € C\ W2(A), that

is, C\ W2(A) C p(A). 0

Since the closure A of a closable block operator matrix A need not be a
block operator matrix, the quadratic numerical range of A is, in general, not
defined. However, due to the next lemma, the closure W2(A) of the qua-
dratic numerical range still provides an enclosure for o, (\A) and oapp (A).

Lemma 2.5.16 Let T be a closable linear operator in a Banach space E
with closure T. Then

Op (T) C oapp(T), Uapp(T) = dapp(T).

Proof. 1f A € o,(T), then there exists an # € D(T), « # 0, such that
(T — Nz = 0. By definition of the closure, there is a sequence (z,,)3° C
D(T) with z,, — x, without loss of generality ||x,| > ~ for some v > 0,
and (T — A)zn, — (T — A)z =0, n — co. This shows that X\ € gapp(T).

The inclusion oapp(T) C Gapp (T') is obvious. Vice versa, if A€ gapp (T'),
then there exists a sequence (z,)3° C D(T) with ||z,|| = 1, n € N, and
(T — X)x,, — 0, n — co. Let € > 0 be arbitrary such that ¢ < 3|A|/2. By
definition of the closure, for every n € N there exists an element y,, € D(T)
such that ||y, — x| < £/(3|A]) and || Ty, — Txy|| < €/3. Choose ng € N so
that ||(T - )\)an < g/3 for n > ng. Then, for n > ny,

1T = Nyl < | Tyn = Tanll + [N lyn — 2l + [ (T = N an|| <.

Since £ < 3|A|/2, we have |lyn|| > l|zn|l = [|2n — ynll > 1/2 for all n € N.
This shows that A € gapp (T). O

Corollary 2.5.17 Let A be a closable block operator matriz with clo-
sure A. If the quadratic numerical range of A satisfies the spectral inclusion

op(A) C W2(A) and oapp(A) C W2(A), then
op(A) CW2(A),  oupp(A) C W2(A).
In the following we consider unbounded block operator matrices with
certain additional structures. First we study block operator matrices such

that C=B* and A, —D are uniformly accretive (see Theorem 1.2.1 for the
bounded case), i.e. there are constants «, 6 > 0 with

ReW (D) < =6 <0< aa<ReW(A).
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The next theorem shows that this gap between the diagonal entries A and
D is retained as a spectral gap for the whole block operator matrix A, even
in the off-diagonally dominant case where B* and B are stronger than A
and D, respectively (see [Tre08, Theorem 5.2]).

Theorem 2.5.18 Let A be a closable block operator matrix of the form

(5 b)
and define the sector ¥, := {rei¢ i >0, ¢ < w} for w € [0, 7). If there
exist o, 0 > 0 and angles ¢, € [0,7/2] such that
W(D)c{ze€-S,:Rez< -6}, W(A) C{z€%y:Rez>a},
then, with 6 := max{yp, ¥},
op(Z) C {z € —Yp:Rez < —5} U {z €Yp:Rez> a}.

Suppose, in addition, that A is either diagonally dominant or off-diagonally
dominant of order O and, in the latter case, B is boundedly invertible. If
there exists a point p€ p(A)Np(D)N{zeC: -6 < Rez < a}, then A is
closed and

U(A)C{26—29:Rezﬁ—é}U{zEEQ:ReZZa}.

C_ C.

ASEE
1R
=

=

W (D

Figure 2.1 Assumptions on A and D in Theorem 2.5.18.

Proof. By Lemma 1.2.2, the assumptions imply that
W2(A) C{z€-%p:Rez < -6} U{2€89:Rez >0} =2 (25.8)

By Theorem 2.5.10 and Corollary 2.5.17, we have o, (LA) CW?2(A) C E. For
the inclusion of the spectrum, we first note that in the off-diagonally dom-
inant case, B* is boundedly invertible since so is B. That A is closed and

o(A) C W2(A) follows from Theorems 2.5.12, 2.5.15, and Corollary 2.5.17
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if we show that C\ Z contains a point u € p(.A); in fact, we will show that
iR N p(A) # 0. To prove this, we consider the block operator matrices

A0 0 B
e (20). s (08

Due to the assumptions on A, D, we have 0(A) C W(A), o(D) C W (D) and

@%Fi;mkww

If B is boundedly invertible, it is closed and hence S is self-adjoint (see the
subsequent Proposition 2.6.3) so that

H@—WYWSﬁ»uewa

If A is diagonally dominant of order 0, then S is 7-bounded with 7-
bound 0; if A is off-diagonally dominant of order 0, then 7 is S-bounded
with S-bound 0 (see Proposition 2.2.5). In both cases, the assumptions of
Corollary 2.1.5 are satisfied and so {ip: |u| > R} Cp(T+ S) = p(A) for
some R > 0. 0

(T —ipw) 7t <

Remark 2.5.19 If A is self-adjoint, clearly, a point u € p(A) N p(D)N
{2 € C:—6<Rez<a} exists; in this case, 0(A) CA_(A)UA;(A)CR and

A(A)c{z€eR:Rez< -4}, A (A)C{z€R:Rez>a}.

This spectral inclusion was first proved by J. Weidmann (see [WeiS0,
Theorem 7.25]) using the spectral theorem; in [AL95, Theorem 2.1], a
shorter proof was given by showing that for A € (=4, ) the inverse of the
first Schur complement S;()\) and thus the resolvent (A—\)~! exist (see
Theorem 2.3.3).

In the following example we use the above theorem to estimate the small-
est eigenvalue in modulus of Dirac operators on certain compact manifolds
with warped product metric (see [KT03]). Examples of such manifolds are
manifolds with S!-symmetry, in the simplest case ellipsoids. For a one-
dimensional basis (like for an ellipsoid), such estimates may be obtained
by Sturm-Liouville techniques (see e.g. [Kra00], [Kra01]); for higher dimen-
sional bases, Theorem 2.5.18 provides an eigenvalue estimate that can be
read off elegantly from the diagonal entries (see [KT03, Theorem 7.2]).

Example 2.5.20 We consider the Dirac operator D on a closed Rie-
mannian spin manifold M with warped product metric. These manifolds
are complete Riemannian spin manifolds and hence D is an essentially
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self-adjoint operator acting on the space of spinors 'Y o4, i.e. on sections of
a certain 2[“"3**)-dimensional complex vector bundle, the so-called spinor
bundle ¥,y — M. Since the manifold M is closed, the Dirac operator
D a4 has discrete spectrum. The kernel is not a topological but a conformal
invariant and only few estimates are known for the first positive eigenvalue.
Note that, if the dimension of M is even, then o(Da) is symmetric to 0.
For details on Dirac operators on manifolds we refer to [LM89] and [Fri00].

The manifold M with its warped product metric is defined as follows.
Let (B™, g5), (F*, g7) be closed Riemannian spin manifolds of dimensions
m and k, respectively. For a positive C*°-function f: B™ — R™ we denote
by M = B™ x; F* := (B™ x F*, g5 + f%gr) the warped product of B™
and F* with the product spin structure. In the following we always write
B, F, and B x s F to shorten the notation. To introduce the Dirac operator
on M, one has to distinguish the cases m even, m odd and k even, and
m, k odd. For simplicity, we restrict ourselves to the case m even; for the
other cases, we refer the reader to [KLT04, Example 4.12].

For a manifold X we denote by X the spinor bundle over X and by
wx : M — X the projection of M onto X. Then, for the spinor bundles
on M, we have Y = 15X ® 72 F. For an even-dimensional spin mani-
fold X, there is a natural splitting ¥x = ¥1 & $3. With respect to this
decomposition, the Dirac operator Dy which exchanges the positive and
negative spinors has the form

0 DT
Dy = X
o <DX 0)

The warped product structure of the manifold M allows us to write the
Dirac operator D as a direct sum of off-diagonally dominant block opera-
tor matrices. To this end, we decompose the space of spinors over M along
the eigenspaces of the Dirac operator on the fibre F. More exactly, for
every eigenvalue A € op,(Dyg), let Eo4 — B be the vector bundle with

fibre Epp = E(ﬁ,Df(b)}-) trivialised by (ﬂ;f:/’;l ey W*F;Q;;W) where
(ea1;---,€ar(a)) is an orthonormal basis of the eigenspace E(A,Dg)

and r(A) is the multiplicity of A. For A € o,(Dr) we define Wy :=
I'5(88 ® Ex) = T(Es @ C"™). Then the space of spinors decomposes as
Tu(Em)= B Wa
A€op(DF)
a spinor ¥ € I'y((Xn) is called a spinor of weight A if U € Wh.

For the corresponding decomposition of the Dirac operator on M, we
fix A€o, (D) and define the Hilbert spaces
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Hin = LS5 0C™ W), Hop:=L2(S50C™ W), Hy:=Hia@Haa.
We introduce the bounded self-adjoint operators A; o in H; a, ¢ = 1,2, by
A

AinHin — Hin, AinaVi= ?\I’i,

and the closed operator By from Hs o into Hy A by

D(By) = { Uy € Hap: Uy € WH2 (S5 @ C"M) ],

0 D
By =Dp = B, 2.5.
v=os= (1) (2.59)
Then the Dirac operator D4 on the manifold M can be written as

Aixn Ba

Du= P Ar Ax:= ; (2.5.10)

Bi —Asp

AEUP(D]:) A ’

an eigenvalue A of Dy is called an eigenvalue of weight A if there is an
eigenspinor ¥ associated with A that belongs to Wj. Since B, is closed
and Aq a, A2 a are bounded, the block operator matrices Aa in Ha with
domain D(Ay) = WH2(£5 @ C"W) & W2 (S5 @ C"™) are off-diagonally
dominant and self-adjoint (see the subsequent Theorem 2.6.6 iii)).

Suppose that 0 ¢ o,(Dx). Then every operator A, satisfies the assump-
tions of Theorem 2.5.18 since, for ¥; € D(A; ),

2
A
(A1,A‘I’1,‘I’1)L2 = A/
B

dB >
and analogously for A; . Hence, Theorem 2.5.18 yields the inclusions

"~ Jmax
mAn) €~ |ul ) @san

\B
f

1941Z,,

= 0
fmax fmax
and thus
op(Dpm) = U op(Ap) C (=00, —a] U [ar, 00)
A€op(DF)
where

a:= min {|)\|:)\€op(AA)}>min{f|A| :AEJP(D}_)}.

A€o, (DrF) max

For the particular case that F = S* is the k-dimensional sphere, the small-
est eigenvalue in modulus of Dgx is k/2 (see [Sul80]) and so in this case

UP(DM) “ <_OO7_2fi€nax:| N |:2fiax,oo> .
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If the diagonal entries A and D are either both bounded from below
or from above and B is bounded, then the quadratic numerical range pro-
vides the following estimate for the lower or upper bound, respectively, of
the block operator matrix A (see [Tre08, Theorems 5.5, 5.6] and compare
Proposition 1.3.6 in the bounded case).

Proposition 2.5.21 Let the block operator matriz A be of the form
A B
(1)
with A = A*, D = D* either both semi-bounded from below or from above

and bounded B. Then the spectrum of A satisfies the following estimates:
i) If A and D are bounded from below and

o | 25|
05 = ||B|| tan <2arCtan(|mina(A)—mino(D) ,
then A is bounded from below with
min{mino(A), mino(D)} -5 <mino(A) <min{mino(A4), mino(D)}.

ii) If A and D are bounded from above and

1 2|\ B
+ -— ||B —
0p | B tan (2 arctan <| max o(A) — maxo(D)] ,

then A is bounded from above with

max{max o(A), max o(D)} <max o(A) <max{maxc(A), max (D)} +05.

Proof. The proof of the fact that the quadratic numerical range satisfies
the stated estimates is analogous to the proof of Proposition 1.3.6. In
order to obtain the estimates of the spectrum, we use Corollary 2.5.11,
Theorem 2.5.15, and the fact that C\R C p(A) since A is self-adjoint. O

Next we consider unbounded self-adjoint block operator matrices with
diagonal entries A, D having disjoint spectra and bounded B. In this case,
an analogue of Proposition 1.3.7 and more advanced results on solutions of
corresponding Riccati equations (see Section 2.10) were proved in [KMMO5,
Theorem 1, Remark 3.3] using factorization results of Virozub and Matsaev
and the Daleckii-Krein formula. Here we obtain a simpler proof of the
spectral inclusion by means of the quadratic numerical range.

Proposition 2.5.22 Let the block operator matriz A be of the form

A B
(5 0)

with A = A*, D = D*, §4,p := dist (¢(A), (D)) > 0, and bounded B.
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Define
0p :=||B|| tan 1aurctan 2Bl .
2 5A,D
i) Then
o(A) c {A e C:dist (\,0(A)Uc(D)) <65}
11) If ||B||<\/7§6A7D; then 6 < 53D and O’(A) = 0'1002 with 0'1,(7275@
and

o1 C{AeC:dist (A, 0(A))<dp} C{AeC:dist (N o(A))< ba,p/2},
o2 C{A e C:dist (\,0(D))< dp}C {AeC:dist (A, 0(D))< da,n/2}.

iii) If convo(A) No(D) = 0 and |B|| < vV23a.p, then 6p < da.p and
o(A) = o1 Uos with 01,09 # 0 and
o1 C{AeC:dist (N o(A)<dp} C{AeC:dist (N o(Ad)<ban},
o9 C {)\ e C: dist ()\,U(A))Z 5A,D}~
Proof. Since A is self-adjoint and hence C \ R C p(A), the inclusion
a(A) € W2(A) holds by Corollary 2.5.11 and Theorem 2.5.15. That W2(A)
satisfies the estimates claimed for the spectrum can be proved in the same
way as Proposition 1.3.7 if we use Proposition 2.5.21. U

2.6 Symmetric and J-symmetric block operator matrices

In this section we consider block operator matrices A with real quadratic
numerical range. Like in the bounded case, the condition that W?2(A) C R
does not imply symmetry of the block operator matrix, it only implies
symmetry with respect to a possibly indefinite inner product [-,-] = (7, ")
on the Hilbert space H = H; & Ho where

7=(s )

(see Theorem 1.1.15 for the bounded case). For unbounded operators, how-
ever, there is a difference between J-symmetric and J-self-adjoint opera-
tors, depending on whether J.A is only symmetric or self-adjoint in the
Hilbert space H (see Definition 1.1.14). In particular, the relation

[Ax,y] =[x, Ay], x,y € D(A),

only implies that A is J-symmetric. Note that, for a J-self-adjoint opera-
tor A, the spectrum o(.A) as well as the resolvent set p(A) may be empty.
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For details on unbounded operators in spaces with indefinite inner products
we refer to [Bog74] and, for a brief overview, to [LNT06, Section 2].

We begin by presenting some simple criteria for an unbounded block
operator matrix A given by (2.2.1), (2.2.2) to be symmetric (self-adjoint)
and J-symmetric (J-self-adjoint), respectively, in H = H; & Has.

Proposition 2.6.1 A block operator matriz A is symmetric if and only if
AcCA*, DcD*, Clpuanrpec)CB*  Blpsrpm CC*, (2.6.1)
and J -symmetric if and only if
AcA*, DcD*, Clpuypw) C—B*, Blpmnpm) C —C*.
Proof. The operator matrix A is symmetric if and only if, for all elements
x = (21 22)', ¥y = (11 92)* € D(A) = (D(4)ND(C)) & (D(B)ND(D)), we
have (Ax,y) = (x, Ay) or, equivalently,
(Az1,y1)+ (B2, y1)+(Cw1, y2) +(Dy1, y2)
= (z1, Ay1) + (22, Cy1) + (21, By2) + (Y1, Dy2).
Setting 9 = y2 = 0 and 1 = y1 = 0 in (2.6.2) shows that A and D are
symmetric. For yo = 0, (2.6.2) yields that
(Az1,y1) + (B2, y1) = (21, Ay1) + (w2, Cy1).

The symmetry of A implies y; € D(B*), B*y1=Cyx, i.e. Clpaynpc) CB;
the proof of the remaining inclusion is similar if we choose y; =0 in (2.6.2).
Conversely, if (2.6.1) holds, it is easy to check that (2.6.2) is satisfied,
and hence A is symmetric.
The second assertion follows from the first claim applied to J.A. a

(2.6.2)

Corollary 2.6.2 If D(A)ND(C) is a core of C orif D(B)ND(D) is a
core of B, then A is symmetric if and only if

AcCcA*, DcD*, CcB (2.6.3)
and J -symmetric if and only if

AcA*, DcD* Cc-B"
Proof. 1If (2.6.3) holds, then B C B = (B*)* C C* and so (2.6.1) fol-
lows. Vice versa, if D(A) ND(C) is a core of C, then (2.6.1) implies that
C c C = Clpaynp(cy C B* since B* is closed; if D(B) N D(D) is a core
of B, then (2.6.1) implies that B C B = B|p(p)np(p) C C* since C* is

closed and thus, taking adjoints, C € C' = (C*)* C B*. The second claim
follows from the first applied to J.A. O
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In order to obtain criteria for self-adjointness (7-self-adjointness), we
consider block diagonal and block off-diagonal operator matrices.

Proposition 2.6.3  For the block operator matrices

r-(15) o= (20)

« (A0 . 0 C*
7._(0 D*>, s._<B* 0),
and hence

i) 7 is self-adjoint if and only if A= A* and D = D*,

ii) S is self-adjoint if and only if B is closed and C = B*;
in the latter case, we have p(S)\ {0} = {\ € C: X2 € p(B*B)}, 0 € p(S)
if and only if B is bijective, and the resolvent of S is given by

S—-N"1 (Bigg ;;:1 fgg:i:;i;), A€ p(S). (2.6.4)

Proof. The claims for 7 are obvious.
An element (y; y2)* € Hi @ Hz belongs to D(S*) if and only if there
exist (y7 y3)' € Hy @ Ha such that for all (z; x2)* € D(S) = D(C) & D(B)

((e o) C)-C)=(C)-CD)
< (Ca1,y2) + (Baz,y1) = (21, 97) + (¥2,93)-

If y1 € D(B*), y2 € D(C*), the latter holds with y7 = C*ya, y5 = B*yi;
this proves that D(B*) © D(C*) C D(S*) and that S*|p(p-)ep(c+) has the
asserted form. Vice versa, if (y; y2)* € D(S*), we choose (z1 0)% (0 z2)t €
D(S) =D(C) @D(B) above and obtain y; € D(B*), yo € D(C*).

From the formula for §*, claim ii) is immediate. Moreover, if A € C\ {0}
is such that A2 € p(B*B) or, equivalently, A\? € p(BB*), it is not difficult
to check that the resolvent of S is given by the above formula; note that
(BB*—~X2)"1B* = B*(B*B—)\2)~! and (B*B—\2)"'B = B(BB*—\2?)"!
Vice versa, if A € p(S) \ {0}, the unique solvability of (§ — A\)x = f for
f = (f 0)' shows that A2 € p(B*B); for A = 0, the assertion is clear. [

Remark 2.6.4 The self-adjointness of the block off-diagonal matrix S
can be used to prove von Neumann’s theorem (see [Kat95, Theorem V.3.24]:
If B is closed, then B*B is self-adjoint. In fact, BB* and B*B are the
diagonal entries of the self-adjoint block diagonal operator S2. This proof
is known as Nelson’s trick (see [Tha92, Sections 5.2.2, 5.2.3]).

we have
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The next theorem shows that, under certain assumptions, the adjoint
of an unbounded block operator matrix is again a block operator matrix.

Theorem 2.6.5 Suppose that block operator matriz A satisfies one of the
following two conditions:

i) A, D are Fredholm operators, C is A-compact, and B is D-compact;
ii) B, C are Fredholm operators, A is C-compact, and D is B-compact.

Then the adjoint of A is given by
N A* C*
A= ( - ) |
Proof. We prove the claim in case i); the proof in case ii) is analogous.
Let the block operator matrices 7 and S be defined as in Proposition 2.6.3.
Then 7 is Fredholm and, by Theorem 2.4.1 (with Cy = By = A1 = D1 =0),

S is T-compact. Now the claim follows from Proposition 2.1.11 (see also
the original result in [Bea64]) together with Proposition 2.6.3. (]

Theorem 2.6.6  Suppose that A is diagonally dominant of order 6 < 1
and that A = A* and D = D*.

i) If C C B*, then A is self-adjoint in H.
i) If C C —B*, then A is J-self-adjoint in H.

Suppose that A is off-diagonally dominant of order 6 < 1 and B is closed.

iii) If C = B*, then A is self-adjoint in H.
iv) If C = —B*, then A is J-self-adjoint in H.

Proof. 1), iii) By the assumptions, the block diagonal and off-diagonal
operators 7 and S, respectively, defined in Proposition 2.6.3 are self-adjoint.
The claims now follow from Proposition 2.2.5 and the theorem of Kato-
Rellich (see [Kat95, Theorem V.4.3]), which shows that self-adjointness is
preserved under relatively bounded perturbations with relative bound < 1.

ii), iv) The claims follow from i), iii) applied to J.A. O

The main result of this section shows that if the quadratic numerical
range of a block operator matrix A is real, then the diagonal entries A and D
of A are symmetric and A is either block triangular, similar to a symmetric
block operator matrix, or similar to a J-symmetric block operator matrix.

Note that the quadratic numerical range of a J-self-adjoint block oper-
ator matrix may be complex even for bounded B having sufficiently large
norm.
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Theorem 2.6.7  Suppose that dimH; > 2 or dim Hz > 2, D(B)ND(D)
is a core of B, and D(A) N D(C) is a core of C. If W2(A) C R, then
A and D are symmetric and A is either block triangular (i.e. B = 0 or
C = 0) or there exists a v € R, v # 0, such that

A B .
A—(C D)’ B#0, CcC~B%

in the latter case, A is similar to the block operator matriz

A= (g g>, B:=/]y|B, CC (signy)B";

A is symmetric in ‘H if signy =1 and J-symmetric if signy = —1.

Proof. We follow the lines of the proof of Theorem 1.1.15 in the bounded
case with the following modifications. By Theorem 2.5.4, we have W (A) C
W?2(A) C R and hence A is symmetric and, as a consequence, so is D.
In the same way as in the proof of Theorem 2.5.4, we conclude that
(Bg, f)(Cf,g9) € R for all f € D(A) ND(C), g € D(B) ND(D). Since
D(A)ND(C) is a core of C and C is closed, we have C = C = Clpaynp(c),
and analogously for D(B) N D(D) and B. Hence, for x € D(C), y € D(B),
there exist sequences (x,)$° C D(A) N D(C), (yn)3° € D(B) ND(D) such
that =, — z, y, — y and Cz,, — Cz = Cu, By, — Ey = By for n — oc.
This shows that, in fact, (Bg, f)(Cf,g) € R for all f € D(C), g € D(B).
Now Lemma 1.1.16, which was already formulated for unbounded oper-
ators, shows that the first claim holds. The similarity of A to Ais proved
in the same way as in the proof of Theorem 1.1.15. The last claim about
the symmetry (J-symmetry) of A follows from Corollary 2.6.2. O

For unbounded 7-self-adjoint block operator matrices, the quadratic
numerical range yields the following spectral enclosures (see [Tre08, Theo-
rem 5.4] and compare Proposition 1.3.9 for the bounded case).

Here and in the following, we use the definitions of the functionals A4
and their ranges A1 (A) given in Corollary 1.1.4 with the obvious domain
restrictions for the unbounded case (see Remark 2.5.2).

Proposition 2.6.8 Let A= A*, D= D*, C = —B*, and let A be either
diagonally dominant or off-diagonally dominant of order 0 (so that A is
J -self-adjoint), and, in the latter case, let B be boundedly invertible.

i) If W2(A) C R, then W2(A) consists of one or two intervals and
o(A) CW2(A) C A_(A)UAL(A).
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i) If A and D are bounded from below,

a_ :=inf W(4), d_ :=inf W (D),
then

o(A)NR C [min{a_,d_},00), o(4A)\RC {z eC:
analogous statements hold for A and D bounded from above.

iii) If B is bounded, then o(A) \R C {z € C : [Imz| < ||B|}; if, in
addition, & := dist (W (A), W(D)) > 0, then

IB|<6/2 = o(A)CR,
|B|>6/2 = o(A)\RC {z€C:|Imz| < /|B|? - 62/4}.

Proof. In a similar way as in the proof of Theorem 2.5.18, we consider
the block operator matrices

A0 0 B
(0 p) s=( % 0)

T is self-adjoint and, if B is boundedly invertible and thus closed, so is iS.
i) If W2(A) C R, its at most two components must be intervals. By

Corollary 2.5.17, it suffices to prove that there exist points py,pu_ € p(.A)

in the upper and lower half-plane, respectively. To this end, we note that

[T <5 weRVI0)

(S = (v +ip) |

a_+d_

SRez};

1
< W v € R\ {0},
with an arbitrary fixed po € (0,00). As in the proof of Theorem 2.5.18,
we find that the assumptions of Corollary 2.1.5 are satisfied for 7 and
S F ipg, respectively. As a consequence, there exists an R > 0 such that
{#£ip : |p| = R} C p(T + S) = p(A) in the diagonally dominant case and
{vtipg:|v| > R} C p(S+7T) = p(A) in the off-diagonally dominant case.
ii) As in the bounded case, we can show that the asserted inclusions
hold with W?(A) instead of o(A) (see Propositions 1.2.6 and 1.3.9). By
Corollary 2.5.17, it suffices to prove that there is a point u € p(.A) in the
half-plane {z € C: Rez < (a—+d_)/2}. Here we note that

(T =G0 +iw) ') < o meR {0,
s =~ < oo p e\ {0},

with an arbitrary fixed vy € (—oo, a_+ d,)/2). Hence, by Corollary 2.1.5
applied to 7 — vy and S, respectively, there exists an R > 0 such that
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{vo+ip: |u| > R} C p(T +S) = p(A) in the diagonally dominant case and
{£p:|p] > R} C p(S+T) = p(A) in the off-diagonally dominant case.
iii) If B is bounded, then A is a bounded perturbation of the self-adjoint
operator 7 and the first claim follows from standard perturbation theorems
(see e.g. [Kat95, Problem V.4.8]); in particular, there are .y, u_ € p(A) in
the upper and lower half-plane, respectively. Now the claims for § > 0 follow
in the same way as in the bounded case (see Propositions 1.2.6, 1.3.9). O

For diagonally dominant block operator matrices, the fact that W?2(A)
is real is related to certain definiteness properties of the Schur complements.
For this we first prove the following stability result.

Lemma 2.6.9 Let A be diagonally dominant, A =A*, D = D", and either
C CB* orCC—B*. If A€ p(D)NR, then S1(X) is symmetric. If there
exists a Ao € p(A) N p(D) NR so that S1(No) is self-adjoint and uniformly
positive, then there is an € > 0 so that S1(\) is self-adjoint and uniformly
positive for all X € (Ao — €, Ao + €). Analogous statements hold for Ss.
Proof. The symmetry of S1(\) = A— A B(D — \)~'B* is obvious. By
Proposition 2.3.4, the set p(S1) N p(A) is open. Hence there exists a § > 0
such that (Ao — 0, A0 + ) C p(S1) Np(A). For A € (Mg — 9, A0 +0) and
z € D(S1(N)) = D(S1(X)) = D(A), we have the estimate

[(S1(A) = S1(X0)) ]|

=A=Xo||[(IFB(D —XN)""(D = X) ' B*)z||

< A=ol (2]l + 1BD=N)HHI(D=20) 1H 1B*(A=X0) T I(A=Xo)z]]).-
Since A\g € p(S1) N p(A), the operator I F B(D — \g) " 'B*(A — \g)~ ! is
boundedly invertible by Proposition 2.3.4 and hence

A=Xg=(IFB(D =) "B (A= X)) " Si(Ao).
Together with the fact that p +— B(D — p)~! is holomorphic on p(D), we
conclude that there exists a ¢s > 0 such that, for all A € (Ag — 8, Ag + 0),
[1(S1(A) = S1(Xo))z|| < IA = Aol 2]l + [A = Xo| es |S1(Ao)]|. (2.6.5)

Now a stability theorem for semi-bounded self-adjoint operators (see
[Kat95, Theorem V.4.11]) shows that if [\—\g| < 1/cs, then S1(A\)—S1(\o)
is S1(Ng)-bounded with S7(Ag)-bound < 1 and hence S1()) is self-adjoint;
moreover, if S1(Ag) > so > 0, then (2.6.5) implies that S1(\) > s with

|A = Ao
— A= (1
1_|A_)\O|C¢S,| 0|( +C5SO)

(see [Kat95, (V.4.13)]). Hence there exists an € > 0, e < min{d, 1/cs}, such
that s; > 0 for |A — Ag| < €. O

81:80—max{
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Proposition 2.6.10 Let A be diagonally dominant of order 0, A = A*,
D = D*, C C —B* (so that A is J-self-adjoint), and let v € R be such that
maxo(D) <y < mino(A). (2.6.6)
Then the following are equivalent:
(i) W2(A) CR and A_(A) <y <A (A),
(ii) S1(y) is self-adjoint and uniformly positive,
(iii) Sa(y) is self-adjoint and uniformly negative.

Proof. 1In the following, we prove the equivalence of (i) and (ii). The
proof of the equivalence of (i) and (iii) is similar.

Suppose that (i) holds and let z € D(S1(y)) = D(A4), z # 0. If B*z =0,
then (S1(y)z,z) = (Az,z) — v|jz[|> > 0 by (2.6.6). If Bz # 0, set
y := —(D —~)"1B*x. By definition, A4 (x,y) are the zeroes of the function
A(z,y;-) in Lemma 2.5.7. Hence, by (2.5.3) therein and by (i), we obtain

0> (1) )

Az, (D —~)"'B*z;7)

[z]IP[[(D =)~ B*x|?
_ 1

[z]IP[[(D =)~ B*x|?

Here the first factor is positive, the second factor is negative by (2.6.6),

and hence (S1(y)z,z) > 0. By Theorem 2.6.8 i), the assumptions (2.6.6)

and (i) imply that v € p(A) \ o(D) and hence v € p(S1) or, equivalently,
0 € p(S1(y)) by Theorem 2.3.3 ii). This proves (ii).

Conversely, assume that (ii) holds. By Lemma 2.6.9, there exists an

e > 0 with maxo(D) < y—e < y+¢ < mino(A) and such that Sy () is self-

adjoint and uniformly positive for all A € (y —¢&,v+¢). Now let z € D(A),

yeD(D), |lz||=]ly]|=1, and X € (y — &, +¢). Using the Cauchy—Schwarz

inequality with respect to the scalar product (()\ - D)1 -), we find that

(2 () (- () e

— (A= A)z,2) (A= D)y.y) +|(Bz. )
< ((A = A, ) (A = D)y y)+ (A = D) "Bz, B*z) (A = D)y.v)

(A~ D)) (51N w) <0
and, consequently, A\_(z,y) < A < Ay(z,y). This proves the inequalities
A(z,y) <y—e<vy+e < Ai(z,y) and hence (i). O

((D — )" 'B*z, B*x) (Sl(’y)xmc).
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The inclusion o, (A) C W?2(A) opens up a way to classify eigenvectors
and eigenvalues of diagonally dominant self-adjoint and 7-self-adjoint block
operator matrices. Using the functionals A1, we distinguish eigenvectors of
positive, negative, and neutral type.

Definition 2.6.11 Suppose that A is self-adjoint or [J-self-adjoint. Let
Xo € op(A) be an eigenvalue of A and let xg = (29 yo)' € D(A) be a
corresponding eigenvector such that xg, yg # 0. Then xq is said to be of
positive type if Ao = Ay (x0) and Ay (xg) # A—(X0),
negative type if Ao = A_(x¢) and A_(x0) # A+ (X0),
neutral type if Ao = Ay (x0) = A (X0);
the eigenvector xg is said to be of definite type if it is either of positive

or of negative type. If Ao is (algebraically) simple, we call Ay of positive,
negative, definite, or neutral type if so is the corresponding eigenvector.

In the following cases where W?2(A) is real and consists of two disjoint
intervals it is easy to determine the types of the eigenvalues of A.

Proposition 2.6.12 Let A be self-adjoint or J -self-adjoint and let \g €
op(A) be simple with eigenvector xo = (g yo)' € D(A) so that xg, yo # 0.

i) If A is self-adjoint and y€R is so that sup W (D) <~y <inf W(A), then
Xo € (7,00) = Ao is of positive type,

Ao € (—00,v) = Ao is of negative type.

ii) If A is J-self-adjoint, W?(A) C R, and there exists a v € R such that
A_(A) <y < AiL(A), then

Ao € (7,00) = Ao is of negative type,

Ao € (—00,77) = Ao is of positive type.

Proof. In both cases, the claims are immediate from the two inclusions
op(A) N (v,00) C AL(A) and op(A) N (—o0,v) C A_(A); the latter are
obvious for ii) and were proved in Remark 2.5.19 for i). O

Next we prove that, for small perturbations tB of B, simple isolated
eigenvalues of definite type move in opposite directions for self-adjoint and
for J-self-adjoint block operator matrices: for self-adjoint A, positive type
eigenvalues move to the right and negative type eigenvalues move to the left,
whereas for J-self-adjoint A, they move exactly in the opposite directions.
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Theorem 2.6.13  Suppose that A is self-adjoint or J -self-adjoint, and let
Ao € R be an isolated simple eigenvalue of A with eigenvector xg = (xo yo)t.
Then there exists an € > 0 such that for all t € (1 —e,1+ €) the operator

Ag:(éf§> (2.6.7)

has exactly one eigenvalue A(t) in a neighbourhood of Xo. If xo,yo# 0, then

N(1)>0 i CcCB*,
<0 if CcCc—-B*

<0 if CcC B,

Xo 1$ of positive type <> { (1)
(1)

N(1)>0 if CcC-B
(1)

Xq 15 of negative type <= {

Xo s of neutral type = N(1)=0.
If o =0 oryo =0, then N (1) =0.

Proof. Obviously, the operator A; can be written as

c 0

Since D(A:) = D(A) is independent of ¢ for all ¢ in a neighbourhood of 1
and A; depends holomorphically on ¢, the operators A; form a holomorphic
family of type (A) (see [Kat95, Section VII.2.1]).

First we consider the self-adjoint case where that C' C B*. By [Kat95,
Section VII.3.4, (3.18)], it follows that

A/(l) _ (8X07X0) - 2Re (Byo,l‘o)

A= A+ (t—1)S, S:<OB>,t€C

= (2.6.8)
[[xoll? [[xol|?

The case g = 0 or yo = 0 is clear from (2.6.8). Now let zg,yo # 0. The
eigenvalue equation (A — A\g)xp = 0 implies the relations

(Azg, xo) (Byo, xo)
Y T ), 2.6.9
Teol? 0 ol (2.6.9)
(Dyo, yo) (B*x0,0)
Ao + B T0bo) 2.6.10
w2~ Tl (2.6.10)

in particular, since A and D are self-adjoint, (Byo,xo) is real and hence
(Byo, o) = (B*x0, o). Adding the two equations (2.6.9), (2.6.10), we find

1 1 (Azg,z0)  (Dyo, o) )
—— + —— ) (Byo, zo) = 2X0 — < +
(||330||2 ||Z/0||2) (Byo, x0) = 200 =\ T gl

= 2)\0 — ()\+(X0) + A (XQ)).
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Together with (2.6.8), this yields

/ 4 lzol*[lyoll? A+ (x0) + A—(x0)
X0 = s o ). e
Clearly, the relations (2.6.9), (2.6.10) imply that det(Az,,y,—Ao) =0 and so
Ao=A4t(xp) or \g=A_(xp). This, together with (2.6.11) and the inequality
A—(x0) <Ay (x0), yields the desired equivalences if A is self-adjoint.

Now suppose that A is J-self-adjoint and hence C C —B*. Since Ag
is a real (algebraically) simple and isolated eigenvalue of the J-self-adjoint
operator A, the corresponding eigenvector xo is non-degenerate (see e.g.
[Bog74, Corollary VIL.6.6]), that is, [xo,Xo0] = ||zo||* — ||yo]|? # 0. The ana-
logue of [Kat95, Section VII.3.4, (3.18)] for the J-self-adjoint perturbation
S is given by

SX()vXO} _ 2Re(Byo, z0) .
(x0,%x0] @0l — [[yoll?’
here the first formula is obtained in a similar way as [Kat95, Section I1.6.5,
(6.10)] by taking the indefinite inner product [-,-] with the eigenvector xq
and using the symmetry of & with respect to [-,-]. The case o = 0 or
yo = 0 is clear from (2.6.12). Now let xo,yo # 0. The eigenvalue equation
(A — Xo)xo = 0 implies the relations

) =1L

(2.6.12)

(Azo, 7o) (Byo, o)
— )\O + _ = O’ (2.6.13)
[[zol|? [[zol|?
(Dyo,yo) (B*x0,90)
St R VA W UL LVAR ) (2.6.14)
llyoll? l[yoll?
In the same way as in the self-adjoint case, we find that
4 2 2 A A
N — H?Mmhz(%_+&w+ @w)
(lzoll* = llyoll*) 2

so, compared to the self-adjoint case, the inequality signs get reversed
because of the minus sign in front of the right hand side. O

Remark 2.6.14 If, in Theorem 2.6.13, A is J-self-adjoint, W(D) <
W(A), and xg, yo # 0, then the first two equivalences can be continued as
N(1)<0 < [x0,%0] >0,

N1)>0 < [x0,%0] <0,
and the third case does not occur. Thus the notion of positive and nega-
tive type eigenvectors defined by means of the quadratic numerical range

coincides with the notion of J-positive and [J-negative type eigenvectors
from Definition 1.10.6.
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Proof. 1If we subtract (2.6.14) from (2.6.13), we arrive at

1 1 A D

lzoll* ~ [lyoll? [|zoll? lvoll®
and thus, by (2.6.12),
)\/(1) [Xo,Xo] =2Re (Byo,x()) =2 (Byo,x()) < 0. O

To conclude this section, we apply Theorem 2.6.13 to a matrix differ-
ential operator considered already in Section 2.4, which is related to the
A-rational Sturm-Liouville problem (2.4.1).

Example 2.6.15 In Example 2.4.3 we have studied the spectral problem

A1) = (e V) (1) <2 (2). o =mtn =

on [0,1] under the assumptions ¢ € L1(0,1), w,u € L[0,1], and either
w > 0orw < 0. In Example 2.4.3 we have shown that oess(A) = u([0, 1]) =:
[u_,uy] if u is continuous. If we assume that u < 0, i.e. uy < 0, then
maxo(D) < 0 < mino(A). Then the spectrum o(A) N (uy,00) consists
of isolated eigenvalues accumulating at oo; the latter follows from the fact
that A is bounded from below, but not from above.

a) w > 0: Then the corresponding block operator matrix A is self-
adjoint in L(0,1) & L2(0,1) by Theorem 2.6.6 i). Proposition 2.6.12 i)
implies that all simple eigenvalues of A in (u4,00) are of positive type and
thus, by Theorem 2.6.13, in a neighbourhood of ¢ = 1, the corresponding
eigenvalues of

<_D’52w+q tZ) (Z:) =2 (gl) y1(0) =yi(1) =0,  (2.6.15)

are monotonically increasing in t.

b) w < 0: Then the corresponding block operator matrix A is J-self-
adjoint in L2 (0,1)@ L2(0, 1) by Theorem 2.6.6 ii). If we suppose that ||w|| <
(mino(A) — uy)/2, then W2(A) C R and A_(A) < v < Ay (A) for some
7 € (u4, mino(A)). Proposition 2.6.12 ii) implies that all simple eigenval-
ues of A in (uy,00) are of negative type and thus, by Theorem 2.6.13, in a
neighbourhood of t = 1, the corresponding eigenvalues of

( _]i; q tZJ ) (il) =2 <Z;> y(0)=y1(1)=0,  (26.16)

are monotonically decreasing in t.
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The behaviour of eigenvalues under perturbations of B can also be stud-
ied by means of the variational principles and eigenvalue estimates estab-
lished in Sections 2.10 and 2.11.

2.7 Dichotomous block operator matrices and Riccati equations

In this section we study unbounded dichotomous block operator matrices.
To ensure that no spectrum lies on the imaginary axis, we assume that the
corners are symmetric, i.e. C' C B*, and that the spectra of the diagonal
entries are separated by the imaginary axis. Our aim is to show that spec-
tral subspaces corresponding to the spectrum in the open left and right
half plane, respectively, exist and that they can be represented by means
of so-called angular operators. As a consequence of the invariance of the
spectral subspaces, the angular operators satisfy certain Riccati equations
with unbounded operator coefficients.

In the bounded case, such angular operator representations have been
proved in Theorem 1.7.1 under the assumption that the closure of the qua-
dratic numerical range consists of two disjoint components. This condition
is satisfied for dichotomous block operator matrices; in the unbounded case,
however, the spectrum may still touch at oc.

If the block operator matrix A is essentially self-adjoint, then the spec-
trum of A to the left and to the right of 0 can be separated at oo by means
of the spectral projections of A. For the non-self-adjoint case, we employ a
theorem on the separation of the spectrum at oo of a closed linear operator
due to H. Bart, I.C. Gohberg, and M.A. Kaashoek (see [BGK86] and The-
orem 2.7.18 below). Here a stronger separation condition for the diagonal
elements is required: in addition to being separated by the imaginary axis,
the numerical ranges of the diagonal elements are assumed to lie in cer-
tain sectors with angle less than w. Moreover, the block operator matrix is
supposed to be either diagonally dominant or off-diagonally dominant with
some additional subordinacy properties; this guarantees that the Cauchy
principal value of the integral of the resolvent of A along the imaginary
axis exists.

In all cases, the key tool is a theorem on accretive linear operators in
Krein spaces (see Theorem 2.7.5 below). It is a slight extension of a result
of T.Ya. Azizov (see [AI89, Theorem I1.2.21]); for dilating operators it was
proved by LS. Iokhvidov and M.G. Krein (see [IK56, Theorem 3.7] and also
[IKL82, Theorem 11.1]).
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For the following definitions and simple facts about Krein spaces and
linear operators therein we refer to [AI89]. First we generalize the notions of
J-nonnegative etc. subspaces given in Definition 1.10.7 for J = diag (I, —1)
to more general operators J.

Definition 2.7.1 A linear operator 7 in the Hilbert space H is called a
self-adjoint involution if 7* = J and J2 = I in H.

Remark 2.7.2 A linear operator J in H is a self-adjoint involution if and
only if it is the difference of two complementary orthogonal projections Py :

J=P —-P., P!=P,=P;, P ,+P =1
A self-adjoint involution generates an indefinite inner product [, -] 7 in H by
I:x7y:|\7 = ("7‘/’[’7 y)’ :'C7y E H'

Equipped with [, -] 7, the space H becomes a Krein space. A particular
case of a self-adjoint involution on H is the operator

I 0

which was introduced in (1.1.10) (see also Section 1.10 and Section 2.6).
All notions introduced there for this particular choice of 7, especially Def-
inition 1.1.14 of J-symmetric and J-selfadjoint operators as well as Defi-
nition 1.10.7 of J-nonnegative etc. subspaces carry over to arbitrary self-
adjoint involutions 7 without change.

Lemma 2.7.3 If a Krein space is the direct sum of a J-nonnegative
subspace L1 and a J-nonpositive subspace Lo, then Ly is maximal J-
nonnegative andindexJ-nonpositive@.J -nonpositive!mazimal Lo is mazimal
J -nonpositive (see [AI89, 1.1.25°]).

Definition 2.7.4 Let J be a self-adjoint involution in a Hilbert space H
with associated inner product [-,]7 = (J-,-). A densely defined closed
linear operator 7' is called J-accretive (strictly J -accretive, respectively) if

Re[Tz,x]7 >0 (>0, respectively), z € D(T), z #0,
and uniformly J-accretive if there exists a § > 0 such that
Re[Tx,z]7 > Bllz||?, =€ D(T). (2.7.1)
In the following, the expressions under the integrals may have singular-

ities not only at oo, but also at 0. In both cases, [ " denotes the Cauchy
principal value of an integral at oo, and possibly at 0.
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Theorem 2.7.5 Let J be a self-adjoint involution in a Hilbert space H
with associated inner product [-,-|7 = (J-,-), let Py be the corresponding
complementary orthogonal projections such that J = Py — P_, and define
K+ :=R(Py) sothat H =K, ®K_. Let T be a J-accretive linear operator
in H such that iR\ {0} C p(T) and the integral
1 /
— [ (T —2)"'dz
1 Jir
exists in the strong operator topology. If there exist projections @+ with
1 /
= -0, @ire =1, (2.7.2)
iR
then the subspaces L+ := R(Q<+) of H have the following properties:

i) L4 is maximal J-nonnegative, L_ is mazimal J -nonpositive and hence
there exist contractions K4 € L(K4,K_), K_ € L(K_,K+) such that

‘C+:{<KE+) ‘x4 € IC+}, ,c_:{(K;x‘) Lz € IC_}. (2.7.3)

i) If T is strictly J-accretive (bounded and uniformly J-accretive,
respectively), then the subspace L4 is J -positive (uniformly J -positive,
respectively), L_ is J-negative (uniformly J-negative, respectively),
and the contractions K1 in (2.7.3) are strict (uniform, respectively).

Proof. We prove the claims for the subspace £, ; the proofs for £_ are
analogous. Let x € £4, x # 0, be arbitrary. Then [x,x|s = (Ix,x) =
(x,Ix) = [x,%|7s is real and we have Q1x = x, Q_x = 0. Together with
assumption (2.7.2), we obtain

[x,x]7 = Re[x,x]7 = Re [Q.,.x, X]J = Re [(Q_,_ - Q_)x, X]J

~ Re (% /R (T - z)—lx,x}sz)

1 ! n—1 n—1
= ;/R Re [T(T —it)~'x, (T — it) x]j dt. (2.7.4)
If T is J-accretive (strictly J-accretive, respectively), then the last integral
is nonnegative (positive, respectively) and hence £y is J-nonnegative (7-
positive, respectively).
If T is bounded and uniformly J-accretive, we consider an arbitrary
non-empty interval (a,b) C R with a > 0. Then, with 8 as in (2.7.1), we
can estimate the integral in (2.7.4) from below and arrive at
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1 b n—1_ 112 ﬂ
x,x]7 > = | BT —it) x| dt > =
T Ja T

hence £ is uniformly J-positive.
That £ is maximal J-nonnegative is a consequence of the decomposi-
tion K = L4 + £_ and Lemma 2.7.3. The angular operator representation

of £ and its properties claimed in i) and ii) follow from Remark 1.10.8.00

—2
b—a)( T—it]) x|
o) may 17— 3t1)

The next proposition shows that a block operator matrix A is J-
accretive with J = diag (I, —I) if A and —D are accretive and C C B*.

Proposition 2.7.6 Let A be a closable block operator matriz in H =
Hi © He with Clpaynpcy C B*. If A and —D are accretive (uniformly
accretive) in Hi and Ha, respectively, then the closure A of A is J-
accretive (uniformly J-accretive) with respect to the self-adjoint involution

I 0

if A is closed and A,—D are strictly accretive, then A is strictly J -accretive.

Proof. Let x = (z y)* € D(A). It is not difficult to see that, if A and
—D are accretive, then

Re [Ax,x]7 = Re (JAx,x) = Re (Az, z) — Re (Dy,y) > 0. (2.7.5)

Since JA = J 7\, this estimate continues to hold for the closure A of A.
The proof for the other cases is similar. |

In the following, we distinguish essentially self-adjoint block operator
matrices and non-self-adjoint block operator matrices.

2.7.1 Essentially self-adjoint block operator matrices

The following theorem is the first main result of this section. It concerns
the block diagonalizability of essentially self-adjoint block operator matri-
ces. In contrast to the non-self-adjoint case considered later, no dominance
assumptions on the entries are required here.

This theorem was first proved in [LTO01, Theorem 3.1]. It generalizes
earlier results by V.M. Adamjan and H. Langer in [AL95, Theorem 2.3] for
bounded B and D; in [ALMS96, Theorem 5.3] it was extended to upper
dominant A with certain domain restrictions by V.M. Adamjan, H. Langer,
R. Mennicken, and J. Saurer. The proofs of these results are different from
the proof of [LT01, Theorem 3.1] given below; they do not make use of the
J-accretivity.
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Theorem 2.7.7  Suppose that the block operator matriz A is essentially
self-adjoint in H = H1 ® Hy with closure A, the entries A, B, and D are
closed, and 0 ¢ UP(Z). Let L = E[O)oo)(Z), L= L(—c] (Z) be the
spectral subspaces of A corresponding to the intervals [0,00) and (—oo,0],
respectively (so that H =Ly & L_).
i) If the diagonal entries A and D satisfy
(Az,x) >0, xz € D(A)ND(B*),
(Dy,y) <0, yeD(B)ND(D),
then there exists a contraction K € L(H1, Ha) such that

L, = {(;x) : erl}, L= {(4;;,) : yEHg}. (2.7.7)

ii) If either A and D are bounded or if B is bounded (so that A is self-
adjoint), and if the inequalities (2.7.6) are strengthened to
(Az,z) >0, ze€DA)ND(B*), x#0,
(Dy,y) <0, yeDB)NDD), y#0,
then the contraction K in (2.7.7) is strict.
iii) If B is bounded (so that A is self-adjoint) and the inequalities (2.7.6)
are further strengthened to
(Az,z) > afz|?, 2 € D(A),
(Dy,y) < =éllyl*, y € DD),
with some «, § > 0, then the contraction K in (2.7.7) is uniform and

{zeC: -6 <Rez<a} Cp(A).

(2.7.6)

(2.7.8)

(2.7.9)

Proof. According to Proposition 2.7.6, the operator A is J-accretive
with respect to the self-adjoint involution J = diag (I, —1I). Since A is self-
adjoint with respect to the Hilbert space inner product on H, it satisfies
all other assumptions of Theorem 2.7.5 with Q1+ denoting the orthogonal
projections onto the spectral subspaces £1. Thus Theorem 2.7.5 applies
and implies claims i) and ii) (note that A is closed in case ii)).

It remains to prove iii). For this, we show that there exists a v > 0 with
[x,x]7 > 7 |x||? for every x € L. If B is bounded, then A = A is closed
and A, D are self-adjoint on their domains. By (2.7.4), we have

%]y = /RRe [AG — it)x, (A — it) '] dt

1
m
1

™

> —/ Re [A(A —it) " 'x, (A —it)'x] dt (2.7.10)
[tI>to
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for arbitrary tg >0 to be chosen later. Using (2.7.5) and the formulae for the
resolvent of A in Theorem 2.3.3, the integrand in (2.7.10) can be written as

K oD ) (A=1)7% (A-1)7x] = (4u(t) u(®) - (Delt),o()

for t € R where, for x = (x y)*

)%
u(t) == S1(it) "' (z — B (D —it)"'y),
v(t) = S(it) ! (y — B*(A —it) " ').

It is not difficult to see that u(t) and v(t) can be written as

u(t) = (A= it) '+ (A—it) ' B(D—it) "' B*S(it) ') (zx—B(D—it) ')

= (A—it) e — (A—it)"'B(D —it) 'y + u.(t), (2.7.11)
v(t) = (D—it) '+ (D—it) ' B*(A—it) 'BS,y(it) ') (y—B*(A—it) 'z)
= (D —it) 'y — (D —it) "' B*(A —it) 'z + v.(1), (2.7.12)

where u,.(t), v,.(t) consist of the terms containing at least three inverses. In
order to estimate the integral in (2.7.10) from below, we split
o0
/ (Aut), u(t) — (Do(t), v(t)) dt
to

=:alto, =) +d(to,y) + a1(to, z,y) + di(to, z,y) + r(to, =, y)
where the leading terms a(to, z), d(to,y) contain only two inverses, the
terms aq (to, z,y), d1(to, z,y) are sums of two complex conjugate terms con-
taining three inverses, and the term 7(to, z, y) contains all remaining terms
involving at least four inverses, one of them being the product A(A —it)~!
or D(D —it)~1.

Using the spectral theorem for the self-adjoint operator A, we obtain

alto, z) = /Oo (A(A — it) ", (A — it) ') dt

to
m lo 2 . o 2
> 5 arctana lz]|* =: v5 (%o) llz||*, (2.7.13)

where v{*(tg) > 0 and 7{(tg) = O(ty ') as to — oo. A completely analogous
estimate, with a constant ~{(t), can be proved for d(to, ).

In order to estimate the integral over the mixed terms involving three
inverses, we use the inequalities
1
2%

1 1 2+ 62
| I =it P ar < g S

[(A+it) A4 —it) ! < t>0,
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which follow by means of the spectral theorem for the self-adjoint operators
A and D. Together with the Cauchy—Schwarz inequality with respect to
the scalar product (A(A —it)~1, (A —it)~1.), we thus obtain

a1 (to, 2, y)| = ‘2Re/ (A(A—it) 'z, (A—it)'B(D —it)"'y) dt‘
to

B 1/2

§2a(t0,x)1/2(” ¥ / || —it)” y|| dt)
2 2

< aftg,a)/2 Y212 (m Vinto ) Iyl

to

=: a(to, )" 75 (to) Ily|
= %(%a“m 2) +2(38 (t0)) " ly1?) (2.7.14)

Again, a completely analogous estimate, with a constant vJ(¢p), can be
proved for dy (to,x,y).
Altogether, we arrive at the estimate

1
§(a(t07x) + d(t07 y)) + al(t07x7y) + dl(t07 z, y)

> alto, ) + dlto.v) ~ (80))” 2l ~ (15(t0)” Il

1 (5 (o)) |22\ 1 (19 (t0))* Iy 12
> Za(thm)(l - 2 (t07 ) ) + —d(to,l‘)(l - 2d(t0,y) )
1, (5w oy (38(t0)*N 1 12
> JE10) (1= i) el + o0 (1 - <25 ) Il

By the choice of v{(ty), we have v{(ty) > 0. Moreover, it is not difficult

to see that e.g. (v¢ (to))2/7f‘ (to) — 0 for to — oo. Together with analogous
considerations for the other term, we can choose t; > 0 so that

1
5 (alto, ) + d(to, y)) + ar(to, @, y) + da (to, 2, y) > 7" (to) || ]| +7°(to) [lyl?

with constants v*(to) > 0, v°(tp) > 0 for all ¢y > t;.

The remaining term r(¢g, x,y) can be estimated simply using the norm
estimates |[A(A—it) 7| <1, [[(A—it) | <t (D —it) || < ¢, and
|S1(it)~!|| < kt~! with some £ > 0 for t > 0. This implies that the
absolute value of r(to, z,y) is bounded from above by

cito) =%, ca(to) =l llyll, or cs(to) [lyll®

with ¢;(tg) = O(ty?) for i = 1,2,3. In a similar way as above, it can be
shown that we can choose t; > t; > 0 such that



Unbounded Block Operator Matrices 161

%(a(toa z) +d(to, y)) +r(to,x,y) = 7 (to) «|® +7°(to) Iyl

with constants 7 (to) > 0, 3°(tg) > 0 for all ¢y > t1 > t1. This completes
the proof that £ is uniformly positive.

The very last claim follows from Theorem 2.5.18 and from the fact that
iR\ {0} C p(A) since A is self-adjoint. O

The invariance of the spectral subspaces £+ under A implies that the
angular operator K satisfies a Riccati equation (see Theorem 1.7.1 for the
bounded case). In the unbounded case, however, the Riccati equations can,
in general, not be written in the form KBK + KA — DK — B* = 0. For
instance, the Riccati equation may not hold on all of D(A) N D(B*) due
to domain restrictions in the terms K BK and DK, and it may have to be
written differently if A is not closed.

Corollary 2.7.8 Define Dy C Hy1 and D_ C Hsy by

*

Dy i={rety: (K”?x) eD(A)}. D= {yets: (‘I; y) eD(A)}.(2.7.15)

and let the Schur complements Sy, So and quadratic complements Ty, To be

defined as in (2.2.8),(2.2.9) and (2.2.14),(2.2.13), respectively, with C = B*.
Then the angular operator K in Theorem 2.7.7 and its adjoint K* satisfy

Riccati equations of the following form on Dy and D_, respectively:

i) if D(A) C D(B*), p(A) # 0, and for some (and hence for all) p € p(A)
the operator (A — )~ 1B is bounded on D(B), then

K(A—p)((A—p)'BK +1)—S3(u)K — B*((A—p)~"'BK +1) = 0;
ii) if D(B*) C D(A), B* is boundedly invertible, and for some (and hence

for all) p € C the operator B=*(D — p) is bounded on D(D), then

KTy(p)K + K(A=p)(I+B(D—p)) = B*(I+B~*(D—p)) =0;
iii) if D(D) C D(B), p(D) # 0, and for some (and hence for all) p € p(D)

the operator (D — p)~1B* is bounded on D(B*), then

KB(K +(D —p)~1B*) + KSi(p) — (D = p) (K + (D — p)~1B*) = 0;

iv) if D(B) C D(D), B is boundedly invertible, and for some (and hence
for all) p € C the operator B~1(A — p) is bounded on D(A), then

KB(K+B~YA—p)) —(D—pu)(K+B(A~p)) —Ti(n) — pK = 0;

the Riccati equations for K* are analogous.
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Proof. All Riccati equations above are obtained from the invariance of
Ly under A, that is, A(Ly N D(A))C Ly, together with the angular
operator representation (2.7.7) of £, and the different formulae for the
closure A of A in Theorems 2.2.14, 2.2.23, 2.2.18, and 2.2.25. 0

Remark 2.7.9 On the set
T
DO,J’_ ::{x S HlI (Kﬁt) S D(A)} C D+,

all the Riccati equations in Corollary 2.7.8 reduce to the standard form
KBK+ KA— DK — B* = 0; note that Dy + = Dy if A is self-adjoint (and
hence closed ).

Remark 2.7.10 The set Dy is the first component of £, ND(A). Thus
two conditions are imposed on z € D, e.g. ((A— p) " 'BK + 1)z € D(A)
and Kz € D(S2(u)) in case i). In general, it is not clear whether the first
condition implies the second.

The set Dy 4 is the first component of £, ND(A); here the two conditions
imposed on x € Dy 4 are © € D(A) N D(B*) and Kz € D(B) N D(D).
Here the first condition would imply the second if K (D(A) N D(B*)) C
D(B) N D(D). In this case, the Riccati equation would hold on the whole
first component D; = D(A) N D(B*) of the domain of A. For diagonally
dominant block operator matrices, this will be shown in Corollary 2.7.23.

The condition 0 ¢ oy, (A) in Theorem 2.7.7 may not be satisfied if the
spectra of the diagonal elements A and D touch at 0. However, Theo-
rem 2.7.7 and Corollary 2.7.8 continue to hold if 0 Gap(ﬂ) provided that
the kernel of A admits a suitable decomposition:

Definition 2.7.11 For a closable block operator matrix A in H=H®H-
with closure A, the kernel of A is said to have the kernel splitting property if

(a:o) Ekerd = (3:0) € ker A, (0) € ker A. (2.7.16)
Yo 0 Yo

Remark 2.7.12 If 0 € oy, (Z) and ker A has the kernel splitting prop-
erty, then all claims of Theorem 2.7.7 continue to hold with

E+ = £(07OO)(Z) —|— {(g) cH: Ely S HQ <Z) S kerZ} s

and analogously for £_.

The following proposition contains sufficient criteria for the kernel split-
ting property for block operator matrices as considered in Theorem 2.7.7.
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Proposition 2.7.13 Let A be a closable block operator matriz in H =
H1® Ho with closure A. Suppose that A and —D are regularly m-accretive
and that B is closed. Then

<§0> €ker A = xpc€kerA, yo € kerD.
0

If, in addition, one of the conditions

(i) A is closed,
(ii) A is diagonally dominant,
(iii) at least one of A and D is bounded,

holds, then ker A has the kernel splitting property. If (i) or (ii) hold, then

ker A = {(z0> € D(A) : Axg = Byy =0, Dyg = B*zp = O} ;
0

in the particular case of (i) that A and D are bounded or that B is bounded,

we have ker A* = ker A.

For the proof of Proposition 2.7.13, we need some properties of regularly
m-accretive operators; for the definition of m-accretive operators we refer
to Section 2.1 (see Definition 2.1.17). The following theorem and its proof
may be found in [Kat95, Theorem VI.3.2]; recall that therein regularly m-
accretive operators are called m-sectorial with vertex 0 (see Remark 2.1.23).

Theorem 2.7.14  Let T be a regularly m-accretive operator in a Hilbert
space H with angle 8. Then there exist a nonnegative operator G in H and
a self-adjoint operator B € L(H) with ||B|| < tan6 such that

T = G(I +iB)G. (2.7.17)

The proof of this theorem relies on the fact that, for a regularly m-
accretive operator, the real part ReT is defined and is a nonnegative oper-
ator; in this case one can choose G = (ReT)'/2. Since it is known that
ReT = ReT™, the following result is a consequence of Theorem 2.7.14; in
fact, this is a particular case of the more general theorem that the purely
imaginary eigenvalues of an m-accretive operator 7" and its adjoint coincide
(see [SNF70, Proposition 1V.4.3]).

Corollary 2.7.15 If T is a regularly m-accretive operator in a Hilbert
space H, then kerT = ker T*.

The above Theorem 2.7.14 can also be used to prove that if 0 € W(T')
for a regularly m-accretive operator T' (so that 0 is a corner of W(T)),
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then 0 € 0,(T'), and more generally, that every corner Ao € W (T') of the
numerical range of a closed linear operator is an eigenvalue. We need the
following stronger result.

Lemma 2.7.16 Let T be a regularly m-accretive operator in a Hilbert
space H. If (x,)3° CD(T), zo €H are such that x, — xo and (Txn,x,)—0,
n — oo, then xg € ker T'.

Proof. Let the operators G and B be as in Theorem 2.7.14. Then
((I—|— iB)Gscn,Ga:n) = |Gz |)* + i(BGxn,Ga:n) — 0, n— oco.

Since B is self-adjoint, this implies |Gz, || — 0, n — co. Because z,, — o,
n — oo, and G is closed, we obtain z¢g € D(G) and Gxp = 0. This implies
Gzo € D(G(I +1B)), i.e. g € D(T), and Tzg = 0 according to (2.7.17).0

Proof of Proposition 2.7.13. Let (zgyo)' € ker A. Then there exist
sequences (2,)3° C (D(A) N D(B*)), (yn)5° C (D(B) N D(D)) such that
Ln — L0y, Yn — Yo, N — OO, and

Az, + By, — 0, B*z,+ Dy, — 0, n — oo. (2.7.18)

It follows that (Azy, zn) + (Byn, xn) — 0, (B*Zpn, yn) + (Dyn, yn) — 0 and
hence (Axy,xn) — (DYn,yn) — 0, n — 0o0. Since A and —D are accretive,
this implies (Axp,xn) — 0, (Dyn,yn) — 0, n — oo. Now Lemma 2.7.16
shows that z¢ € ker A and yg € ker D.

If (i) holds, then A = A and so (z¢ yo)* € ker A = ker A; if (ii) holds,
then, by what was shown above, 2o € D(A) C D(B*), yo € D(D) C D(B)
and thus (xg yo)® € ker A. Together with g € ker A, yo € ker D, we find

Byo To
(B*xo) ; A(?Jo) -0
This shows that (0 0)*, (0 y0)* € ker A. Hence ker A has the kernel splitting
property and possesses the form claimed in the theorem.

If A is bounded, then Az, — Axzy = 0 and the first relation in (2.7.18)
yields By, — 0, n — oo. Since B is closed, this implies yg € D(B) and
Byo = 0. It follows that (0 39)' € ker A C ker A and hence also (z¢ 0)* €
ker A. Analogously, if D is bounded, we obtain (zg 0)* € ker A C ker A.
Hence also in this case, ker A has the kernel splitting property.

If either A and D are bounded or if B is bounded, then A is closed,
and, by Proposition 2.6.3, the adjoint of A = A is given by

. (A" B
oo (88,
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The representation for ker A* follows if we apply the above to A* and
observe that, since A and —D are regularly m-accretive, so are A* and
—D*and we have ker A = ker A* and ker D = ker D* by Corollary 2.7.15. O

Remark 2.7.17 Analogues of Theorem 2.7.7 and Corollary 2.7.8 were
proved in some other cases under partly more general, but partly more
restrictive conditions on the entries:

For upper dominant essentially self-adjoint block operator matrices with
bounded D, the separation condition max (D) < mino(A) was weakened
by R. Mennicken and A.A. Shkalikov (see [MS96, Theorem 2.5]). They only
assumed that A is bounded from below and that, for some v < mino(A),
the Schur complement S3(7) is uniformly negative; this allowed them to
apply factorization theorems for the Schur complement Ss.

Essentially J-self-adjoint block operator matrices

A B
=5 p)

with max o(D) < min o(A) were first considered in [AL95, Theorem 4.1] for
bounded B, and later in [MS96, Theorem 3.2] for bounded D. In [AL95] it
was assumed that |(By,z)| < ((A—v)z,z) ((y—D)y,y), € D(A), ye D(D),
while in [MS96] it was supposed that So(7) is uniformly negative for some
B € (maxo(D),minc(A)). Both conditions, in fact, guarantee that the
quadratic numerical range of A is real (compare Proposition 2.6.10 and its
proof). Note that here the spectral subspaces £, £_ are J-orthogonal
so that in the angular operator representation (2.7.7) of £_ we have K*
instead of —K* and in Corollary 2.7.8 one has to replace B* by —B™*

2.7.2 Non-self-adjoint block operator matrices

In the remaining part of this section, we consider non-self-adjoint diago-
nally dominant and off-diagonally dominant block operator matrices. Here
the subspaces £+ cannot be defined by means of the spectral projections
of A. Additional assumptions are needed to guarantee that the spectrum
separates at oo and assumption (2.7.2) of Theorem 2.7.5 is satisfied.

The theorem below is a consequence of the condition for the splitting
of the spectrum at oo for a dichotomous operator which was established
by H. Bart, 1.C. Gohberg, and M.A. Kaashoek (see [BGKS6], [GGK90,
Theorem XV.3.1]); other conditions for this splitting, in terms of powers of
the operator, were given in [DV89]. Here and in the sequel, C;, C_ denote
the open right and left half plane, respectively.
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Theorem 2.7.18 Let E be a Banach space, T a densely defined closed
linear operator in E, and suppose that there exists an h > 0 such that the
following conditions are satisfied:

(i) {zeC:—h <Rez < h} Cp(T),

(ii) sup  |[(T—2)7"|| < o,

—h<Rez<h

(i) lim sup {||(T — 2)71” t2=E+in,0<E<h} =0,
774)00
1 !

(iv) = [ (T — 2)"'dz ewists in the strong operator topology,
T JirR

where f/ denotes the Cauchy principal value at oo. Then the integral in
(iv) 1is the difference of two complementary projections, that is, there exist
projections Q4,Q_ in E such that
1 !
— (T—2)"'dz=Qr -Q_, Qi+Q_=1 (2.7.19)
iR
If we let Xy := R(Qx), then the sets Xy ND(T) are dense in Xy and

XL N D(T) = Qi'D(T)7 T(Xi n D(T)) =X, U(T|Xi) = (T(T) NCy.

Proof. In view of [GGK90, Theorem XV.3.1], we have to prove that, for
arbitrary « € (0, h), the integral
1
— 27T — 2) "' T%x dz
211 Jorir
defines a bounded linear operator Q4+ € L(E). To this end, let o € (0, h).
Assumption (i) and Cauchy’s theorem show that, for ¢ty > 0,

L (M —itar =L [ (10— (it
— T —it)” "dt = — T—(a+it))”"dt
2w —to ™ —to

| ?T—<s—ito>>1ds)-

If we let tg — o0, then the last two integrals tend to 0 by assumption (ii),

and the limit of the integral on the left hand side exists in the strong

operator topology by assumption (iv). Thus also the limit of the first

integral on the right hand side exists in the strong operator topology and
1 ! !

1
— [ (T—2)"de=— T — z)~'dt.
2mi iR( Z) 8 2mi a+iR( Z)

Using the relation 2 =272 = I+2z72(T+2)(T —z), we find that, for z € D(T?),
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1

1 !/
— 27T — 2) ' T%x dz :—,/ (T —2)"'dzx
2mi a+iR 2mi a+iR
1 I
- 272z Te + — 2z Yz o
27i a+iR 27i a+iR

here, due to the residue theorem, the second integral vanishes and the third

integral equals /2. Altogether, it follows that the integral on the left hand

side defines a bounded linear operator Q4+ € L(F) and, with Q_ =1-Qy,
1 ! 1 !

Q+ = o aHR(T 2) M+ I_Z_m R(T 2) M+ (Q++Q ),

which proves (2.7.19). That Q4+ and Q_ are projections with the claimed
properties follows from [GGK90, Theorem XV.3.1]. O

The assumptions of Theorem 2.7.18 will be satisfied for the dominating
part of the non-self-adjoint block operator matrices considered later. To
ensure that this continues to hold for the whole block operator matrix, the
following perturbation result is used.

Theorem 2.7.19 Let E be a Banach space and let T be a densely defined
closed linear operator in E fulfilling the conditions (i), (ii), (iii), and (iv) of
Theorem 2.7.18. Let S be a linear operator in E with D(T) C D(S) and
such that there exist v, v > 0 and n > 0 with
/
1+M
Then the operator T + S is closed, and if there exists h' > 0 such that
{zeC:=h' <Rez <N} Cp(T+5), then
1 !
(T+S5S—-2)""dz=Q\ -Q, Q,+Q =

i iR

teR

v) |[S(T —it) 7| < [(T+S—it)| <

gl
1+ [t

with two projections Q' having the same properties with respect to T + S
as the projections Q+ in Theorem 2.7.18 have with respect to T'.

Proof. We show that the operator T+ S satisfies the same conditions
as T with h' instead of h. By assumption, this is true for condition (i) of
Theorem 2.7.18. For condition (ii), we observe that, for z € p(T)Np(T+.5),

(T+S—2)'=(T—2""(I+8T-2"""
and
S(T—2)'=8(T—-2)""'—(T—ilmz)"") +S(T —ilmz)~"
=S(T —iImz) " (Rez (T —2)" ' +1).
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Since M := Sup_j, cpe.<p||(T = 2)7!|| < oo by assumption (i) of Theo-
rem 2.7.18 for T', we can choose ty > 0 sufficiently large so that

th (WM +1) <

and hence ||S(T — z)7!||<1/2 if |Re z| <h, [Im z| > . By the assumptions
on T and (v), it follows that, with A" := min{h, '},
|(T+S—2)" | < 2|[(T—2)""|| < 2M, |Rez| <h”, Imz| > to. (2.7.20)
Since {z € C:—h"” < Rez < W'} C p(T + S), there is an M’ > 0 so that
[(T+5S—2)7" <M, [Rez| <h”, |Imz| < t,.

Altogether, this shows that condition (ii) of Theorem 2.7.18 holds for T+ S.
Condition (iii) of Theorem 2.7.18 follows from (2.7.20) and the correspond-
ing condition for T'. Finally, we use that, by the second resolvent identity,

! /
—/ T+S—2)"1dz = —/ (T—z)’ldz—i./ (T+S—2)"18(T—2)"'dz.
1 JiR 1 JiR

By assumption (v), the last integral exists, even in the uniform operator
topology. Hence assumption (iv) of Theorem 2.7.18 for T implies condition
(iv) of Theorem 2.7.18 for T + S. O

Remark 2.7.20 The first inequality in (v) implies that S is T-bounded
with T-bound 0. In fact, for arbitrary ¢ € R and x € D(T), we set
y := (T — it)x and obtain

ISz = IS(T—it) "yl <

[l + 1T

T =it <

letting ¢ — oo, we see that the T-bound of S is
The second inequality in (v) is a consequence of the first one if there exists
a 7" > 0 such that

Itl’7 1+ Itl’7

teR

. N — B

vi T—it) Y < ,
In the next two theorems, we apply the above results to dichotomous

diagonally dominant and off-diagonally dominant block operator matrices.

In both cases, the separability of the spectrum at oo is ensured by the

assumptions that C' = B* and A, —D are regularly m-accretive with

ReW (D) <-4 <0< a<ReW(A).
The following theorem, which was first proved in [LT01, Theorem 4.1],

concerns the diagonally dominant case; it generalizes [LT98, Theorem 4.3]
where only the diagonal element A was allowed to be unbounded.
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Theorem 2.7.21 Let A and D be closed and suppose that there exist
a, 6 >0 as well as p, ¥ € [0,7/2) such that

W(A) c{z€C: Rez > a, |argz| < ¢}, (2.7.21)

W(D)C{ze€C:Rez < -4, |argz| > 7w — 9}, (2.7.22)

and p(A)Np(D)N{z € C: =6 < Rez < a} # 0. Assume further that
D(A) C D(B*), D(D) C D(B) and that there exist vy, n > 0 such that

|B*(A—it)" < IB(D —it)™"|| < 1+7|t|n’

Y
, teR. (2.7.23
1+ [tn ( )

Then the block operator matrix
B* D
is closed in H = H1 ® Ha , iR C p(A), and the following hold:

A= ( A B), D(A) = D(A) & D(D),

i) There exist projections Q+ in H with
1 /
— [ (A-2)""d2=Q4+ —Q-, Qi +Q_=1I

T JiR

i) There exist strict contractions K1 € L(H1,Hs) and K_ € L(Hs, H1)
such that Ly := R(Q+) can be represented as

oo {() o). e {(5) 0o

and H=Ly+ L_, L+ ND(A) = Q+D(A), AL+ ND(A)) C L.
iii) The inclusions
K. (D(A)) c D(D), K_(D(D))C D(A)
hold and hence

L, ND(A) = {(Kix) : xeD(A)},
L£_ND(A) = {(Ky‘y) Ly € D(D)}.

Proof. Assumption (2.7.23) implies that B* is A-bounded with A-
bound 0 and B is D-bounded with D-bound 0 (see Remark 2.7.20). Hence A
is diagonally dominant of order 0 with closed diagonal entries and thus
closed by Theorem 2.2.7 i).

Next we prove that the operator A satisfies the assumptions of Theo-
rem 2.7.5. The assumptions (2.7.21), (2.7.22) imply, by Proposition 2.7.6,
that the operator A is uniformly [J-accretive with respect to the self-adjoint
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involution J = diag (I, —I). For the second assumption of Theorem 2.7.5,
we show that the operators

T::(S‘g), s;:(éﬂﬁ) (2.7.24)

satisfy the assumptions of Theorem 2.7.19. Since, by the assumptions, A
and —D are regularly m-accretive, the operator 7 satisfies the assumptions
(1), (ii), (iii), and (iv) of Theorem 2.7.18 e.g. with h := min{d, a}/2; in fact,

I I 0
~ (T -2l = .

Clearly, since A is diagonally dominant, we have D(7) C D(S). The relation

1 0 B(D —it)"!
S(T—it)™ = <B*(A—it)1 0 )

and (2.7.23) imply that 7 and S satisfy the the first growth condition in (v)
of Theorem 2.7.19. Since A and —D are regularly m-accretive, the resol-
vents of A and D both satisfy condition (vi) in Remark 2.7.20; this follows
e.g. from the estimate |[(4 — 2)7!|| < 1/dist (z, W(A)) for z ¢ W(A). By
Remark 2.7.20, also the second growth condition in (v) of Theorem 2.7.19
holds for 7. Finally, since A is diagonally dominant of order 0, Theo-
rem 2.5.18 yields that {z € C: -0 < Rez < a} C p(A); hence also the last
assumption of Theorem 2.7.19 is satisfied for 7 and S.

Now Theorem 2.7.19 and Theorem 2.7.5 apply to A =7 + S and yield
all claims up to ii).

It remains to prove iii). By the first and the last claim in ii), we have

LN D(A) = {(KZ) .z € D(A), Ko € D(D)}

and (A —2)"1L, = L, ND(A) for z € p(A). Therefore, if P, : H — H;
denotes the projection of H onto the first component, it is sufficient to
prove that Py (A — 2)71L; = D(A) for some z € p(A). Since A is closed,
Theorem 2.3.3 ii) shows that

Pl(A—2)""Ly ={S1(z)"'(I-B(D—2)""K})z :x € Hy}.
By (2.7.23), there is a to > 0 so that HB(D - it)_lu < 1 for |t| > to; then
I — B(D —it)"'K, is a bijection on H;. Since iR € p(A) N p(D) = p(S1),

the operator Sy (it) ™' = (A—z—B(D — z)’lB*)fl is a bijection from H;
onto D(S(it)) = D(A) and hence Py(A —it) "' L = D(A). O
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Remark 2.7.22 For bounded B, all assumptions of Theorem 2.7.21
involving B are satisfied. Thus Theorem 2.7.21 generalizes and improves
[LT98, Theorem 4.3], where B and D were supposed to be bounded; there it
was only proved that the products K K_ and K_K, are strict contrac-
tions, while Theorem 2.7.21 shows that K and K_ are strict contractions.

As in the self-adjoint case (see Corollary 2.7.8), the invariance of the sub-
spaces L+ together with their angular operator representations implies that
the angular operators Ky satisfy Riccati equations. Here, since the block
operator matrix A is closed and K4 (D(A)) € D(D), K_(D(D)) C D(A),
the Riccati equations can be written in their standard forms and hold on
the whole first and second component of the domain of A.

Corollary 2.7.23  Let the diagonally dominant block operator matriz A
satisfy the assumptions of Theorem 2.7.21. Then the angular operators K 1
and K_ are solutions of the Riccati equations

K+BK++K+A—DK+—B* :0 on 2)(14)7
K_B'K_+K_D—AK_—B=0 on D(D).

If A is self-adjoint, then £, 1 £_ implies K_ =—K7 in Theorem 2.7.21
and Corollary 2.7.23; so all statements therein agree with Theorem 2.7.7 and
Corollary 2.7.8, respectively. Note that, since A is diagonally dominant and
closed, case i) or iii) of Corollary 2.7.8 prevails and Dy = D(A), D_= D(D).

Finally, we prove a theorem analogous to Theorem 2.7.21 for off-
diagonally dominant block operator matrices.

Theorem 2.7.24  Let B be boundedly invertible with D(B*) C D(A) and
D(B) C D(D). Suppose that A and D satisfy assumptions (2.7.21) and
(2.7.22) and that there exist v, n > 0 such that

% _ B * — B
2.7.25
* — Y * * — g
HD(BB—}-tQ) 1HSW’ ||DB (BB +t2) 1H§1—|—|t|77,

for t € R. Then the block operator matriz

A B *
A=( g p). P=DE) O D)
is closed in H = H1 ® Hz , iR C p(A), and the following hold:

i) There exist projections Q+ in H with

%/HR(A— )7dz=Qr Q- Q++Q-=1
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ii) There exist strict contractions K1 € L(H1,Hs) and K_ € L(Hs, H1)
such that Ly := R(Q+) can be represented as

({2 rend en{(5) ven)

and H = Ly+ L_, L2 ND(A) = Q+D(A), A(LL ND(A)) C L.

Proof. The proof of this theorem follows the lines of the proof of Theo-
rem 2.7.21, with the roles of 7 and S as in (2.7.24) exchanged. In order to
see that the assumptions of Theorem 2.7.18 are satisfied for S and those of
Theorem 2.7.19 are satisfied with 7 and S interchanged, we observe that
(—00,0] C p(B*B) and hence iR C p(S),

., [ —it B [ it(BB*+)"' B(BB+t?)"!
(S—it)" = ] = 2\—1 (P 2\y-1
B* —it B*(BB* +t*)~! it(B*B +t%)
by (2.6.4) and thus
Tis i1 —( ABB =+ 2)=1 AB(B*B +t2)~!
“\ DB*(BB* +2)~! it D(B'B+12)"! )"
The growth conditions (2.7.25) imply that 7 is S-bounded with S-bound 0
and so A is off-diagonally dominant of order 0 (see Remark 2.7.20). O

In the off-diagonally dominant case, it is not clear whether an analogue
of Theorem 2.7.21 iii) holds; only in special cases, including abstract Dirac
operators (see Section 3.3.1), we can prove that K (D(B*)) C D(B) and
K_(D(B)) Cc D(B*).

Therefore, in a similar way as in the essentially self-adjoint case, we
can write down the Riccati equations only on certain subsets D C D(B*)
and D_ C D(B); nevertheless, since the block operator matrix A is closed
here, the Riccati equations hold in their standard forms (compare Corollary
2.7.23 for the diagonally dominant case).

Corollary 2.7.25 Let the off-diagonally dominant block operator matriz
A satisfy the assumptions of Theorem 2.7.24 and define

D, :={zeD(B*):K;z€D(B)}, D_:={yeD(B):K_yeD(B")}. (2.7.26)
Then the angular operators Ky and K_ satisfy the Riccati equations
K{BK,+K{A—DK;—-B*=0 on Dy,
K B'K_ +K D—-—AK_—-B=0 on D_.
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Remark 2.7.26 Results similar to those presented in this section were
proved in [LRvdR02] by H. Langer, A.C.M. Ran, and B.A. van de Rotten
and, later, in [RvdM04], [vdMRO5] by A.C.M. Ran and C. van der Mee:

a) In [LRvdR02], Theorem 2.7.18 was applied to another class of
dichotomous block operator matrices, so-called Hamiltonians

A =D
A:(—Q —A*)

where A is a regularly m-accretive operator with ReW(A) > a > 0 and
D, @Q are bounded nonnegative operators. It was shown that the corre-
sponding Riccati equations have a bounded positive solution II_ and an
unbounded negative solution I, which are the angular operators of the
spectral subspaces L1 of A corresponding to the left and right half plane.
Here Theorem 2.7.5 has to be applied with different self-adjoint involutions.
In fact, with respect to

0 1 0 il
jl':<—1 0)’ j2'2<—11 0)’

A is Jp-accretive and 1A is Jo-self-adjoint. The self-adjointness of IT.
follows from the fact that £1 are Je-neutral; the positivity of II_ and the
negativity of II; follow from the facts that £_ is Ji-nonpositive and L is
Ji-nonnegative.

b) In [RvdMO04], [vdMRO5], perturbation results for exponentially
dichotomous operators in Banach spaces were proved. Such operators can
be written as block diagonal operator matrices diag (Ao, —A1) where Ag, 43
are generators of uniformly exponentially stable Cop-semigroups (see [EN0O,
Section V.1b)); in this case, diag (4g, —A;) is the generator of a so-called
bi-semigroup. These perturbation results yield a series of equivalent con-
ditions for the existence of bounded solutions of the corresponding Riccati
equations; they apply to block operator matrices

A= ( 1422 —151)1 ) = diag (Ao, —41) + < _OQ OD )
with bounded off-diagonal entries D and Q. In [BvdMRO05], finite dimen-
sional approximations of the solutions of the Riccati equations are derived
under the assumption that D is compact.

Note that the assumptions on the diagonal entries A, D in Theo-
rem 2.7.21 and on A, —A* in [LRvdR02] imply that the block diagonal oper-
ators diag(A, D) and diag(A,—A*), respectively, generate bi-semigroups
that are even holomorphic (see [Kat95, Section I1X.1.6]).
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2.8 Block diagonalization and half range completeness

By means of the angular operators K, K_ established in the previous
section, we are now able to transform dichotomous block operator matri-
ces into block diagonal form. It turns out that, restricted to the spectral
subspaces L, L£_ corresponding to the right and the left half plane, the
block operator matrix 4 is unitarily equivalent to the operators A + BK |
and D + B*K_, respectively.

Moreover, if the spectrum e.g. in the right half plane is discrete, we show
that the first components of the corresponding eigenvectors and associated
vectors of A form a complete system or even a Riesz basis; these properties
are also referred to as half range completeness or half range basisness.

We consider the three cases of Section 2.7, always assuming C' C B*: the
essentially self-adjoint case (Theorem 2.7.7 and Remark 2.7.12), the diag-
onally dominant case (Theorem 2.7.21), and the off-diagonally dominant
case (Theorem 2.7.24).

Theorem 2.8.1  Assume that A is essentially self-adjoint with closure A,
the entries A, B, and D are closed and

(Az,z) >0, x€D(A)NDDB*),

(Dy,y) <0, yeD(B)ND(D).
Let K be the angular operator from Theorem 2.7.7 and let the sets Dy C Hi,
D_ C Hy be defined as in (2.7.15). Then A admits the block diagonalization

-1
I —K* — I —K* B Z+ 0
<K 7 > A(K 7 >_(O Z_) on Dy @ D_ (2.8.1)

with linear operators Z+ defined on D4 ; moreover,

.A| cy is unitarily equivalent to the opemtor Z which is self-adjoint
and nonnegatwe in the Hilbert space H, := (H1, (I+ K*K)-,-)).
A| . 1s unitarily equivalent to the opemtor Z_ which is self-adjoint
and nonpositive in the Hilbert space Hy := (Ha, (I+ KK*)-,-)).

Proof. The spectral subspace £, = E[Oyoo)(ﬂ) is invariant under A,
that is, 7\(£+ N D(Z)) C L4+. On the other hand, by Theorem 2.7.7 i),
L. admits the angular operator representation (2.7.7). Hence for every
x € D4, there exists a (unique) u =: Z x € Hy such that

A=) = () = () = ()2
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Similarly, for every y € D_ there exists a (unique) v =: Z_y € Hs such that

(- (F)es

Since I + K*K and I + KK™ are bijective, the inverse

(LYY (0

exists and (2.8.1) follows. With Hi, Ha defined as above, the operators

~

I ~ —-K*
Uy HL — Ly, Upz = <K)x, U_:Hy— L, Uy:z( 7 )y,

are unitary, Dy = U5 (Ly ND(A)), (2.8.1) can be written as

AU U-) = (U U-) <ZO+ ZO, )

and hence
Zy =Us AU = ULV A|, Us, D(Zi) =UL' (LN D(A)) =Dy.
Now the claimed properties of Z1 follow immediately from the correspond-

ing properties of A |Ei. ad

If an explicit description of the closure A of A is available, the operators
Z4+, Z_ in Theorem 2.8.1 can be calculated. The following corollary is a
direct consequence of Theorems 2.2.14, 2.2.23, 2.2.18, and 2.2.25.

Corollary 2.8.2 Let the essentially self-adjoint block operator matriz A
satisfy the assumptions of Theorem 2.8.1. Then the operators Z,, Z_ in
the block diagonalization of A have the following forms:

i) if D(A) C D(B*), p(A) # 0, and for some (and hence for all) p € p(A)
the operator (A — u)~'B is bounded on D(B), then

Zy = (A= p)(I+ (A=)~ 'BK) +p,
Z_=8y(u) +p+ B (-K* +(A—p)~'B);

ii) if D(B*) C D(A), B* is boundedly invertible, and for some (and hence
for all) p € C the operator B=*(D — p) is bounded on D(D), then

Zy =(A=p)(I+B*(D—p) + T(n)K + p,
7o =B (B0 -~ K*) + s
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iii) if D(D) C D(B), p(D) # 0, and for some (and hence for all) p € p(D)
the operator (D — p)~*B* is bounded on D(B*), then

Zy =81(u) +p+B(K+(D—p)~1B%),
Z_=([D—-p)(I—-(D—-p) 'BK");

iv) if D(B) C D(D), B is boundedly invertible, and for some (and hence
for all) p € C the operator B~1(A — p) is bounded on D(A), then

Zy =B(B Y A—p)+K)+pu,
Z-=(D—p)(I =B HA-p)K*) =Ti(W)K* + p.

Remark 2.8.3 The restrictions of Z; to the sets Dy + C D4 defined in
or analogously to Remark 2.7.9 simplify to Z,|p,, = A+ BK, Z_|p, _ =
D — B*K*; recall that Dy + = Dy if A is self-adjoint (and hence closed ).

Remark 2.8.4 Analogues of Theorem 2.8.1 and Corollary 2.8.2 hold for
essentially J-self-adjoint block operator matrices under the assumptions
and modifications stated in Remark 2.7.17 (see [AL95], [MS96)); in partic-
ular, B* has to be replaced by —B* and —K* by K*.

Theorem 2.8.5 Let A be a closed block operator matrix for which one
of the following holds:

(i) A is diagonally dominant and fulfils the assumptions of Theorem 2.7.21;
in this case let Dy = D(A), D_ = D(D).

(ii) A is off-diagonally dominant and fulfils the assumptions of Theo-
rem 2.7.24; in this case let Dy be defined as in (2.7.26).

Let the uniform contractions K., K_ be the angular operators in the repre-
sentations of the spectral subspaces Ly corresponding to o4 := o(A) N Cx.
Then A admits the block diagonalization

—1
I K. I K\ _(A+BK, 0 '
<K+I> A(mz)_( 0 D+B*K> on Dy &D—;

moreover, with J := diag (I, —1I),

i) A|z, in the Hilbert space Ly = (L4, (T-,-) is unitarily equivalent to
the operator Z = A+ BK which is uniformly accretive in the Hilbert
space Hy := (Hl, ((I -KiK,)-, )) with domain D,

ii) Alz_ in the Hilbert space L£_ := (L_,—(T",")) is unitarily equivalent to
the operator Z_ = D+ B*K_ for which —Z_ is uniformly accretive in
the Hilbert space Ha := (Ha, (I— K_K*)-,-)) with domain D_.
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Proof. The proof is similar to that of Theorem 2.8.1 with the following
differences: The spaces Hl, Hg, L+, L_ are Hilbert spaces since K4 are
uniform contractions (so that I —K LK+ are bijective) and since the inner
product (J-,-) is positive definite on L+ and negative definite on L_.
The operators

~ ~ I ~ ~ K_
Uy Hy— Ly, Upz = < >x, U - Ho— L, U y:= < )y,
K, I

are unitary. To prove the claimed properties e.g. of Z, = U;1A| c Uy, we
use the Riccati equation for Ky on D, to obtain that, for z € Dy,

(I-K;K)(A+BK)z,z) = (A+BK{)z,2)— (B*+DK4 )z, K, )

- <jA <Kix> (Kia)) |

since A is uniformly [J-accretive by Proposition 2.7.6, it follows that
Re (I-K{K.)(A+BKy)z,z) > 3|z
with some constant 8 > 0, and similary for A|,_. O

Remark 2.8.6 Note that, since A is not self-adjoint, we cannot conclude
e.g. from o(A|z,) C Cy that A|z, is accretive with respect to the original
scalar product (-, ) of H on L ; this holds only with respect to the indefinite
inner product (J-,) on H. Therefore the new scalar products on H; and
on Hs have different signs in Theorem 2.8.1 and Theorem 2.8.5.

For the rest of this section, we consider the case that e.g. the spectrum
in the open right half plane is discrete, i.e. consists of countably many
eigenvalues of finite algebraic multiplicities accumulating at most at oc.
As a consequence of the block diagonalization established in the previous
theorems, we obtain a half range basisness result in the essentially self-
adjoint case and a half range completeness result in the non-self-adjoint
case; for the latter, we restrict ourselves to the case of bounded B and D.

In the following, a system (z;).; C H, N € NU {00}, is called a Riesz
basis of a Hilbert space H if it is equivalent to an orthonormal basis of
‘H, i.e. if there exists a bounded and boundedly invertible linear operator G
in H and an orthonormal basis (e;)¥.; of H such that z; = Ge;, i =1,..., N
(see [GK69, Chapter VIJ, also for other equivalent definitions).

Theorem 2.8.7 Assume that A is essentially self-adjoint with closure A,
the entries A, D are self-adjoint, B is closed such that D(B) N D(D) is a
core of D, there exists § > 0 such that
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(Az,z) >0, x € D(A),
(Dz,z) < =6 ||z||?, 2 € D(B) N D(D),

D(AY?) c D(B*), and A has compact resolvent. Then ess (A) C(—o00, =]
and o(A) N[0,00) is discrete. If (A)iL,, N € NU {oo}, is the sequence
of eigenvalues of A in [0,00) (counted with geometric mulitplicities) and
(xi)y € D(A), x; = (z: )", is a corresponding system of eigenvectors,
then the system (x;)., of their first components forms a Riesz basis of H.

Proof. The assumptions imply that all conditions of Corollary 2.4.13 are
satisfied; in particular, for u€ C\R, the operator (D—pu) !B*(A—pu) 1=
(D—p) 'B*(A—p)~/2(A—p)~1/? is compact since (D —p)~! as well as
B*(A—pu)~'/? are bounded and (A—pu)~/? is compact (the latter follows
e.g. from [Kat95, Theorem V.3.49]). Hence, by Corollary 2.4.13,

Oess(A) = Tess(A) U 0ess (D — B*(A — 1)1 B)
= Oess (D — B*(A—p)~1/2(A - /L)*l/?B) C (—o0, 6]

as A has compact resolvent, B*(A—u)~1/2(A—u)~1/2B >0, and D < —4.
Since A is self-adjoint, o(A) N[0,00) C o(A) \ 0ess(A) is discrete.

By Theorem 2.8.1 i) and its proof, an element x; = (z; y;)" € D(A)
is an eigenvector corresponding to an eigenvalue \; € o(A) N[0, 00) if and
only if y; = Kx; where K is the angular operator from Theorem 2.7.7 and
T = Ll;lxi € Dy is an eigenvector of Z, in H; corresponding to \;. Since
7, is self-adjoint in the Hilbert space H; := (H1,(I+ K*K)-,-)) and
0(Z4) = o(A)N[0,00) is discrete, the system ()X, of eigenvectors of Z.
is an orthonormal basis in Hy. Then ((I+K*K)/?z ) is an orthonormal
basis of H; with its original scalar product. Becaube (I + K*K)Y? is
bounded and boundedly invertible, (z;)¥, is a Riesz basis of Hj. D

Remark 2.8.8 The first half range basis result was proved in [AL95,
Theorem 3.5] for the case that B and D are bounded; generalizations
to unbounded upper dominant block operator matrices were given in
[ALMS96, Theorem 6.4], and in [MS96, Corollary 2.6] for bounded D under
the weaker assumption that the spectra of A and of the second Schur com-
plement Sy are separated (see Remark 2.7.17).

For non-self-adjoint operators, basis results are much more difficult
to prove and often depend on detailed information about the asymptotic
behaviour of eigenvalues, eigenfunctions, and of the resolvent. Neverthe-
less, there exist completeness results that require less knowledge (see [GK69,
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Chapter V] for a comprehensive presentation). We follow the lines of [LT98,
Theorem 5.1] and apply a theorem by V.B. Lidskii for dissipative trace class
operators (see [Lid59a], [Lid59b]). Here we denote by Sp the von Neumann—
Schatten classes of compact operators (see [GK69, Chapter III)); in par-
ticular, Sy is the class of nuclear or trace class operators.

Theorem 2.8.9  Let A be a block operator matriz such that A has compact
resolvent with (A — 2)~! € 8y for some (and hence for all) z € p(A), B, D
are bounded, C = B*, and assume there exist a, 6 > 0, ¢ € [0,7/2) with
W(A)Cc{z€C: Rez > q, |argz| < ¢},
W(D)c {ze€C: Rez < —6}.
Then Tess(A) = 0ess(D) C {z €C:Rez< —5} and o(A)NCy C {z cC:
Rez > a} is discrete. If (\)IL,, N € NU {oo}, is the sequence of
eigenvalues of A in Cy (counted with geometric multiplicities) and if
(xij)filj;lc D(A), xi; = (zij vi;)', is a corresponding system of eigen-
vectors and associated vectors, then the system (xij)i]\;j;l of their first
components is complete in Hy.

Proof. By the assumptions, A is closed and diagonally dominant, and all
conditions of Theorem 2.7.21 and hence of Theorem 2.8.5 are satisfied. By
Theorem 2.4.8, we have 0ess(A) = 0ess(D) as A has compact resolvent and
B is bounded; in particular, oegss(A) is bounded and so C\gegs(A) consists of
one component. Since also 0(A)NC_=0(D+ B*K_) is bounded and hence
p(A)NC_ # 0, Theorem 2.1.10 implies that (A) NC1 C o(A) \ ess(A)
is discrete. By Theorem 2.8.5 and Theorem 2.5.18, we have o(A) NCy =
0(A+BK;) C{z€ C:Rez > a} and (xij)?izl C D(A) = D(A) & Ha
is a Jordan chain of A at an eigenvalue \; € o(A) N CL if and only if
xi; = (255 Kya5)" and (;vij)?":l is a Jordan chain of A+ BK, = Z4 at ;.
This follows from the fact that, with x; 1 := 0, the first equation in

A— )\i B xij _ xi,j_l 1 k‘
B* D_)\i Kerij - Keri,jfl ’ J =15y R,

is the relation (A—i—BKJr —)\i)xij = x; j—1, and the second equation amounts
to the Riccati equation for K applied to x;; (see Corollary 2.7.23).

By assumption, A is regularly m-accretive with (A — ()~ € & for all
¢ € (—00,a) and B, K are bounded. Thus, for ¢ € (—oo,a — | BK|),
the operator A + BK, — ( is regularly m-accretive; more exactly, we have
Re ((A+ BKy —Q)z,x) >0 for € D(A), ¢ € p(A+ BK;) N p(A), and

(A+BEy — () = (A= )" (I+BE(A-(Q™") €&
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So i(A+BK, +()"'e 8 is dissipative, i.e. Im (i(A+BK4—()"ty,y) >0
for y € H;. By Lidskii’s theorem (see [GK69, Theorem V.2.3]), the eigen-
vectors and associated vectors of i(4 + BK, + ¢)~! are complete in H;.
Since A; € 0(A + BKY) if and only if i/(A; — ¢) € o(i(A+ BK; —()™)
and the corresponding spectral subspaces coincide,

L (A+BKy) =Lij,-o)(i(A+BEKy — (™),

the completeness in H; of the system (mij)ﬁiljgl of eigenvectors and asso-
ciated vectors of A + BK . follows. O

2.9 Uniqueness results for solutions of Riccati equations

Solutions of Riccati equations have been derived by means of factorizations
of the Schur complements in the bounded case (see Theorem 1.7.1) and by
means of an invariant subspace approach in the unbounded dichotomous
case (see Theorems 2.7.7, 2.7.21, 2.7.24). However, only existence, not
uniqueness of these solutions has been obtained so far.

In this section we present two different methods to prove uniqueness
results: The first method uses Banach’s fixed point theorem and does not
require any symmetry or dichotomy assumptions. The second method
for self-adjoint block operator matrices relates to the invariant subspace
approach in Section 2.7. Here we restrict ourselves to the case that only
the diagonal entry A is unbounded (see [ALTO01]); in this case, the Riccati
equation has the form

KBK+KA—DK—C=0 on D(A). (2.9.1)

The fixed point method relies on rewriting the Riccati equation in
the form of a so-called Krein-Rosenblum equation (sometimes also called
Sylvester equation)

KA—DK =Y, Y :=C - KBK, (2.9.2)
or

K(A+BK)-DK =Y, Y:=C. (2.9.3)
Solutions K to such operator equations in integral form seem to have been
found first by M.G. Krein in 1948 (see [Ph691]) and later, independently,
by Yu. Daleckii (see [Dal53]) and M. Rosenblum (see [Ros56]). The crucial
condition here is that the spectra of the operator coefficients on the left hand
side (e.g. A and D in (2.9.2)) have to be disjoint. In our case, either one
of these coefficients or the right hand side Y contains the solution K; this
yields integral equations for K which we will use for fixed point theorems.
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The first to apply the fixed point approach to obtain solutions of Ric-
cati equations associated with self-adjoint block operator matrices (and, as
a consequence, factorizations of the Schur complements and block diago-
nalizability) was A.K. Motovilov in [Mot91], [Mot95]. He studied the case
of unbounded A and D and bounded coupling B, motivated by two-channel
Hamiltonians from elementary particle physics (see e.g. [Sch87]).

In the following we consider integrals of an operator valued function F'
with respect to a spectral function E. If F' satisfies a Lipschitz condition

n [a,b], these integrals can be defined as the limits of the corresponding
Riemann-Stieltjes sums in the strong operator topology (see [AG93, Sec-
tion 7], [ALMS96, Section 7] or [AMMO3]). In particular, if the function F
is continuously differentiable, the integration by parts formula holds.

The next theorem uses the form (2.9.2) of the Riccati equation (2.9.1).

Proposition 2.9.1  Suppose that p(A) # 0, B, C, D are bounded, and
a(A)Nna(D) = 0. (2.9.4)
Let T'p be a Cauchy contour around o(D) separating it from o(A). Then
K € L(H1,Hz2) is a solution of the Riccati equation (2.9.1) if and only if
1

K=-n (D—2)"Y(C -~ KBK)(A—2)"'dz = ®p(K); (2.9.5)

if D = D* with spectral function Ep, an equivalent condition is
K= Ep(du) (C — KBK)(A — p)™! = Ur(K). (2.9.6)
o(D)

Proof. The equivalence of (2.9.1) and (2.9.5) is well-known (compare
[DK74a, Theorem 1.3.2] or [GGK90, Theorem 1.4.1]); we prove it here for
the convenience of the reader. If K solves (2.9.1), then, for every z € C,
K(A—2)— (D —2)K = C — KBK. Multiplying by (4 — z)~! from the
right and by (D — 2z)~! from the left, we find that, for z € p(A) N p(D),
(D—2)'K-KA—-2)"'=(D-2)"C~-KBK)(A—-2)""

If we integrate along I'p, multiply by —1/(27i), and observe (2.9.4), we
arrive at (2.9.5). Vice versa, it is easy to check that the expression on the
right hand side of (2.9.5) satisfies the Riccati equation (2.9.1).

In the special case D = D*, we rewrite the right hand side of (2.9.5) as

 omi ﬁD/ 2)"'Ep(dp) (C — KBK)(A - 2)"'dz

/ Ep(dp) (C — KBK) < 2;7{ (u—z)_l(A—z)_ldz>
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— [ Boldu) (- KBE)A- ),
o(D)

which proves the equivalence of (2.9.5) and (2.9.6). O
The following corollary is immediate from the integral equation (2.9.5).

Corollary 2.9.2 If, under the assumptions of Proposition 2.9.1, either
B and C are compact (B, C € S, for some p € [1,00]) or A has compact
resolvent ((A—z)"t€ S, for some pe[l,x]), then K is compact (K € S,).

A different integral equation is obtained in the next theorem which uses
the equivalent form (2.9.3) of the Riccati equation (2.9.1); the proof is
completely analogous to the proof of Theorem 2.9.1.

Proposition 2.9.3  Suppose that p(A) # 0, B, C, D are bounded, and let
K € L(H1,H2) be such that

o(A+ BK)No(D) = 0. (2.9.7)
Let T'p be a Cauchy contour around o(D) separating it from o(A + BK).
Then K is a solution of the Riccati equation (2.9.1) if and only if

1

—— ¢ (D—-2)"'C(A+BK — 2)"tdz =: &) (K); (2.9.8)
27 Jr,

if D = D* with spectral function Ep, an equivalent condition is

K= / Ep(dp) C(A + BK — p)" = Wy (K). (2.9.9)
o(D)

Corollary 2.9.4 If, under the assumptions of Proposition 2.9.3, either
C is compact (C € S, for some p € [1,]) or A has compact resolvent
(A—2)"te S, for some p€[l,00]), then K is compact (K € S,).

Remark 2.9.5 The relation (2.9.8) coincides with formula (1.7.2) in The-
orem 1.7.1 for bounded block operator matrices; the different sign is due to
the opposite orientation of the contour I'; therein compared to I'p here.

The integral equation (2.9.5) may be viewed as a fixed point equation
for K. To ensure that the corresponding mapping ®y is a contraction, we
assume that the spectra of A and D have positive distance and B, C' satisfy
certain smallness assumptions.

Theorem 2.9.6  Suppose that p(A) # 0, B, C, D are bounded, and
dist (0(A), o(D)) > 0. (2.9.10)
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Let T'p be a Cauchy contour of length lr,, around o(D) separating it from
o(A), denote
1

»drp = max|[(D —z)

arp, = max||(A - z)"

, (2.9.11)

and assume that
ooyl (IBI 4 IC1) <1, ~arydrylig|BI <1 (29.12)
Then the following hold:
i) There exists a unique contractive solution Ko € L(H1,Ha) of the Ric-

cati equation (2.9.1), which is even a uniform contraction.
ii) For every contraction Ky € L(H1, Hz), the operators
K, =®r(K,—1), n=2,3,...,
are uniform contractions converging to Ko in the operator norm.
iii) If the inequalities in assumption (2.9.12) are not strict (i.e. if < is

replaced by <) and the operator B is compact, then the Riccati equation
(2.9.1) has at least one contractive solution.

Proof. 1i),ii) By K we denote the set of all contractions from H; into Ha.

The first inequality in (2.9.12) implies that, for each contraction K € K,

the image ®r(K) (see (2.9.5)) is a uniform contraction, i.e. |Pr(K)| < 1.
Moreover, for contractions K, K e IC, the relation

@R(K)_ch(ff):%]g (D—2)" (K —K)BK + KB(K —K))(A—2)"dz

and the second inequality in (2.9.12) imply that
~ ~ . 1
12R(K) - @r(K)| <v[|K — K| with v:= —ar,drplrp[|B] < 1.

Thus ® is a contraction in  and Banach’s fixed point theorem yields i)
and ii).

iii) If in (2.9.12) the signs < are replaced by <, we consider the operators
B,:=(1-n"1YB,C,:=(1-n"1)C for n € N. Then, by i), for every
n € N there exists a (unique and uniform) contraction K é”) such that

KB, K2+ KV Az — DKz — Che =0, ze€D(A). (2.9.13)

Because the unit ball in L(H;,Hs) is weakly compact, the sequence
(Ké”))(;o contains a subsequence which converges in the weak operator
topology of I to some contraction Ky. Since B is compact, the corre-

sponding subsequence of BnKé”) converges strongly to BK and that of
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Ké”)BnKé”) converges weakly to KoBK(. Altogether, we see that Ky is a
solution of the Riccati equation (2.9.1). O

Under different smallness assumptions on B and C, also the mapping
®yr (see (2.9.8)) can be used to prove the existence and uniqueness of
contractive solutions of the Riccati equation (2.9.1).

Theorem 2.9.7 Suppose that p(A) # 0, B, C, D are bounded, and
dist (¢(A), o(D)) > 0. Let T'p be a Cauchy contour of length lr,, around
o(D) separating it from o(A) and let ar,, and dr,, be defined as in (2.9.11).
If ar,||B|l <1 and

a’FDdFDZFD HC” <1 a’%‘DdFDlFD HB” ”O”
2r  l—ar,|Bl 2r (1—ar,|Bl)?
then Theorem 2.9.6 continues to hold with ® s instead of Pg.

<1, (2.9.14)

Proof. The proof is analogous to the proof of Theorem 2.9.6 if we observe
that the inequality ar, ||B|| < 1 implies that, for arbitrary z € o(D), the
resolvent (A+BK —2z) ! exists and thus condition (2.9.7) holds; in fact,
-1 -1 -1 arp
[(A+BEK —2)7"| = ||(A—2)""(BK(A—z)""+1) Hgl_aFD”B”.
The first assumption in (2.9.14) ensures that ®»; maps K into itself, the
second condition in (2.9.14) guarantees that ®s is a contraction. g

If D = D*, the mappings ¥s and Ur (see (2.9.6), (2.9.9), respectively)
may also be used for the fixed point theorem.

Theorem 2.9.8 Suppose that p(A) # 0, B, C, D are bounded, and
dist (¢(A), o(D)) > 0. If D= D*, C € Ss, and if

ap = max |[(A—p)™?
pim s [(4— )|
and the Hilbert-Schmidt norm ||C|l2 of C satisfy ap||B|| <1 and
2
ap
[Cl—of <1 MBIk (o2 ) <1 (20.5)
ol Bl 1—apl|B||

then Theorem 2.9.6 continues to hold with Vs instead of ®g.

Proof. The roles of the inequality apl||B| < 1 and of the two inequalities
in (2.9.15) are completely analogous to those of the corresponding inequal-
ities in Theorem 2.9.7 and its proof. In addition, estimates for integrals of
certain operator-valued functions are used; for details we refer the reader
to [ALTO01, Theorem 4.6] and its proof. O
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Remark 2.9.9 For the self-adjoint case A = A*, D = D*, and bounded
C = B*, Theorem 2.9.8 was first proved in [Mot95, Theorem 1, Coroll-
ary 1]; then the inequalities in Theorem 2.9.8 reduce to the single inequality
| B|l2 < dist (¢(A), (D)) /2. A corresponding result for arbitrary bounded
B, C was proved by S. Albeverio, K.A. Makarov, and A.K. Motovilov (see
[AMMO3, Theorem 3.7]); in addition, in the case C'= B* they studied the
spectral shift function, regarding the off-diagonal part as a perturbation.

Remark 2.9.10 The following variants of Theorem 2.9.8 can be proved:
i) If B, C € 82, then an analogue of Theorem 2.9.8 holds for ¥ g under
smallness assumptions on ||B||2, ||C||2 similar to the ones in (2.9.15).
ii) If neither B nor C belong to Sa, then integration by parts in the inte-
grals defining U and W ,, respectively, yields conditions on ||B||, ||C||
so that Theorem 2.9.6 continues to hold with ¥ and ¥, respectively
(see [ALTO1, Theorem 4.8]).

Uniqueness results may also be obtained from the relation of solutions
of Riccati equations and invariant subspaces of block operator matrices

A:(ég),IMM:DMMNh

Definition 2.9.11 Let 7' be linear operator in a Hilbert space H. We
call a closed subspace £ C 'H

i) invariant subspace of T or T-invariant subspace if T(D(T)NL) C L,

ii) reducing subspace of T or T-reducing subspace if £ and L+ are invari-
ant subspaces of T and D(T) = (D(T)N L) & (D(T) N L*).

If £ is a T-reducing subspace, then T'=diag (T'|z, T'| ;1) is block diagonal
with respect to the decomposition H=L& L+ and o(T) =0 (T|z)U o (T| 1)
(see [Wei00, Section 2.5], [Wei80, Section 7.4, Exercise 5.39]).

Proposition 2.9.12  Suppose that A is closed and B,C, D are bounded.
Then K € L(Hi,Ha) is a solution of the Riccati equation (2.9.1) if and
only if its graph subspace

gmy:{@é>meH&

Proof. 1If G(K) is A-invariant, then, for every x € D(A), there exists a

1y € Hy such that
A B z\ [y
<O D) <K33> B (Ky) (2.9.16)

18 A-invariant.
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The first component of this equality yields y = (A + BK)x; inserting this
into the second component of (2.9.16) gives

(C+DK)r =K(A+ BK)x, ze€D(A),
which is (2.9.1). Conversely, if K solves (2.9.1), then for every x € D(A)
the relation (2.9.16) holds with y = (A + BK)z. O

Remark 2.9.13 If K € L(H;i,Hs2) is a solution of the Riccati equa-
tion (2.9.1), then KA is bounded on the dense subset D(A) C H;. Thus
KA and (KA)* = A*K* are bounded and everywhere defined. There-
fore K* € L(H2,H1) has the property R(K*) C D(A*), it satisfies the
Riccati equation

K*B*K*4+ A*K* - K*D*—C*=0 on Hs
related to the adjoint block operator matrix A*, and the subspace
G(K): = {(‘I;y) g€ Hg} C D(A*) & Hy = D(A*)
is A*invariant.

In the sequel we concentrate on Riccati equations associated with self-
adjoint block operator matrices. In this case, contractive solutions corre-
spond to invariant subspaces that are definite with respect to some indefi-
nite inner product (see Definition 2.7.1 and Remark 2.7.2).

Theorem 2.9.14 Let A = A*, D = D*, let B, D be bounded, and let
C = B*. Then the Riccati equation

KBK + KA— DK —B*=0 on D(A) (2.9.17)

has a contractive solution K if and only if there exists a self-adjoint invo-
lution J in 'H = Hi ® Ha such that

AT = JA (2.9.18)

and the subspace H1 @ {0} is mazimal J-nonnegative. In this case, the
contraction K in (2.9.17) is strict (uniform, respectively) if and only if the
subspace H1 @ {0} is mazimal J-positive (mazimal uniformly J-positive,
respectively).

Proof. Let K be a contractive solution of (2.9.17). If we denote by P4
the orthogonal projection on G(K) in Hq @ Hs and set P_ := I — P, then
J = Py — P_ is a self-adjoint involution. In fact, it is easy to see that
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o ( (I+ K*K)~! (I+K*K)1K*)

T T \NKUI+K'K)! KI+K*K)'K* )’

K*(I+KK*) 'K —K*(I+KK*)~!
( —(I+KK*)'K (I+KK*)1>
By Remark 2.9.13, we have R(K*) C D(A) and hence (I + K*K)D(A) =
D(A). Together with (2.9.19), we obtain PyD(A) = Py (D(A) & Hs) =
D(A) @ Hs and thus D(PyA) = D(A) = D(APy). By Proposition 2.9.12
and Remark 2.9.13, G(K) = R(P;) and G(K)* = R(I — P;) are A-
invariant so that APy = Py AP and A(l — Py) = (I — PL)A(I — Py).
Since D(PyA) = D(AP,), the latter is equivalent to Py A = Py AP;.
Altogether, we have proved that AP, = P, A. Since J = 2P, — I, the
commutation relation (2.9.18) follows.

Next we show that H; is maximal J-nonnegative. Since K is contrac-

tive, the definition of 7 and (2.9.19) imply that, for x € Hy, x # 0,

[@@} = ((I+ K"K) " a,0)~ (L + KK*) "' Ko, Kx)
J_HIJ’KK | — | K+ K*K) " 3z|” > 0. (2.9.20)

Thus Hi ¢ {0} is J-nonnegative. Similarly, one can show that {0} & Ho
is J-nonpositive. Now Lemma 2.7.3 yields that H; @ {0} is maximal J-
nonnegative.

Conversely, let J be a self-adjoint involution with the properties as in
the theorem. If we define

(2.9.19)
P =

1
Pyi=3(I£J),

then P, , P_ are complementary orthogonal projections with J= P, — P_.
The commutation relation (2.9.18) implies that the closed subspaces L4 :=
R(Py) are A-invariant. If Py, P» are the orthogonal projections of H onto
H1 @ {0} and {0} @ Haz, respectively, then the assumption that H; @ {0} is
J-nonnegative shows that, for arbitrary x € H,

1 1
(PyPix, Pix) = §(P1x, Pix) 4 = 5 [Pix, Pix] —HP1X|| (2.9.21)

Next we show that there exists an operator Q € L(Hso, H1) such that

L= {(%”) ye Hg} . (2.9.22)

To this end, let (xn)(l)o C L_ be a sequence with Pox,, — 0, n—o00. Then

P, Pix, = P (x,, — Pax,) = =P Pox, — 0, n — oc.
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This and the inequality (2.9.21) imply that Pyx, — 0, n — oco. This shows
that £_ is of the form (2.9.22) with a bounded linear operator @ defined
on some closed subset D(Q) C Ho. If there were a z € D(Q)*, z # 0, then
(0 2)* € £L£ = £ and hence

OO () () =e

moreover, for arbitrary z € H;, we would have

6)- )], (=) () - (=) () - (6 ) -

From this it would follow that the subspace Hy & D(Q)* 2 H1 & {0} is
J-nonnegative, a contradiction to the maximality of H; & {0}. This proves
that D(Q) = Ha. If we set K := —Q*, then

Ly=Lr= {(—S*x> :xEHl} =G(K).

Since L is A-invariant, K is a solution of the Riccati equation (2.9.17) by
Proposition 2.9.12.

It remains to be proved that K is a contraction. To this end, we consider
the operator

-~ xr T
Plle, £y = Ha@ {0}, Pile, (K) ) <o) e

with 'Hl = (Hl, ((I+K*K) )) Then Py |z, is invertible with (Py [z ) l=
(Pi|z,)*. Hence we have P+(P1|5+) (P1|L+) (P1|£+)P+(P1|L+) This
and inequality (2.9.21) yield that, for all x € £,

(Pr(Pile,)x,x) = (I + K°K)(Pile,) Py (Pile, )%, (Palz, ) %)
> ((Pile, )Py (Pile, )%, (Pilc, )x)
= (P (P1|L+) X, (P1|£+)X)

> L (Prle,)x (Pile, )x)

g(x,x)
For x = P,y with y € H, this implies
2 1
|Pilc, Pry||” = (Pilc, Pry, Pyy) > 3 |Pyyl.

Therefore, for every € Hi, x # 0,

x
Pile, Py (Kx)

and hence ||Kz|? < ||=]?.

2

1
lz]|* = > slel® + —HKa:IIQ, (2.9.23)
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If K is a strict (uniform, respectively) contraction, then the inequality
in (2.9.20) is strict (uniform, respectively), and hence H; @ {0} is maximal
J-positive (maximal uniformly J-positive, respectively). For the converse
statement, we observe that the inequality in (2.9.21) and hence the second
inequality in (2.9.23) are both strict (uniform, respectively) if Hy & {0} is
maximal J-positive (maximal uniformly J-positive, respectively). U

In general, the Riccati equation (2.9.17) may have many contractive
solutions. For example, it is easy to see that if a solution K of (2.9.17) is
invertible, then also —K ~* is a solution; in particular, if K is unitary, then
also —K is a solution. The following theorem describes all unitary solutions
of the Riccati equation (2.9.17) in the case that the block operator matrix .4
is bounded.

Theorem 2.9.15 Let A, B, and D be bounded, A = A*, D = D*.
Then the Riccati equation (2.9.17) has a unitary solution if and only if

there exist a unitary operator Ko € L(H1,Hz) and a self-adjoint operator
GEL(Hl) with

KiDKo=A, B=GK; (2.9.24)
If (2.9.24) holds, then K is a unitary solution of (2.9.17) if and only if
K = KoU

where U € L(Hy) is unitary and such that
AU =UA, UG=GU*. (2.9.25)

Proof. Let Ky be a unitary solution of (2.9.17). Multiplying both sides
of (2.9.17) from the left by the unitary operator K we obtain

A— K;DK, = K;B* — BK,. (2.9.26)

The operator on the left hand side of (2.9.26) is self-adjoint, whereas the one
on the right hand side is anti-self-adjoint. Thus both sides must van-
ish and so (2.9.24) holds with G = K{B™* Vice versa, (2.9.24) clearly
implies (2.9.26). Multiplication of (2.9.26) by Kj from the left yields the
Riccati equation for K.

If Ky is a unitary operator with (2.9.24) and U is as in the theorem,
it is easy to check that, along with Ky, also KU satisfies (2.9.17). Vice
versa, let K be an arbitrary unitary solution of (2.9.17). Set U := KjK.
Evidently, U € L(H1) and U is unitary. Multiplying the Riccati equation
(2.9.17) for K from the left by K and from the right by U*, we obtain,
using (2.9.24),



190 Spectral Theory of Block Operator Matrices

UAU* — A=GU* - UG.

Now the same reasoning as in the first part of the proof shows that U
satisfies (2.9.25). O

Remark 2.9.16 Another description of the set of all possible contrac-
tive solutions of a Riccati equation (2.9.17) was given by V. Kostrykin,
A. Makarov, and A.K. Motovilov (see [KMMO03a, Theorem 6.2]); their
assumption is that there exists a contractive solution Ky whose graph is a
spectral subspace for the corresponding block operator matrix. It is shown
that the latter holds if and only if the solution K is an isolated point
(in the operator norm topology) in the set of all solutions of the Riccati
equation; this geometric approach is based on a result of R.G. Douglas and
C. Pearcy on invariant subspaces of normal operators (see [DP68]).

In order to establish a uniqueness result for strictly contractive solutions
of Riccati equations (2.9.17), we need the following notions.

Definition 2.9.17 Let T be a self-adjoint operator in a Hilbert space H
with spectral function Er. A T-invariant subspace £ C H is called

i) T-spectral if there exists a closed subset A C R with £ = Er(A)H,
il) T-normal if every T-reducing subspace either belongs to £ or contains
non-zero vectors that are orthogonal to L.

Lemma 2.9.18 For self-adjoint T, every T-spectral subspace is T-normal.

Proof. Let L be T-spectral, £L = Ep(A)H for some closed subset A C R.
If £y is a T-reducing subspace, then T is block diagonal with respect to
the decomposition H = Lo @ L. Hence, for the restriction Ty := Tz,
we have o(Ty) C o(T). If o(Ty) C A, then the spectral theorem for self-
adjoint operators yields Lo C L. If there exists a A\g € o(Tp) \ A, we
can choose ¢ > 0 such that (A\g — &, Ao +¢) NA = (. Then the range of
Er,((Ao — €, Ao +¢€)) is nontrivial and orthogonal to L. O

Proposition 2.9.19 Let A = A* D = D* and let B, D be bounded. If
K is a strictly contractive solution of the Riccati equation (2.9.17) with A-
normal graph G(K), then K is the unique contractive solution of (2.9.17).

Proof. Let K be as above and let K; be another contractive solution
of (2.9.17). Then the graphs G(K), G(K;) are A-reducing by Proposi-
tion 2.9.12 and Remark 2.9.13. If there exists a nonzero x € G(K1)NG(K)*,
then there exist © € Hy,y € Ho, x,y # 0, with
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z —K*y
X = = .
Kz Y
Because K and hence K *are strict contractions, we obtain the contradiction

el = 1Kzl = llyll > 1Kyl = =]l (2.9.27)

By assumption, G(K) is A-normal and so G(K;) C G(K). Since both sub-
spaces are maximal J-nonnegative by Theorem 2.9.14, they coincide. O

The following uniqueness result can be obtained from Theorem 2.9.14
and Proposition 2.9.19 (see [ALT01, Theorem 6.3] and the generalization
in [KMMO04, Theorem 4.1]).

Theorem 2.9.20 Let A = A* D = D* with maxo(D) < mino(A),
and let B, D be bounded. Then the Riccati equation (2.9.17) has a unique
contractive solution K, and this solution is strictly contractive.

Proof. By Proposition 2.7.13, ker 4 has the kernel splitting property.
Accordingly, we define £ as in Remark 2.7.12, let Py be the orthogonal
projection onto L4, and set P := [ — Py. Then J := P — P_is a
self-adjoint involution commuting with A. Using a similar reasoning as in
the proof of Theorem 2.7.7 and Remark 2.7.12 (see the proof of [ALTO1,
Theorem 6.2]), we can show that 7; is maximal J-positive. Now all claims
follow from Theorem 2.9.14 and Proposition 2.9.19. ]

Remark 2.9.21 Theorem 2.9.20 can be used to show the uniqueness of
the solutions of Riccati equations established in some earlier results:

i) If maxo(D) < mino(A) in Theorem 2.9.20, then the solution K of the
Riccati equation established in [AL95, Theorem 2.3] (and hence the one
in Theorem 2.7.7 and its Corollary 2.7.8) is unique.

ii) If A and —D are not self-adjoint, but regularly m-accretive with
ReW(D) < 0 < ReW(A) and if B, D are bounded, then the solu-
tions K, K_ of the Riccati equations derived in [LT98, Theorem 4.1],
which are contractions by Theorem 2.7.21 and its Corollary 2.7.23 (see
also Remark 2.7.22), are unique.

Corollary 2.9.22 Let A = A", D = D*, and let B, D be bounded.
If there exists a bounded interval (a,b) C R such that o(D) C (a,b),
o(A) Na,b] = 0, Si(a), S2(a) are bijective and I — (b — a)S1(a)~1> 0,
I —(b—a)S2(a)~t< 0, then the Riccati equation (2.9.17) has a unique
strictly contractive solution.
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Proof. Th(i claim follows from Theorem 2.9.20 applied to the block oper-
ator matrix A:= (A —-b)(A—a)t=T—(b—a)(A—a)" L. O

We close this section by mentioning an existence and uniqueness result
for accretive solutions of Riccati equations, which can be deduced from
Theorem 2.9.14 and Proposition 2.9.19 by a suitable transformation (see
[ALTO01, Theorem 7.2]).

Remark 2.9.23 Let H; = Hy and V, Q, R € L(H;). If there exist
constants v € R and ¢ > 0 such that

Re (7°Q) = Re (R) > c,
then the Riccati equation
YQY +YV 4+ V'Y —R=0

has a unique accretive solution Y € L(H1) which is strictly accretive. If,
additionally, Q = Q* and R = R*, then Y is strictly positive.

Proof. For v > 0, the relations
V=qI+EK)([I-K)™, K= -y +y)7"

establish a bijective correspondence between all strictly accretive operators
Y € L(H;y) and all strict contractions K € L(H;). Now the claim follows
from Remark 2.9.21 ii) applied to the block operator matrix

(en)= ()G 3)Crsr) o
C D)’ —~I 1 R -V* ~I ~I )

Remark 2.9.24 The fixed point approach is not restricted to the case
dist (¢(A),o(D)) > 0. In a series of papers by R. Mennicken, A.K. Moto-
vilov, and V. Hardt, it was also used in the case where o(D) is partly
or entirely embedded in o.(A). The crucial assumption there is that the
second Schur complement admits an analytic continuation through the cuts
along the branches of the absolutely continuous spectrum o,.(A); the latter
is ensured by conditions on B. The diagonally dominant self-adjoint case
(with unbounded A, D and bounded B) was treated in [MM98], [MM99].
The upper dominant self-adjoint case with semi-bounded A, unbounded B
and bounded D was studied in [HMMO02]; in [HMMO03] an upper dominant
non-self-adjoint situation was considered where it was assumed that only A
is self-adjoint and semi-bounded, B, C are unbounded so that C(A—2)"1B
is bounded, and D is bounded. As in Section 2.8, the results were used to
prove theorems on block diagonalization and half range basisness.
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2.10 Variational principles

In this section we generalize the variational principles and eigenvalue esti-
mates established in Section 1.10 not only to unbounded, but also to J-
self-adjoint block operator matrices. Moreover, we give a different proof
which is based on variational principles for unbounded operator functions
by D. Eschwé and M. Langer applied to the Schur complements (see [EL04]).
The crucial assumption here is a certain monotonicity of the Schur comple-
ments which we ensure by assuming that the diagonal entries are bounded
from above and below, respectively. Another difference to the preceding
part of this chapter is that we introduce the Schur complements by means
of quadratic forms, thus allowing for larger classes of block operator matri-
ces; in particular, at least for bounded diagonal entries, we can also treat
the off-diagonally dominant case.

In the following we always assume that A, D are self-adjoint and semi-
bounded, A > a = mino(A), D < d = maxo(D), and that either C=B*or
C=—B* We formulate and prove all results for eigenvalues to the right of
d in terms of the functionals Ay related to the quadratic numerical range;
analogous results hold for eigenvalues to the left of a if A is replaced by A_.

A quadratic form t with domain D(t) in a Hilbert bpace is called reqularly
quasi-accretive if for its numerical range W (t) := {t[z] : x € D(t), |z| = 1}
there exist & € R and ¢ € [0,7/2) such that

W) Ca+Zy, Xy:= {rew: r>0,[¢] <V}
A family t(M\), A € Q C C, of quadratic forms in a Hilbert space is called
holomorphic of type (a) if, for every A € Q, the form t(\) is regularly quasi-
accretive, closed with dense A-independent domain ’D(t()\)) =9, and the
function t(-)[z] is holomorphic in . The corresponding family T'(\), A€,
of regularly quasi-accretive operators induced by the first representation
theorem is called holomorphic of type (B) (see [Kat95, Section VII.4.2]).

Let a and 0 be the closures of the quadratic forms induced by A and D,

respectively, with domains D(a)=D(|A|*/?), D(2)=D(|D|'/?) and

alz,y] = (Az,y), alz] = (Az,z), =€ D(A), y e D(A]'?),

o[z, y] = (Dx,y), olz] = (Dx,z), xeD(D),yeD(DY?),
(see [EE87, Section IV.4] and note that regularly quasi-accretive forms are
called sectorial therein). We begin by considering (essentially) self-adjoint
block operator matrices under three different domain assumptions. For all
three cases, we introduce the sets

D, :=D(|AY?) N D(B*), D, :=D(|D|'/?). (2.10.1)
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Proposition 2.10.1  Assume that A= A* is bounded from below, D= D*
is bounded from above, d := maxco(D), B is closed, C = B*, and let one
of the following conditions be satisfied:

(a) D(|A]'/?) € D(B*), D(ID|'/?)  D(B);
(b) D(|A|Y?) c D(B*), D(B) C D(D) and D(B) is a core of D;
(c) A, D are bounded.

Then A is diagonally dominant and self-adjoint in case (a), upper dominant
and essentially self-adjoint in case (b), off-diagonally dominant and self-
adjoint in case (c), and in all cases D(A) C D1 ®Ds. Moreover,

i) the quadratic form s1()), defined for A € CL :={\ € C:ReX > d} by
51()\)[33, y] = a[I,y} - )\(.ﬁ,y) - ((D - /\)le*3% B*y)v T,y € 917
is closed and regqularly quasi-accretive in Hi with domain D(sl()\)) =
D1 =D(|A|Y?)ND(B*) independent of A, and s is holomorphic on C%;
ii) the operator S1(A\) thus induced by s1(\) is reqularly quasi-accretive and
D(S1(N) = D(A) for (a).
D(Si(N) = {xeD(|A|1/2) :x—(A—V)*lB(D—A)’lB*xED(A)} for (b),
D(S1(\))=D(B(D - \)"'B*) for (c), (2.10.2)
where, in the second case, v 6( — 00, min U(A)) is arbitrary;
iii) the spectra of A and Sy are related by
o(A)NnCL =a(S1)NC, (2.10.3)
op(A) NCY = 0,(S1) NCY. (2.10.4)
Proof. 1In case (a), by Corollary 2.1.20, B* is A-bounded with relative
bound 0 and B is D-bounded with relative bound 0, respectively. Hence A
is diagonally dominant of order 0 and thus self-adjoint by Theorem 2.6.6 i).
In case (b), Proposition 2.3.6 shows that A is essentially self-adjoint. In

case (c), the self-adjointness of A is obvious, e.g. from Theorem 2.6.6 iii).
In cases (a) and (b), we have ®; = D(]A|'/?) and hence

D(A)= D(A)&D(D) = D(|A)@D(D]) € D(|A]Y2)@D(|D|"/2) = D10Ds.
In case (c), we have ©; = D(B*) and thus
D(A)= D(B*) & D(B) c D(B*) @ D(D) C D(B*) & D(|D|"?)=9,& D,.
For case (b), Proposition 2.3.6 shows that

D(A) € D(|A|2) & D(D) € D(|A["2) & D(D|'/*)= ;6 D>.
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i) The form a is closed and regularly quasi-accretive with domain D(a) =
D(|]A|'/?), the form to()) defined by ((A — D)~'B*z, B*z) is closable and
regularly quasi-accretive on D(B*) for A € C4, and for its closure t(\) we
have D(t(\)) D D(B*). Hence the sum s1(A) = a — A + t(\) is closed
and regularly quasi-accretive on D(a) N D(t(A)) for A € CL (see [Kat95,
Theorem VI.1.27] and [Kat95, Theorem VI.1.31]). In cases (a) and (b),
we have D(a) = D(|A|Y/?) ¢ D(B*) € D(t(\)) and thus D(a) N D(t(\)) =
D(|A|Y/?) = D;. In case (c), we have D(a) = Hy and D(t(\)) = D(to(N)) =
D(B*) since D is bounded and hence (D — \)~! is boundedly invertible
for A € C4; thus D(a) ND(t(A)) = D(B*) = Ds.

ii) In the diagonally dominant case (a), the operator B(D — \)~! is
bounded since it is closed and D(D) C D(B). By Corollary 2.1.20, the
assumption D(|A|'/2) c D(B*) implies that B* is A-bounded with A-
bound 0. Hence B(D — A\)~"!B* is A-bounded with A-bound 0. Since A
is assumed to be bounded from below, S;(\) = A — X — B(D — \)~'B*
is regularly quasi-accretive with domain D(A) and self-adjoint for real A €
(d, 00); in particular, S1(A) is closed.

To show ii) in the upper dominant case (b), we follow the lines of the
proof of [EL04, Proposition 4.4]. Let v 6( — 00, min J(A)) be arbitrary. We
fix )\G(Ci and define the sesquilinear form

tlr,y] ==s1(N[z,y] — (v = N (2,y), =,y € D(s1) = D(A]'?).

Then, by i), t is closed and sectorial on the domain D(t) = D(|A['/?).
Let T be the operator induced by t. Then T is regularly quasi-accretive,
D(T) = D(S1(N), and T = Si(A) — (v — A). Because of the identity
(A—v)"1B = (A —v)"'Y/2(A —v)~-1/2B, it is sufficient to prove that T
coincides with the operator T given by

D(T) ={zeD(|A|V?):((A—v)V*~ (A=)~ V2B(D-)\)"'B*)z e D(|A]/?)},
Te=(A—-)2((A= )2~ (A= v)"V2B(D - \)"'B")z, xeD(T).
To this end, let 2 € D(T) and y € D(|A|*/?). Then

A-v) 2, (A—I/)l/gy) — ((D—X\)"'B*z,B*y)

A-v)2z, (A—v)?y) — (D-N)"'B 2, B (A—v) /3 (A-v)"/?y)
(A=v)2z — (A—v)=12B(D—\) "' Bz, (A—v)"/?y).

On the other hand, by the definition of T,

tz, y] = (Ta,y) = (Tz, (A—v) "2 (A-0)2y) = (A—v) VT2, (A-v)"/?y).
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Since v € p(A), we have {(A —v)"/?y:y € D(|A|'/?)} = H; and hence
(A=)~ V2Te = (A—v)Y22 — (A—v)~1/2B(D—\)"'B*z.

This implies that the right hand side of the latter equality belongs to
D((A — v)'/2) = D(|A|*/?). Hence z € D(T) and Tx = Tx.

Vice versa, suppose that = € D(f) and y € D(|A|*/?). The same
calculation as above shows that (fx,y) = t[z,y]. Then [Kat95, Theo-
rem VI1.2.1 iii)] yields = € D(T") and Tao=Txz.

For the proof of ii) in the off-diagonally dominant case (c), let first
z€D(B(D—-X)"'B*) ={z€D(B*): (D—\"'B*z € D(B)}. Then

((A=D) 'B*z,B*y) = (B(A— D) 'B*z,y), y€ D(B*).

According to [Kat95, Theorem VI.2.1 iii)], this implies that = belongs to
the domain of the operator induced by the form (()\ — D) 'B*z, B*x), and
hence z € D(S1(A)). To prove the converse inclusion, let « € D(S1(\)) C
D(s1(A)) = D1. Then z € D(B*) and the form s1(\)[z,y] = (S1(N)z,y) is
bounded in y, which shows that (D — \)"!B*x € D(B).

iii) In the diagonally dominant case (a), the assertion about the spec-
tra follows from Theorem 2.3.3 ii) since S1(A) is closed and the condition
D(D*) = D(D) C D(B) is satisfied (which is not true in the other two
cases) and hence (D — \)~!B* is bounded on D(B*) by Remark 2.2.19.

The proof of iii) in the upper dominant case (b) again follows the lines
of the proof of [EL04, Proposition 4.4]. For the inclusion “2” in (2.10.3),
let A € p(Z) N (Ci. Then, for arbitrary f € H;, there exists a unique
(zy)t € D(A), i.e. z € D(|A[/?), y € D(D) with z+ (A — v) 1By € D(A)
(see Proposition 2.3.6), such that (A — \)(z y)* = (f 0)*, or, equivalently,

Az +(A—v)"'By) —v(A—v)"'By — Xz = f,

B*z+ (D — My =0.

Since A € C4 C p(D), the second relation shows that y = —(D — \) " B*x;
in particular, (z y)* # 0 implies that z # 0. Using this relation for y, we
obtain z — (A —v)"1B(D — A\)"!B*z =z + (A —v)"1By € D(A) and
A(z—(A-v)"1B(D-X\)"'B*z)—v(2—(A—v) 1B(D-\)"'B*z)+(v—\)a=f.
By ii), this means that € D(S1()\)) and Si;(A\)z = f. Since (z y)' is
uniquely determined by f and y is uniquely determined by =z, this proves
that A € p(S1) NC2.

For the inclusion “C” in (2.10.4), we use the same reasoning as above
with f = 0. For the inclusion “D” in (2.10.4), let A € o,(S1) N C4 and
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let z € ker S1(\), © # 0, be a corresponding eigenvector. If we set y :=
—(D=X)"'B*z, then (z y)' € D(A), (zy)" #0,and (A-\)(zy)" = (00)".
In case (c), for the inclusion “D” in (2.10.3) and for “=" (2.10.4), we
observe that the solutions of
x f (A—=MNz+ By = f,
- A = —
A )(y) <0> B+ (D =Ny =0,
with z € D(B*), y € D(B), and arbitrary f € H; are in one-to-one corre-
spondence to the solutions of S1(A\)z = f, i.e.

(A= XNz —B(D-\N"'B*z=f,

with 2 € D(S1())) via the relation y = —(D — \) "' B*z.
It remains to show the inclusion “C” in (2.10.3) in cases (b) and (c). Let
A € p(S1)NCYL. We may assume that A € R; otherwise, A € p(\A) since A is

self-adjoint. It is not difficult to see that, on the set Hy & D((B(D—A)~1),
the (formal) inverse R(A) of A — A is given by
Sl()\)_l —Sl(/\)_lB(D — /\)_1
—(D-=N"1B*Si(\)F (D=N"'+(D-N"B*Si(\)7'B(D -\t

(compare Theorem 2.3.3 ii)). It remains to be shown that in both cases the
set Hy & D(B(D — X\)7!) is dense in Hy & Hy and that R()) is bounded.
In case (b), the assumption that D(D) is a core of B implies that

D(B(D — A)7!) is dense in ‘Hz; in case (c), the fact that D is bounded
and D(B) is dense shows that D(B(D — X)~!) = (D — \)(D(B)) is dense
in H,. Further, in case (b) the operator [S1(\)|*/2 has domain D(s1())) =
D(|A|'/?) C D(B*); in case (c), |S1(A)[*/? has domain D(s1(\)) = D(B*).
So (D—X)"'B*|S1(\)|~%/? is everywhere defined and closable in case (b),
closed in case (c¢), and thus bounded in both cases. This implies that
1St (V)| 7Y2B(D—A)"tc ((D—A)"1B*[S1(A\)|"*/?)" is bounded and hence
so is

(D—=XN)"'B*S;(\)"'B(D -\t

= (D= N7 B SN[ 2 sign(S1 (A) TSI () TVEB(D - 07
In a similar way, one can show that the off-diagonal elements of the resolvent

are bounded. This completes the proof that A € p(71) N (Ci. O

Corollary 2.10.2  Under the assumptions of Proposition 2.10.1, the fam-
ily 51(\), A € C4, is holomorphic of type (a) and the Schur complements
Si(A), xeCd, form a holomorphic family of type (B).
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The variational principles proved below use the functional A, related
to the quadratic numerical range of A as well as the classical Rayleigh
functional (A-,-). To this end, we first extend both functionals from the
domain D(A) = (D(4) ND(B*)) & (D(B) N D(D)) to the set D1 & Dy =
(D(IA]?) N D(B)) & D(D|/2).

Definition 2.10.3 For z € ©;, y € D5, we define
[ (7)|i= alel + (B + (0570 + 2l

and, if z,y # 0,

2\ 1 (afz] oy alz] ]\ |(Brz,y)?
/\+< ):: = + + - +40= 2L (210.5)
y/ 2\l lwl? > flyll® [l]|% 11>
The following variational characterizations for eigenvalues were estab-
lished in [KLT04, Theorem 3.1]; for the special case of diagonally dominant
block operator matrices with bounded off-diagonal entries they were first

proved in [LLT02]. Throughout this section, £ always denotes a finite-
dimensional subspace of the first component ©; C H;.

Theorem 2.10.4  Suppose that A = A* is bounded from below, D = D*
is bounded from above, d := maxo(D), B is closed, C = B*, and that the
block operator matriz A satisfies one of the conditions (a), (b), or (c) in
Proposition 2.10.1 (so that A = A is self-adjoint in cases (a) and (c), and
A is essentially self-adjoint in case (b)). Set

Ae :=min (0ess(A) N (d, 00)) (2.10.6)

and
Ko(A) :==dim L s00)(S(N), A€ p(D)NR.

Further, assume that there exists a point v € (d, 00) such that k_(y) < oco.
Then there exists an o > d so that (d,a) C p(A). If we set = k_(«)
(< 00) and let A7 < Ay < --- < Ay, N € Ng U {co}, be the finite or
infinite sequence of the eigenvalues of A in the interval (d,\.) counted
with multiplicities, then, form=1,2,..., N,

An = min max max /\+<x) = max inf  max )\+<m> (2.10.7)
LCDq zEL YyED o y LCHy r€EDy,x#0 yeDoy y
- 2[(;)] . A[(;)]
= min max max inf max

dim L=k+n =#£0 y#0 dim L=r+n—1 alLl y#£0
3 = max 3
LCDq TzEL yeDqy x LCHq TED], v#0 yeDgy T
dim L=r4+n z=#0 y dim L=k+n—1 xl L y

. (2.10.8)
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If pm, denotes any of the four erpressions

inf max sup )ur(x), sup inf  sup )\+<x>,
Y

LCD; @€l e, LM, TEDL. A0 Lep,
y#0

dim L=m 2#0 7 g dim L=m—1 *LL (2 10 9)
2[(;)] . Al()]
max sup 55 sup inf  sup 5
amecm 520 veR2 [|QIT eeza T veme [|()]
then
o — d if m=1,2,...,k, (2.10.10)
" N if m>k+ N1 o

In the particular case maxo(D) =d < a = mino(A), we have K = 0.

Obviously, in (2.10.7) the conditions = # 0 and y # 0 can be replaced
by |lz|| = 1 and ||y|| = 1, respectively, and in (2.10.8) the variation over y
can be restricted to vectors with || zy) || = 1; the same applies to (2.10.9).

Remark 2.10.5 In all variational principles above, the dimension restric-
tion concerns only the first component. This was already observed in
[DES00a) and [GS99], where the variational characterization (2.10.8) using
the Rayleigh functional 2 was first derived under different assumptions and
without index shift, i.e. with x = 0.

To prove Theorem 2.10.4, we relate the functional Ay to the Rayleigh
functional 2 of the block operator matrix A and to a generalized Rayleigh
functional of the form s; defining the first Schur complement.

Lemma 2.10.6 Letx € D1, 2 #0. Then
i) for A € p(D) and y := —(D — \)"!B*x we have
Q[ xr
6] _,, s
G 1G]

ii) the function s1(-)[x] has at most one zero p(x) € (d, 00);
iil) if p € (d,00) is such that s1(u)[z] <0, then
Ql xr
[z(y)l <A (m) <p, YyEDay#O;
1G] y

iv) if a zero p(x) of s1(-)[x] ewists, it satisfies

02l

y#O

(2.10.11)

[ V)
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Proof. Letx € D1, x # 0, be fixed.
i) By definition of 2 and a, we have, for A € p(D), y := —(D—\)"1B*x,

*[G1]G)

2
=(a—A)z] — (B*z,(D — \)"'B*z)

— ((D=\)"'B*z,B*z)+(B*z,(D—\)"'B*z)
= 51(A)[z].

ii) By the definition of s; in Proposition 2.10.1 i), we have
d

oW = —llz]” = (D= X)7B"z, B'z) < —[«[*, A€ (d,00).
This shows that s1(-)[z] is a strictly decreasing function on (d,00) and
limy o0 51(A)[2] = —00, which proves ii).

iii) Let y € D2, y # 0, and define the 2 x 2 matrix
alz]  (y,B"x)
=2 ]l Iyl
Aw,y = * E MQ((C)
(B*z,y) 2y

[ 10172 7

It is easy to see that

U] afl+ By + 8oy A3 (D). 3 +(x)
Yy

IO EEERTE 22 + Tol?

since, by definition, A;(z,y) is the largest of the two eigenvalues of the
matrix A, and hence the maximum of its numerical range. To prove the
second inequality in ii), let first y € D(D), y # 0. Since Ay = A (z,y) is
an eigenvalue of A, ,, we have det(A; , — Ay) = 0 or, equivalently,

(a=2)[2] (D = APy, y) = [(B 2, v)|*. (2.10.12)

If Ay < d, then the assertion is obvious. If Ay > d = maxo(D), then
the right hand side of (2.10.12) can be estimated by the Cauchy—Schwarz
inequality with respect to the scalar product ((Ay — D)~!-,-):

(B 2, p)” = [(\ = D)7' Bz, (A — D)y)|”

< ((\+ = D)"'B*z, B*z) (A+ = D)1 (A+ = D)y, (A+ — D)y)
= ((\y+ = D)"'B*z,B*z) ((A\+ — D)y, y). (2.10.13)
Hence, by (2.10.12) and (2.10.13),
—(Cl — )\+)[Z‘] < (()\4_ — D)ilB*Z‘, B*Z‘),
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which is equivalent to s1 (A4 )[x] >0. On the other hand, s (u)[z] <0 and we
have shown in the proof of ii) that s1(-)[z] is strictly decreasing on (d, c0).
Thus A4 (z,y) = Ay <p. Since Ay(x,y) is continuous in y with respect to
the graph norm of D, this inequality continues to hold for y €®,.

iv) The inequalities “>” for p(z) in (2.10.11), with sup instead of max,
follow from iii) with 42 = p(); note that, for y = 0, we have A[(})]/I|(}) > =
alz]/||z]|? < p(z) since 0 = s; (p(x))[x] > a[z] — p(z)||z||?. If B*z =0, then
s1(\)[z] = a[z] — A||z]|? and hence, for every y € D, y # 0,

afz] <x)
)= ——%5=A .
PO =gz =M
If B*x # 0, then i) with A\ = p(z) and iii) yield that

Q[[(—(D—p(i))—lB*z)} x
pz) = 5 <A o ) 0
1 pniyy 1)l *(4D—pw» Bm)

Proof of Theorem 2.10.4. For z € D1, = # 0, let p(z) be the zero of
s1(+)[z] according to Lemma 2.10.6 ii); if no zero exists, set p(z) := —oo.

The facts that Sp is a holomorphic operator function of type (B), that
s1(-)[z] is decreasing for z € ©;, and that there exists a v € (d, 00) with
k_(y) < oo imply that all assumptions of [EL04, Theorem 2.1] are sat-
isfied for the operator function S; on the interval (d,oc0) (see also [EL04,
Proposition 2.13]). Now Theorem 2.1 in [EL04] implies that there exists
an interval (d,a) C p(A), that Ae > d (see [EL04, Lemma 2.9]), and that,
with the generalized Rayleigh functional p of S; defined as above,

A, = min max r) = max inf T
n LCD, wel p(z) LCHy  z€Dy, 240 p(z)
dim L=rk+n z#0 dim L=k+n—1 xl L

forn=1,2,...,N and

inf max ) = su inf ) = A
nf max ple) = s i) = A
dim L=m @70 dim Lem_1 @LlL

for m > k+ N + 1. Now the relations (2.10.7) and (2.10.8) and the second
line in (2.10.10) follow from (2.10.11) in Lemma 2.10.6 iv).

It remains to be proved that p,, = d for m < k. Let p,, denote
either the first or the third expression in (2.10.9); the other two cases are
similar. For arbitrary p € (d, o), we have k_(p) = £ > m and hence there
exists a subspace £, C L(_x0,0)(S(p)) with dim£, = m. For z € L,,
x # 0, we have s1(p)[z] < 0, and hence Q([(;)]/H(;)H2 < At (5) < p for
all y € Dq, y # 0, by Lemma 2.10.6 iii). Since p € (d,00) was arbitrary,
this proves g, < d. In order to show that u,, > d, let z € D1, = # 0,
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be arbitrary. Then, for every € > 0, we can choose y. € D, |ly|]| =1, so
that d[y.] > d —e. According to (2.10.5), we have Ay (z,y.) > dfy] > d—¢
and, since limy_, oo Ql[(tz)]/H(t;”)HQ = 0[ye], also Ql[(tz)]/H(t;”)HQ >d—¢
for ¢ € R large enough. Hence p,, > d — €.

The last claim is obvious since d < a implies that (d,a) C p(A) (see
Theorem 2.5.18) and that S1(7) is uniformly positive for v € (d, a). O

In general, it is not easy to check that the assumption x£_(y) < oo holds
for some v € R and to calculate the index shift k. Some information may
be obtained from the numbers p, defined in Theorem 2.10.4.

Remark 2.10.7 Let pp,, m=1,2,..., be as in Theorem 2.10.4.

i) If py, > d for some m € N, then £_(y) < oo for some v € (d, ).
ii) If k_(y) < oo for some v € (d,00) and dimH; > &, then p,, > d for
some m € N.

In both cases, the index shift x:=x_(a) in Theorem 2.10.4 with o € (d, 00)
such that (d,a) Cp(\A) is given by

k=max {m € N: p,, = d}. (2.10.14)

Proof. Let p,, be the first expression in (2.10.9); the other three cases
are similar. Formula (2.10.14) is obvious from (2.10.10).

i) Assume that m € N is such that p,, > d. The claim is obvious if
dimH; < oo. Otherwise, suppose that k_(u) = oo for all p € (d,00).
Then, for every pu € (d,00), there exists a subspace £, C L(_oo0)(S(11))
with dim £, = m. From Lemma 2.10.3 iii) it follows that Ay (z,y) < p for
all z € £, y € D2, x,y # 0. This implies that p,, < p for all g € (d, 00)
and hence u.,,, < d, a contradiction.

ii) The claim is immediate from (2.10.7) and (2.10.8). O

In the second part of this section, we prove variational principles for -
self-adjoint diagonally dominant block operator matrices. First we consider
the case that the quadratic numerical range, and hence the spectrum, is real
(see [LLT02, Theorem 4.2] for the case of bounded B).

Theorem 2.10.8 Suppose that A = A* is bounded from below, D = D*
is bounded from above, maxo(D) =: d < a = mino(A), B is closed,
C = —B*, and D(JA|'/?) ¢ D(B*), D(|D|'/?) ¢ D(B) (i.e. A satisfies
condition (a) in Proposition 2.10.1 and is J-self-adjoint). Assume that
W2(A) C R and that there is a v € R with A_(A) <~y < A (A). Define

Ae 1= min(Tess(A) N (7,00)), AL :=max (0ess(A) U{7}).  (2.10.15)
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If M1 <X <--- <Ay, N € NgU {0}, is the finite or infinite sequence of
eigenvalues of A in (v, Xe) counted with multiplicities, then

T
Ap = min max min A4
LCD(A) zeL yeD(D) Y
dim L=n z#0 y#0

If Avis bounded and Ny > Xy >...> Ny, N'e NgU{oo}, is the finite or infinite
sequence of eigenvalues ofA n (,\;, o0) counted with multiplicities, then

), n=12,...,N. (2.10.16)

. . X
A, = max min min A\, , n=12,...,N". (2.10.17)
LCH, «€L yeD(D) Yy
dim L=n z#0 y#0

Forn > N, the right hand side of (2.10.16) equals \¢; for n > N', the right
hand side of (2.10.17) equals X,.

Like in the self-adjoint case, the proof of Theorem 2.10.8 relies on the
variational principle for unbounded operator functions from [EL04]. In con-
trast to the self-adjoint case (see Lemma 2.10.6), the function (S1(-)z, ) is
no longer monotone and hence does not readily furnish a unique zero defin-
ing the generalized Rayleigh functional p(x) required in [EL04]. However,
we can use the monotonicity of the derivative.

Lemma 2.10.9 Let v € R be such that A_(A) < v < Ay (A) and let
x € D(A), x #0. Then
i) the function (S1(-)z,z) has ezactly one zero p(z) € (v, 00) and

>0, A€ (v,p()),
(Sl(A)x’x){w, A€ (p(@),00);

ii) if p € (v,00) is such that (Sy1(p)z,x) >0, then
x
A+ (y) >p, yeDD),y#0;

iil) the zero p(x) satisfies
min A4 (x) = p(x). (2.10.18)

yeD(D) Yy

Proof. Letx € D(A), z # 0, be fixed.
i) Differentiating the formula S;(\) = A — X+ B(D — \) "' B* twice, we
find that
d2
d)\Q (
thus (S1(-)z,z) is concave on (d,00). Moreover, (S1(A)z,z) — —oo for
A — oco. Hence the function (Si(-)x,2) has at most two zeroes in (d, 0o).

Si(Na,z) = (D= N)°B*z,B*z) <0, X€ (d,o0);
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By Proposition 2.6.10, the assumption A_(A) < v < A;(A) implies that
S1(7) is uniformly positive. Therefore, the function (Si(-)z,z) has exactly
one zero in (v, 00) with the desired property.

ii) Let Ay := Ay(x,y). Since v < A;(A), we have Ay > v > d.
By a similar computation as in the proof of Lemma 2.10.6 iii) (note that
now we have a minus sign on the right hand side of (2.10.12)), we obtain
(S1(Af)x,x) < 0. On the other hand, (Si(p)z,x) > 0 by assumption.
Hence, by i), we obtain u < p(z) < Aj.

iii) The inequality “>" follows from ii) with u = p(x). If B*x = 0, then
(S1(N)z,x) = ((A— N, z) and hence, for every y € D(D), y # 0,

If B*x # 0, then (2.5.3) in Lemma 2.5.7 i) with C' C —B* shows that p(z)
is one of the two zeroes of A(x, —(D —-)"'B*z;-). Since A+ (z,y) are the
two zeroes of the quadratic polynomial A(z,y;-) and p(x) > v > A_(A),
we conclude that

pla) = A+(

T

y)’ y:=—(D —p(a:))_lB*a: € D(D). O
Proof of Theorem 2.10.8. By Proposition 2.6.8, we have the inclusion
o(A)CW?2(A)CR. Asin the proof of Theorem 2.10.4, we use Lemma 2.10.9
and the variational principle from [EL04] for S; to derive formulae (2.10.16),
(2.10.17). Note that for applying [EL04, Theorem 2.1], (Sl(-)x, x) need not
be monotone, but a sign change at p(z) suffices. (I

For bounded [J-self-adjoint block operator matrices, Theorem 2.10.8
has been generalized to the case that the quadratic numerical range is no
longer real (see [LLMTO05, Theorem 5.3]). As in the self-adjoint case with
overlapping spectra of the diagonal elements, this may lead to an index
shift in the variational principle.

Theorem 2.10.10 Let A be bounded and J -self-adjoint. Let the number
u € R be given as in (1.10.2) and assume that there is a Ao € (,0)
such that dim £ 0(S1(Xo)) < co. Then there exists an o > p with
(4, ) C p(A). Define

k= dim L_o0) (S1(a)) < 00
and

Ae = min(0ess(A) N (a,00)), A, := max (0ess(A) U {a}).
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If M1 <X <--- <Ay, N € NgU {0}, is the finite or infinite sequence of
eigenvalues of A in (o, \e) counted with multiplicities, then
An= min max min )\+<x), n=1,2,...,N. (2.10.19)
Y

LCHq €Ll yEHg
dim L=k+n z=#0 y#0

If Xy > X, > > Ny, N € NgU {00}, is the finite or infinite sequence
of eigenvalues of A in (N, 00) counted with multiplicities, then

T
Y

LCH) =zEL yEHo
dim L=n 2#£0  y#0

A, = max min min )\+< ), n=12,...,N. (2.10.20)
Forn > N, the right hand side of (2.10.19) equals \¢; for n > N', the right
hand side of (2.10.20) equals X,.

Proof. The proof of this theorem is similar to the proof of Theo-
rem 2.10.8. Note that here it can only be shown that for x € Hy, x # 0,
the function (Si(-)z,z) has at most one zero in (p,00), not exactly one;
the Rayleigh functional p(z) is defined as this zero if it exists, and —oo
otherwise. There is no index shift in (2.10.20) since S7(A) < 0 for X large
enough. For details we refer to the proof in [LLMTO05, Section 5]. O

Remark 2.10.11 For a bounded block operator matrix A, Theo-
rem 2.10.8 is a special case of Theorem 2.10.10; in fact, by Proposi-

tion 2.6.10, the condition A_(A) <y < A;+(A) of Theorem 2.10.8 implies
that S1(7) is uniformly positive and hence k = 0.

2.11 Eigenvalue estimates

The variational principles established in the previous section for (essen-
tially) self-adjoint and J-self-adjoint block operator matrices are now used
to derive upper and lower bounds for eigenvalues. The bounds are given in
terms of the eigenvalues of the diagonal elements A, D in the diagonally
dominant and upper dominant case and in terms of the eigenvalues of the
operators BB* and B* B in the off-diagonally dominant case. Again we for-
mulate and prove all results for eigenvalues to the right of d = maxo(D);
analogous results hold for eigenvalues to the left of a = mino(A).

First we give a simple eigenvalue estimate from below for the diagonally
dominant, upper dominant, and off-diagonally dominant self-adjoint case.

Proposition 2.11.1 Suppose that the (essentially) self-adjoint block
operator matrixz A satisfies the assumptions of Theorem 2.10.4, define A
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and k as therein, and let d := maxo (D). Let v1(A)<va(A)<---<wvp(A),
M eNy U {0}, be the eigenvalues of the diagonal element A below 0ess(A)
counted with multiplicities, and set vi(A) := min oess(A) for k > M. Then
vg(A) < d, k = 1,2,... K, and the eigenvalues \1 < Ao < -+ < Ay,
N € Ng U {oo}, of A in (d,\.) satisfy the estimate

An > Ven(A), n=1,2,... min{N,M — k}. (2.11.1)

Proof. The estimates are immediate consequences of Theorem 2.10.4:
they follow from (2.10.7), from the inequality (Ax,z)/|z]|? < Ai(z,v),
and from the standard variational principle for the self-adjoint operator A,
which implies that v (A) < pg for k=1,2,..., M. O

The next theorem provides more subtle upper bounds for the eigenval-
ues of diagonally dominant and upper dominant (essentially) self-adjoint
block operator matrices and, if the diagonal entry D is bounded, also lower
bounds refining (2.11.1).

Theorem 2.11.2 Let A = A* be bounded from below, D = D* bounded
from above, d:=maxo (D), B closed, and C = B*. Assume that the block
operator matriz A fulfils condition (a) or (b) in Proposition 2.10.1 and that
there is a v € (d, 00) with k_(v) <oo. Define Ae and k as in Theorem 2.10.4.
Let 11(A) < 1a(A) < -+ < wpy(A), M € Ng U {oo}, be the eigenvalues
of the diagonal element A below cess(A) counted with multiplicities, set
vE(A):=min cess(A) for k > M, and let o’ ,b'> 0, a” € R, b > 0 be so that

|B*z||? < d ||z||> 4+ b az], z € D(A[Y?), (2.11.2)

|B*z|? > o”||z||® + b"alz], z € D(A]?). (2.11.3)
If M <X<...<Ay, NeNyU{co}, are the eigenvalues of A in (d, o)
counted with multiplicities, then

Vutn(4) + maxo(D) \/ ( Vein(A) — maxo(D) )2

A < 5 5 + 0 vn(A) + o

form=1,... N, and if, in addition, D is bounded, then

A 5 Yen(A) tmino(D) \/(VW,(A)—mino(D)

2
2 2 >+ (V" Visn(A) +a”) |
forn=1,...,N, where (t)+ := max {t,0} fort € R. In the particular case
maxo(D) =d < a = mino(A4), we have k = 0.

Remark 2.11.3 i) Note that the inequality (2.11.3) always holds with
a”"=mino(BB*), V" = 0; if B is bounded, then (2.11.2) always holds with
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a’ = ||BJ|, ¥ = 0. Thus Theorem 2.11.2 generalizes [LLT02, Theorem 5.1]
where the diagonally dominant case with bounded B was considered.

ii) If A has compact resolvent, then oess(A) N (d, 00) = () and for every
7 € (d,00) we have k_(y) < co. This follows from [EL04, Theorem 4.5].

Proof of Theorem 2.11.2. By assumption (a) or (b) in Proposi-
tion 2.10.1, we have D(]A|*/?) C D(B*). Hence B* is |A|'/?-bounded and
thus a’,b" > 0 with (2.11.2) exist (see Remark 2.1.3 ii)). The existence of
a’ >0,b" >0 with (2.11.3) is clear (see e.g. Remark 2.11.3); note that a”
may also be chosen to be negative.

The proof relies on the fact that, for 8 > 0, the function

f(s,t)i=s+t+/(s—t)?2+ 03, s,teR, (2.11.4)

is increasing in s and ¢. In order to obtain the upper bound for A,,, let € > 0.
There exists a subspace L. C L(_oo 1, (4)+¢](A) with dim L. = k+n. By
Theorem 2.10.4, we have

LCD(A) zEL yeD(D) z€EL: yeD(D) Y
dim L=r+n [z|=1 |y|=1 lzll=1 |y||=1

Ap = min  max max Ay (x) < max max Ay <x>
Yy

Using first the monotonicity of f with the estimates (Ax,x) < vein(A)+e,
(Dy,y) < maxo(D) = d, and then inequality (2.11.2), we obtain that, for
all z € L., y € D(D), ||z|| = |lyll =1,

S + b/V,.H.n (A) + a.

Viyn(A) +e+d Vern(A) +e —d\?
R
Since € > 0 was arbitrary, the upper estimate for A,, follows. Note that, in
fact, the analysis with € is only necessary if v, 4, (A) = min cess(4).

To prove the lower estimate for Ay, let £ C D(A) with dim L =k +n
be an arbitrary subspace. By the classical variational principle for the
semi-bounded operator A, there exists an z2 € L, ||x¢]| = 1, such that
(Azg,xz) > Viyn(A). Again by Theorem 2.10.4, we have

. T . T

Ap, = min  max max At >  min  Ap .

LCD(A) zEL  yEHo Y LCD(A) B*xﬁ
dim L=r+n |z|[=1  y#0 dim L=kr+n

If we use the monotonicity of f, set d_ :=mino(D), and note that (2.11.3)
implies ||B*z|? > (a”|z||*+ b”a[x])Jr, x € D(|A|Y/?), we arrive at



208 Spectral Theory of Block Operator Matrices

Tr
A <B*CCL)

(Axg, IEL) (DB*CCE, B*IEL) (ACCL, xg) (DB*:EL, B*CCE) 2
— _ B* 2
2 2Bl > 2pap TP
Vian(A) +d_ 1/,{7114—6172
> + ( 2) + \/( + ( 2) ) + (bI/VHJrn(A) + a”)+ . 0

As a consequence of Theorem 2.11.2, we obtain asymptotic estimates for
the eigenvalues of the block operator matrix A if v;(A) — oo for k — oo.

Corollary 2.11.4 If, under the assumptions of Theorem 2.11.2, we have
vi(A) — 0o for k — oo, then, for n — oo,

b maxo(D) +a’ —b'? 1
< / —_— 1.
M S V() + S £ 0[S ) (2L9)

b" mino(D) +a” — b2

1
> /' . (2.11.
A > Vean(A) + 0" + e (A) —mino (D) +O(un+n(A)2> (2.11.6)

Proof. The upper estimate in Theorem 2.11.2 with d = max (D) yields

A, < VK+7L(A) +d + Vrc+n(A) - d\/1+ (b/l/,.H_n(A) + 0/) (VK-H’L(A) - d>_

- 2 2 2
2
- el 20 thenlf) 0, (bfmnmna’)(”””*”( =)

_ é (Vv in(A) +a')? (V”” (;4 ) (uﬁn ﬂ
|

Vviin(A)+a" (Wvein(A) + )2 ( 1 )
= Vk+4n A +
SRR ') e R AN o) B R WA
bd+a —b'? 1
= Vpin (4 e — — .
) 14 5 0w
This proves (2.11.5); the proof of (2.11.6) is similar if we use (t)y>1¢. O

Next we derive upper and lower bounds for eigenvalues of off-diagonally
dominant self-adjoint block operator matrices in terms of eigenvalues of the
operator BB*; as in Section 2.10, we restrict ourselves to bounded A and D.

Theorem 2.11.5 Let A = A* and D = D* be bounded, d := max o (D),
B closed, and C = B* (so that A is self-adjoint). Suppose that there exists
a vy € (d,00) with Kk_(y) < oo. Define e and « as in Theorem 2.10.4.
Let v1(BB*)<wy(BB*)<...<vp(BB*), M eNgU{oo}, be the eigenvalues
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of BB* below oess(BBY) counted with multiplicities and set vy(BB¥) :=
minaeSS(BB*) for k>M. If My <Xa<...<An, NeNgU{oc}, are the
eigenvalues of A in (d, \e) counted with multiplicities, then, forn=1,..., N,

mino(A)+mino (D) mino(A)—mino (D)
= 2 +\/( 2

2
) —|—V,.€+,L(BB*),

max o (A) ;max o(D) n \/(max a(A) ;max G(D))—i— Vitn(BB*).

In the particular case maxo(D) =d < a = mino(A), we have k = 0.

Proof. For B =0, the assertions are clear. For B # 0, the estimates are
proved in a similar way as in the proof of Theorem 2.11.2:

Since ||B*- ||? is the closure of the quadratic form (BB*-,-), the clas-
sical variational principle for BB* shows that, for an arbitrary subspace
L C D(B*) with dim £ = k + n, there exists an zp € L, ||xz|| = 1, with
|B*z£]|? > viin(BB*). Hence, by Theorem 2.10.4,

Ap = min max max Ay <9yc> >  min ) )\+< L )

LCD(B*) x€L  yEHgy LCD(B* B*x,
dim L=k+n |z|=1 y#0 dim L=k+n

Using the monotonicity of the function f in (2.11.4) and then the inequality
for | B*xc|?, we find that

xr
A
i (B*M)

< mino(A) + mino (D) L+ \/(min 0(A) —mino

- 2 2

To prove the second inequality, let € > 0 be arbitrary. Then there exists
a subspace L. C L(_og v, (BB*)+<](BB*) with dim L. = k +n. Again by
Theorem 2.10.4, we have

Ap, = Mmin max max Ay (x) < max max Ay (x)
Yy

(D)) + VK—‘,—’IL(BB*) .

LCD(B*) €L yEHo zE€ELe YEHo
dim L=r+n |z]=1 |y|=1 lzl=1 ||y|=1

Using the monotonicity of the function f in (2.11.4) and then the inequality
|B*z||? < vyin(BB*) + ¢ for z € L., we conclude that, for all z € L.,
y € Ha, |zl = llyll = 1,

()

< max o(A) —;—max U(D)+ <Inax o(A) ;max U(D))j—vm_n(BB*)—FE .

Since € > 0 was arbitrary, the desired inequality follows. O
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The following particular case of Theorem 2.11.5 is of interest with
respect to applications, e.g. to matrix differential operators of Dirac type.
Here we assume that maxo(D) < 0 < mino(A4) and we formulate
the estimates not only for the positive eigenvalues of A (to the right of
max o (D)), but also for the negative eigenvalues (to the left of mino(A)).

Corollary 2.11.6  Suppose that A is self-adjoint, A, —D are bounded and
uniformly positive, and both BB* and B* B have compact resolvents. Set
a_ :=mino(A), a4 :=maxo(A),
d_ :=mino(D), dy:=maxo(D),
and let vir (BB*), v, (B*B), n=1,2,..., be the eigenvalues of BB*, B*B,
respectively, enumerated non-decreasingly and counted with multiplicities.
Then (dt,a—)No(A) =0 and o(A) consists of two sequences (Aipn)nen of
eigenvalues of finite algebraic multiplicities accumulating at most at £oo.
If we enumerate ... <A_ o< A_1 <0< A <Ao< --- counting multiplicities,

then J 7Nz
An > L‘; — + \/<7a‘ ; ‘) + va (BB*), (2.11.7)
d —d. )\’
An < % + \/<CL+T+) + vt (BB¥), (2.11.8)
form=1,2,... and
d —dy )\’
An > —‘”;r + \/(a+ . *) + vy (B*B), (2.11.9)
a_ +d_ a_ —d_\> _
An €~ = 5 + vy (B*B). (2.11.10)
In the limit n — oo, the asymptotic estimates
—d_ 1 a_—d_\’ 1
Ao 2 v (BBY)Y2 42 < ) O< )
> v ( ) 5 +2V7J{(BB*)1/2 5 + T (BB
+d 1 ay—dy\’ 1
< v (BB P4 “owrmey e\ "2 )T O\ursey

hold, and analogously for the negative eigenvalues A_,,.

Proof. Since maxo(D) < 0 < mino(A), we have k = 0 by the last
claim in Theorem 2.10.4. Now (2.11.7), (2.11.8) follow readily from The-
orem 2.11.5; the latter implies, in particular, that A;(z,y) > a_ and that
Oess(A) = 0. The estimates for the negative eigenvalues follow from Theo-
rem 2.11.5 by considering —A and swapping H; and Hs. O
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Remark 2.11.7 The assumption that both BB* and B* B have compact
resolvents cannot be simplified in general; only if B is bijective, it is equiv-
alent to the fact that B has compact resolvent. In this case, o(BB*) =
o(B*B) (see [HMO1, Theorem 4.2]) and hence v,} (BB*) = v,, (B*B).

Remark 2.11.8 If A=aly,, D=d Iy, with constants a, d € R in Corol-
lary 2.11.6, then the upper and lower eigenvalue bounds in (2.11.7), (2.11.8)
coincide since a_ =a4, d_ =d4 and so, e.g. if B is bijective (see above),

2
Aiy = “;rd + \/<“;d) + vt (BB¥).

Remark 2.11.9 If, in the situation of Corollary 2.11.6, there exists an
element xy € ker B*, xg # 0, we can improve the upper bound for the first
positive eigenvalue A\ of A; in this case, (2.10.7) yields that

A
Al = min max Ay “) < max Ay o :M’
zeD(B*) yEHg Y yEHS y ”330”2
=70 y#0 y#0
and hence
4 <\ < (Awoiﬂgo)
o]l

A typical situation where Corollary 2.11.6 applies is if A and D are
bounded multiplication operators and B is a regular differential operator.

Example 2.11.10 Let g € L[0, 1] be a positive function and consider

g —D d
= D:—
A <D —g)’ dz’

in L?(0,1)®L?(0, 1) with periodic boundary conditions in both components.
Here the eigenvalues v, (BB*), n=0,1,2,..., counted with multiplicities,
are given by vg (BB*) = 0 and v,} (BB*) = (2kn)? for n = 2k — 1,2k and
k € N. Hence, for n = 2k — 1,2k and k € N, we obtain the estimates

. . 2
esssup g — essinf g 1 [esssupg+essinfg 1

An > 27k — S —,
=7 2 drck < 2 N\ =

. . 2

esssup g — essinf g 1 [esssupg+essinfg 1
Ay < 27k S o —
= ekt 2 Ak < 2 k2

for the positive eigenvalues of .4, and similarly for the negative eigenvalues.

Remark 2.11.11 Self-adjoint off-diagonally dominant block operator
matrices of the form

-D%24g¢q d
’ dx

_ p _4d
A_<_D2+q i D=—, (2.11.11)
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in L3[0,00) & L2[0,00) with real-valued functions p, r, ¢ were studied in
great detail by H. Behncke and A. Fischer in [BF02], using analytical tech-
niques like asymptotics of eigenfunctions and the M-matrix. Their main
results concern the deficiency index and the fine structure of the spectrum
including discrete parts, singular continuous and absolutely continuous part
and multiplicities, as well as embedded eigenvalues.

The two-sided estimates in Corollary 2.11.6 apply to the Dirac operators
on manifolds with S!-symmetry considered in Example 2.5.20. In addition
to the lower bound for the smallest eigenvalue in modulus derived there,
we now obtain upper and lower bounds for all eigenvalues (see [KLT04,
Theorem 4.17)).

Example 2.11.12 Let M = B™x f]:k be a warped product of closed spin
manifolds (see Example 2.5.20) and denote by fmax and fimin the maximum
and minimum, respectively, of the warp function f: B™ — R*. With the
notation of Example 2.5.20, we define the dimension of the kernel of the
Dirac operator Dg on the basis B and the Fredholm index of Dg and set

vg := dimker Dg, 45 :=ind Dg = dim ker Dg — dimker Dy,
Y8 — 0B Y8 +0B

ag = = dimker Dy, fg:= = dimkerng.

Let ., n = 1,2,..., be the eigenvalues of Dy counted with multiplici-
ties and enumerated so that the sequence (|Cn|)(1>O is non-decreasing and
Gy+j < 0 for j odd. With Bj as in (2.5.9), the eigenvalues uj{’n and vy .
n = 1,2,..., of the operator (ByBj)'/? and of (B}Ba)'/?, respectively,
enumerated non-decreasingly, for even m are given by

V[tn =0, n=1,...,agr(A),
VX_,n = Cy+25, n=agr(A)+ (G —Dr(A)+1,...,agr(A) + jr(A),
Vpn =0, n=1,...,08r(7A),

VAn = VI Antor(h)s N = Bpr(A) +1,8sr(A)+2,...,
and for odd m by
VX_,n:VX,n: |<j|7 n=(—-1r(A)+1,....jr(A).

The eigenvalues Ay n, n = £1,£2,..., of Dag of weight A # 0, A € o(Dr),
which coincide with the eigenvalues of the block operator matrix A, given
by (2.5.10), can be enumerated so that --- < Ay _2 < Ay,_1 <0< A1 <
Ar2 < ---. Now Corollary 2.11.6 yields that, forn =1,2,...,
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a2 =l (- )+ \/Afz(fi + ) R

s B \/Afg(fi * ) 02

If A = 0 in the above estimates, upper and lower bounds are the same and
coincide with the eigenvalues of weight 0, apart from multiplicities.

Note that, for even m, the spectrum of weight A is not symmetric to 0; if,
however, the spectrum of the fibre F is symmetric to 0, then so is the spect-
rum of the whole Dirac operator D o¢. In fact, if A€ o, (D ay) is an eigenvalue
of Ap with eigenvector (11 12)", then —\ is an eigenvalue of A_, with
eigenvector (11 —12)" since —A; A =A; _a, i=1,2, and so —A\€op, (D).

If we further estimate the bounds for As 4+, by omitting the terms
(l/in)z, we obtain that the eigenvalue Ap min of weight A # 0 with small-
est modulus satisfies the lower estimate |AA min| > |A|/ fmax already proved
in (2.5.11); if 0 € o(Dg), then either v{, = 0 or vy ; = 0, and hence,
altogether, Ap min satisfies the two-sided estimate

In the special case of a Riemannian spin manifold B with parallel spinor ¥,
i.e. VU =0, the estimate for the first positive eigenvalue Ap ;1 of weight A
of the Dirac operator on Bx ¢ F is improved by Remark 2.11.9 to

Al 1/IAI
2B < — | Blgs
Foax — M= N0lB s f B

Examples of such manifolds are the warped products M =S x s F with a
closed manifold F; here the basis manifold is one-dimensional and the esti-
mates may be improved by ODE methods like Floquet theory (see [Kra03]).

Finally, we derive eigenvalue estimates for J-self-adjoint block operator
matrices; we restrict ourselves to Theorem 2.10.8, i.e. to the case where the
quadratic numerical range is real and hence k = 0.

Theorem 2.11.13  Suppose that A = A* is bounded from below, D = D*
is bounded from above, maxo(D) =: d < a = mino(A), B is closed,
C = —B*, and D(|A|Y/?) c D(B*), D(|D|'/?) € D(B) (so that A sat-
isfies condition (a) in Proposition 2.10.1 and is J-self-adjoint). Assume

that W2(A) C R, that there is a v € R with A_(A) < v < Ay (A), and
define Ae = min(oess(A) N (7,00)). Let v1(A) < va(A) < ... < var(4),
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M e N U {0}, be the eigenvalues of A below oess(A) counted with multi-
plicities, set vi(A) := minoess(A) for k> M, and let A\ <o <...<Ap,
N € Ny U {0}, be the finite or infinite sequence of eigenvalues of A in
(7, Xe) counted with multiplicities. If D is bounded, then, forn=1,... N,

va(A)+mino(D) | \/ <1/n(A)—mina(D) )2

An S 2 9 —HlinO'(BB*).

mino(A) — maxo(D)
2

- un(A)+;naxa(D) . \/(VR(A) —;naxa(D))_ 1B,

If B is bounded, |B| <

, then, form=1,... N,

Proof. For 3>0,s>t, and (s —t)? > 3, the function

fls,t)=s+t+/(s—1)2—3

is increasing in s and decreasing in ¢. For every € > 0, there exists a sub-
space Lo C L(—oo,,(A)+¢](A) with dim L. = n. Then, by Theorem 2.10.8,
Ap = min max min A4 (m) < max min Ay <x> < max )\+< . )

LCD(A) z€L yEHg z€Le yEHo B*x
dim L=n |lz]|=1 y#0 [l=ll=1 yz0

From the monotonicity of f (note that the condition (s—t)2 > 3 is fulfilled
because W?2(A) is real) together with the inequalities (Ax,z) < v,(A) + ¢,
(DB*z,B*z)/||B*z||* > mino(D), x € L., it follows that, for z € L,

x
(o)

_(Az,x) (DBz,B"x) \/((Ax,x) (DB*a:,B*a:))2

— —(BB*
D 2B 2|2 D 2B |2 (BB*z, )

<
- 2 2
since € > 0 was arbitrary, this proves the upper estimate for \,,.

For the proof of the lower estimate, let £ C D(A) with dim £ = n be
an arbitrary subspace. By the classical variational principle for the semi-
bounded operator A, there exists an . € £ with ||zz|| = 1 such that
(Azz,xr) > vp. Then, again by Theorem 2.10.8,

Ap = min max min A; (ac) > min  min A4 (xﬁ)
Y

LCD(A) =z€L yeD(D) LCD(A) yeD(D) Yy
dim L=n |lz|=1 |y|=1 dim L=n |y|=1

Vn(A) 4+ €+ mino(D) L+ \/(Vn(A) +¢e—mino(D) )2_ min o(BB*);

2
>Vn(A)+12naxo(D)+\/<Vn(A)—I2naxo(D)> B o
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We conclude this section by applying the above results to estimate the
eigenvalues of a A-rational spectral problem for the Laplace operator on
a bounded domain 2 C R™. In the one-dimensional case, which is the
A-rational Sturm-Liouville problem considered in Example 2.4.3, the eigen-
values were investigated in many papers, see e.g. [AL95], [GMO03], [MSS98],
[Lut99], and the references therein.

Example 2.11.14 Let Q C R™ be a bounded domain, ¢, w,u € L*>(Q),
and assume that either w > 0 or w < 0. We consider the spectral problem
(—A—Fq—/\—L)\)(p:O, oloa = 0. (2.11.12)
w—
As in Example 2.4.3, we see that (2.11.12) is equivalent to the eigenvalue
problem for the block operator matrix

A:< ~A+q ﬁ)
(signw)y/w u

in L?(2) @ L?(2) with domain D(A) = {y1 € W3(Q) : y1]oq = 0} & L*();
in fact, the equation (2.11.12) is exactly the spectral problem S;(\)¢ = 0
for the first Schur complement S; of A. We distinguish two cases:

a) w > 0: Here A is self-adjoint and satisfies all assumptions of
Theorem 2.11.2 with ¥ = b’ = 0, @' = esssupw, a’ = essinfw (see
Remark 2.11.3). Let v; < v < --- be the eigenvalues of the left upper
corner A of A, i.e. of the spectral problem

(~A+q—XN)e=0, ¢laa=0. (2.11.13)

If Ay < Ay < ... are the eigenvalues of (2.11.12) greater than esssupu and
k is the number of negative eigenvalues of S1(v) = —A+q¢—v—w/(u—"7)
for a fixed v € (ess sup u, )\1), then, forn=1,2,...,

2
v + esssup u v — esssupu
A < 3 P + \/( win 5 P ) + ess sup w,

A, Vi+n —|—2ess infu n \/(Vﬁ+n —2ess infu)2 + essinf w.

(2.11.14)

Y

For the one-dimensional case, the first inequality in (2.11.14) was proved
in [Lan00, Corollary 4.2] by different means for ¢ = 0. In [EL04], using the
variational principle for the Schur complement, it was shown that
ess sup w

)\n S Vi+n + e —
Vg4n — €SSSUPU
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however, due to the inequality

s+t s—t
2 + ( 2
this estimate is weaker than the estimate from above in (2.11.14).

b) w < 0: Here A is J-self-adjoint. If we suppose that

2 B
)‘f’ﬂgs—‘rm, S>t,ﬁ207

1
esssup / |w| < g(min o(—A +q) —esssupu),

then A satisfies the assumptions of Theorem 2.11.13; in particular, its qua-
dratic numerical range and spectrum are real. Let again 1y < vy < ...
be the eigenvalues of (2.11.13). If \; < Ay < ... are the eigenvalues of
(2.11.12) greater than (mino(—A+¢)+esssupu)/2, then, forn=1,2,...,

A, < Vn+e2SSinfu n \/(I/n—e;Sinfu>2  essinf [u],

2
An > Vn T esssupu e;ssupu + \/(7% — e;ssupu) — esssup |w|.

Applications of the eigenvalue estimates derived in this section are given
in Section 3.1 to a spectral problem from magnetohydrodynamics and in
Section 3.2 to the eigenvalue problem for the angular part of a Dirac oper-
ator in curved space-time.



Chapter 3

Applications in Mathematical Physics

Systems of linear partial differential equations of mixed order and type arise
frequently in mathematical physics, e.g. in linear stability problems in mag-
netohydrodynamics and fluid mechanics, as well as in quantum mechanics.
Such systems may be described by block operator matrices whose entries are
differential operators. This opens up the way to use the spectral properties
of parts of the system (the entries of the block operator matrix) to obtain
spectral information about the whole system (the block operator matrix).

In this chapter we apply the results of Chapter 2 to three different
examples: to an upper dominant block operator matrix arising as a force
operator in magnetohydrodynamics, to a diagonally dominant block oper-
ator matrix governing the linear stability of the Ekman boundary layer in
fluid mechanics, and to the prototype of an off-diagonally dominant block
operator matrix, the Dirac operator from quantum mechanics.

3.1 Upper dominant block operator matrices
in magnetohydrodynamics

The linearized equations of ideal magnetohydrodynamics (MHD) are used
to describe some phenomena occurring in the interaction of a magnetoac-
tive plasma and an exterior magnetic field (see [Lif89]). These equations are
systems of partial differential equations of mixed order and type (Douglis-
Nirenberg elliptic systems); the corresponding linear operator, also called
force operator, is an upper dominant block operator matrix which is typi-
cally essentially self-adjoint. If the spectrum of the force operator is non-
negative, then the plasma configuration is stable; knowledge about the
essential spectrum of the force operator may be used to heat the plasma
by means of so-called Alfvén waves (see [Rai91], [Lif85]). The first rigorous
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mathematical approach to calculate the essential spectrum of block oper-
ator matrices occurring in MHD was based on pseudo-differential calculus
and is due to G. Grubb and G. Geymonat (see e.g. [GG77], [GGT9]) and
J. Descloux and G. Geymonat (see [DG79], [DG80]). They seem to be the
first who observed that, unlike regular differential operators, regular matriz
differential operators may have non-empty essential spectrum.

In this section, we present an operator theoretic approach to investigate
the spectrum of the force operator associated with a plane equilibrium
configuration of a gravitating ideal plasma in an ambient magnetic field (see
[LL84, §68], [Goe83], [Lif89]). We apply the results of Sections 2.4 and 2.11
to determine the essential spectrum and to estimate the eigenvalues of this
problem (see [Rai91], [ALMS94], [AMS98], [KLT04, Example 4.5)).

Example 3.1.1 The linear stability theory of small oscillations of a
magnetized gravitating plane equilibrium layer of a hot compressible ideal
plasma, bounded by rigid perfectly conducting planes (at x = 0 and « = 1,
say), leads to a spectral problem for a system of three coupled differen-
tial equations on the interval [0, 1]. The corresponding linear operator is a
(14+2) x (142) block operator matrix given by (see e.g. [ALMS94, Section 5],
[Lif89, Chapter 7.3, (3.19)], and [Rai91])

o Dpo(vZ+v2)D+k*02 | (pg' Dpo(vi+02)+ig)kL (o Dpovi+ig)k

A=l ki((v2+v3)D—ig) k202 + k% 0?2 ki kyv?
k’H (UED—ig) /ﬂ_k”’l}sz kﬁ’vsz

on [0, 1] with Dirichlet boundary conditions for the first component at x = 0
and x = 1. Here D = —id/dz is a first order derivative, g is the gravita-
tional constant, and all other coefficients are functions on [0,1]: po the
equilibrium density of the plasma, v, the Alfvén speed, vs the sound speed,
k1, k) the coordinates of the wave vector k with respect to the field allied
orthonormal bases, and k = , /k? + kﬁ the length of k.

The above block operator matrix A is considered in the Hilbert space
product L2 (0,1) & (L2 (0, 1))2 where L2 (0,1) denotes the L2-space on
[0, 1] with weight po. If W}2(0,1) and W,f(fo(Q 1) denote the Sobolev space
of order k associated with L2 (0,1) without and with Dirichlet boundary
conditions, respectively, then the entries A, B, C, and D of A are given by

Am ' Dpo(2+ 2 DHERE, D)= (WER0.1) N0, 1)

B = (o' Dpo(vi+02)+ig)ks (o Dpovtig)ky ), D(B)=(W2(0,1))*
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 (kL((v2+vH)D—ig) L
C'_( k(vzD—ig) > D(C)=W,;6(0,1),

k202 + k% 02 kJ_k”UE 9 2
D := < Jey ko2 kﬁvsz , D(D):= (LPO(O, 1))~

Proposition 3.1.2  The block operator matrixz A with its domain

D(A) = D(A) & D(B) = (W22(0,1) N\ Wi (0,1)) & (W)3(0, 1))

is upper dominant and essentially self-adjoint.
Proof. It is not difficult to see that A is an unbounded positive self-
adjoint operator in L2 (0,1), D is a bounded self-adjoint operator in
(L2,(0,1))%, B is closed, and C=B*. Since D(A) C D(B*), D(B) C D(D),
the block operator matrix A is upper dominant by Remark 2.2.2 iii). Fur-
thermore, D(B) N D(D) = (W,.%(0, 1))2 is dense in (L2 (0, 1))2 and hence
a core of D, and it can be shown that D(A'/2) C D(B*) (see e.g. [ALMS94,
Proposition 4.1]). Thus A is essentially self-adjoint by Proposition 2.3.6.
]
The self-adjoint closure A of A is called force operator. Next we deter-
mine the essential spectrum of A using the second Schur complement.

Theorem 3.1.3  The essential spectrum of the closure A of A is the set
Jess(vz) = Aa7k ([07 1]) U )\m,k([oa 1])7
the functions Aa i, Am, i being the squares of the Alfvén and mean frequencies:

2,,2
VS Ug
Aok = k{vd, Ak = k52—

l02 + 0

Proof. We calculate the essential spectrum of A in two steps. First we

use Corollary 2.4.13. Obviously, A is positive, in particular, 0 € p(A), and A

has compact resolvent. This implies that A~'/2 is compact and hence so is

D 'B*A~! = D='B*A~1/24-1/2 because D! and B*A~1/2 are bounded.
Hence A satisfies all assumptions of Corollary 2.4.13, which yields

Oess (A) = 0ess (52(0) ) = 0ess (D — B*A-1B).

Now we employ Theorem 2.4.15 to calculate oess(D — B*A~1B) by

splitting off the lower order terms in A, B, C'=B* and D. To this end, set
Ay = py' Dpo(v%4+02)D, D(Ao) := D(A),

Bo i=(p5' Dpo(v )1 p5'Dpov?ky ), D(Bo) = D(B),
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O ki (v2+0v2)D
0 k||US2D

Then all assumptions of Theorem 2.4.15 are satisfied with o = 0 and thus
Oess (Z) = Oess (D - BSAalBo)

) — B}, D(Cy) = D(C) = D(BY).

The bounded operator BSA()_lBO on D(By) = (Wplo’Q (0, 1))2 has the form
ko (vi+o2 _ ~1
( L(k”vz )>D(p01Dpo(v§+vf)D) (o5 Dpo) ((vi—kvf)kl vfk”)
_ (kr(i+ed)) 1
- vio?

_ ki(vz +’l)82) kJ_/C”US? LK
o\ kakpvd o kfog/ (v +03) 0

((vfﬂ—vsg)kL vfkﬂ) + Ky

with a compact integral operator K. Together with the formula for the
matrix multiplication operator D and the relation k? = k% + kﬁ, we obtain

_ k2112 0 N 0
= | ~a _ ak
O'ess(A) = Oess << 0 kﬁvzvf (Ug + US) >> = Oess <( 0 )\m’k ))
= Xare(10,1]) U A ([0, 1]). .

Next we study the discrete spectrum of the force operator A using the
eigenvalue estimates proved in Section 2.11.

Theorem 3.1.4 Define the functions f+ : [0,1] — R by
_ Red ) \/k4(U§ +02)?
o 2 4

Then the spectrum of the force operator A in the interval (max f+,oo)
consists of eigenvalues A\ < Ay <--- accumulating at co. If vy < g < -+
are the eigenvalues of the operator

A= 05 Dpou? + oD + K42, D(A)= (WE2(0.1) N W5 (0.1),

J+

- kaﬁvgvSQ.

. 2 . .
in L7 (0,1) and the constant  is given by (2.10.14) (see also (2.10.14)),
then the eigenvalues of A satisfy

(v +v3)*kT + viks 1
An < Vytn + max = I —|—O( ),
Vitn

v2 + 02
(v7 +03)%k% + vikf O( 1 )

An > Vin + min
v2 + v2
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Proof. First we show that A satisfies the assumptions of Theorem 2.11.2
and determine a’, a”’, b, b” so that (2.11.2), (2.11.3) hold. Using the
definition of the operators A and B* = C and integrating by parts, we find

1 1
a[y]=/ popily'|* da +/ po q1ly|* dz,
0 0

1 1
B0 = [ popaly' Pz + [ poaalyl d
0 0
here the functions p1, q1, p2, and g2 are given by

p1 = vi + Uf, q = k%i,

g !/
p2 = (03 + 022k oSk, @2 =K - %(Po ((Uz +od)kL + Ufkﬁ)) '
Then the assumptions (2.11.2), (2.11.3) of Theorem 2.11.2 hold with

b = maxlz, a’ = max {max gz — bminqy,0},
p1

b = min ZQ, a” = min gz — b’ max q;
b1
for instance, (2.11.2) follows from

1 1 1
| B*y[|* < b’ (/ poplly'lzdx+/poq1|y|2dx) +/po(—bq1+tJ2)|y|2dw
0 0 0

<V aly] +d[|y]*

Finally, the spectrum of the 2x2 matrix multiplication operator D in right
lower corner of the block operator matrix A is the range of the functions
f+ defined above (note that, for fixed x, fi(x) are the eigenvalues of the
2 x 2 matrix D(z)), and thus

maxo(D) = max fy, mino(D) = min f_.

The claimed estimates now follow from Corollary 2.11.4 of Theorem 2.11.2
if we only use the first two terms in the asymptotic estimates (2.11.5) and
(2.11.6) therein. O

This application illustrates how the two Schur complements may be used
to investigate different spectral properties of a given block operator matrix:
Whereas the essential spectrum of the force operator A in Example 3.1.1
was determined by means of the second Schur complement, the eigenvalue
estimates used for the discrete spectrum of A were based on variational
principles for the first Schur complement.
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3.2 Diagonally dominant block operator matrices
in fluid mechanics

Linear stability in hydrodynamics is often determined by non-self-adjoint
spectral problems which, in addition, may have the non-standard form
Az = ABz with linear operators A and B. A typical example is the famous
Orr-Sommerfeld equation describing the linear stability of a flow of a vis-
cous incompressible fluid; in this case, the operators A and B are ordinary
differential operators or order four and two, respectively, equipped with
suitable boundary conditions. On a compact interval, the Orr-Sommerfeld
problem has discrete spectrum, on the singular interval [0, 00), it also has
essential spectrum on a half-line parallel to the real axis.

Another example is the linear stability for the two-dimensional Ekman
boundary layer flow which is produced in a rotating tank with small inflow
(see [Lil66]). Here the linear operators A and B are diagonally dominant
block operator matrices whose entries are non-self-adjoint ordinary differ-
ential operators on [0,00). In fact, the left upper equation of the 2 x 2
matrix equality Az = ABz coincides with the Orr-Sommerfeld equation.

The essential spectrum for the Ekman boundary layer problem was rig-
orously determined in [GMO04] by explicitly constructing singular sequences,
though a heuristic argument of [Spo82] already indicated the result ear-
lier. In this section we demonstrate how the method presented in Sec-
tion 2.4 facilitates the calculation of the essential spectrum (see [MT94,
Theorem 3.1]).

Example 3.2.1 The stability theory of Ekman boundary layers leads to
the system of differential equations (see [Fal63], [Lil66], [Gre80, Section 6.4])

(-D%*+a?)%+iaRV (-D?*+a?)+iaRV" 2D n
2D +iaRU’ —D*a?+iaRV ) \y,

—A (_DQSLO‘Q ? ) (z;) (3.2.1)

on the interval [0, 00) with boundary conditions

y1(0) = 91(0) = 92(0) =0, y1(00) =y1(00) =ya(00) =0;  (3.2.2)

here D = d/dx is the derivative with respect to the independent variable
x € [0,00). The constant R > 0 is the Reynolds number (a measure for the
viscosity of the fluid), @ € R\ {0} is a wave number, and the functions U, V
are the unperturbed velocity profiles. The spectral parameter A = iaRc
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is related to the exponential time dependence of the perturbing stream
function ¥ and velocity u by

b(x,y,t) = yi(z) exp(ialy —ct)), u(z,y,t) = ya(x) exp(ialy — ct));
thus Re A > 0 corresponds to stability of the perturbation and Re A < 0 to
instability. We suppose that U is differentiable, V is twice differentiable,
and U, V, V" € L1]0, 00) N L [0, 00); conditions that are less restrictive but
more comphcated to describe may be found in [EE87, p. 443].

In the Hilbert space H; = Ha = L2[0, 00), we define the operators
A = (-D*+a?)*+iaRV(-D*+a?)+iaRV",

D(A) := {y1 € W5[0,00) : y1(0) = 1 (0) = 0},

B := 2D, D
C :=2D +iaRU’, D
D := -D*+a? +iaRV, D {yg € W2[0,00) : y2(0) = 0}
P := —-D%*+a?, D = {y1 € W2[0,00) : yl(O =y1(0) = 0}
The domains for A, C, and D are appropriately chosen in view of the
results in [EE87, p. 443); in fact, the terms involving U’, V, V" are relatively

compact perturbations of the respective leading terms whenever U’, V, V" €
L1]0,00) N Lo [0, 00). We introduce the block operator matrices

A= (g g), D(A) = D(4) & D(D),

B = ( ]g (; ) . D(B) :=D(P) & Ly|0,00) C D(A),

in the product Hilbert space H = L3[0,00) & L2[0,00) = Lo[0,00)2. If we
define the linear operator pencil £ in L2[0, 00)? as

L) :=A—\B, D(L(\):=D(A), AIeC,

then the Ekman problem is equivalent to the spectral problem L£L(\)y = 0,
y € D(L(A)), for the linear pencil L. The essential spectrum of £ is given by

Tess(L£) = {A € C: 0 € gess (L(V) }

(see (2.4.6)); so we can use our results to decide whether or not 0 belongs
to the essential spectrum of the block operator matrix £(A) in order to
determine the essential spectrum of the linear pencil L.

To this end, we combine two methods presented in Section 2.4: First we
split off all relatively compact terms in £(\) and write £(\) as a relatively
compact perturbation of a block operator matrix £o(A) whose entries are
differential operators with constant coefficients (see Theorem 2.4.1). In the
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next step we describe the essential spectrum of L£o(A) by means of the first
Schur complement (see Theorem 2.4.7).

Proposition 3.2.2  The block operator matriz L(N\) is diagonally domi-
nant of order 0 and closed for all A € C. Its essential spectrum satisfies

Oess (»C) = O—ess(»CO) (323)
where the linear operator pencil Lo(X), A € C, in L2[0,00)? is defined as

Lo(n)i= (-D*t+a?)2—A\(-D*+a?) 2D ([ Ay—-AP By
O 2D ~D*a?-X) "\ Cy Dy

D(Lo(N)) := D(Ay) @ D(Dy) := D(A) & D(D) = D(LN)).

Proof. Let A€ C be fixed. The order of the differential operator 2D is
strictly less than the orders of the differential operators on the diagonal
and its coefficient is bounded on [0,00). Thus Cy is (Ag — AP)-bounded
with relative bound ¢, =0 and By is (Do—A)-bounded with relative bound
5B, =0 by [EE87, Theorem IX.8.1]. This shows that L£o()) is diagonally
dominant of order 0 (see Definition 2.2.3). Moreover, it is not difficult to
check that Ag—AP and Do — A are closed (since so are Ag and Dg). Hence
Lo(A) is closed by Theorem 2.2.7 1).

If we show that the assumptions i) and ii) of Theorem 2.4.1 are satisfied
with Ag = Lo(A\) and Ay := L1(A) := L(A) = Lo(N), then L£1(A) is Lo(N)-
compact and all claims follow from Theorem 2.4.1.

For assumption i) we observe that dp,0c, = 0 < 1. Since U, V, V" €
L1]0,00) N L]0, 00), assumption [EE87, (8.13), p. 443] holds and hence,
by [EE87, Theorem IX.8.2], the operators ia RV (—D?*+a?), iaRV"-, and
iaRU’- are (Ag—AP)-compact and the operator iaRV - is (Dg—A\)-compact.
Thus also assumption ii) of Theorem 2.4.1 is satisfied. O

Proposition 3.2.3  For \ ¢ [a?,0), we define
S1.0(A) == Ao — AP — Bo(Do — ) "' Cp
= (—=D*-a?)? — A\(-D*+a?) — D(—D2+a2 —\)"12D,
D(S1.0(N)) :=D(Ag) = {y1 € W5[0,00) : 1(0) = 7(0) = 0}.
Then S10(\) is a densely defined closed linear operator and
Tess(L£0) \ [@?,00) = Tess(S1.0)- (3.2.4)

Proof. The operator Dy = —D?+a? — )\ with D(Dy) = {y2 € WZ[0, ) :
y2(0) = 0} is boundedly invertible if and only if A ¢ [a? 00), and o(Dg) =
Oess(Do) = [a? 00). Let A ¢ [a?,00) be fixed. The value of the first Schur
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complement of the block operator matrix £o(\) at 0 is the operator S1 o(\).
Hence, since Ly(A) is closed, so is S1,0(A) by Theorem 2.2.18. The identity
(3.2.4) now follows from Theorem 2.4.7 if we observe that A ¢ [a?, o0) if
and only if 0 ¢ [a? — )\, 00), and hence
A € Oess(Lo) <= 0 € Tess(Lo(N))
< 0 € Tess (S1)0(>\))
< X € 0ess(S1,0)- U
By means of Propositions 3.2.2 and 3.2.3, the calculation of the essential

spectrum of £ has been reduced to the calculation of the essential spectrum
of S1,0. The latter is performed in the proof of the next theorem.

Theorem 3.2.4  The essential spectrum of the linear operator pencil L
associated with the Ekman boundary layer problem is given by

Oess(£) = {A € C:IEER (62 +0?) (€ + o — N)* +4¢% = 0}

Figure 3.1 Essential spectrum of the Ekman boundary layer problem.

Proof. In order to calculate gess(S1,0), we define
Di(\) == S10(N)(Do — ), ¢ [a? 00). (3.2.5)
Then D; is a quadratic operator polynomial, the values D;()\) are differ-
ential operators of order 6 with constant coeflicients given by
Di(\) = (—D*+a?)(-D*+a? — \)? — 4D?,
D(D1(N) = {y1 € WZ[0,00) : 41(0) = y71(0) = 57"(0) — a®y3(0) = 0}.
We prove that
0955(5170) = 0955(5170) \ [042, OO) = Uess(Dl) \ [a2, OO) (326)
To this end, let A ¢ [a?,00) be fixed. By [GGK90, Theorem XVIIL.3.1],
the product T'S of a densely defined Fredholm operator 7" and a Fredholm
operator S is Fredholm. Since Dy — A and its inverse (Dy — A\)~! are both
bijective and hence Fredholm (with index 0) and S o(\) is densely defined,
[GGK90, Theorem XVII.3.1] together with the relation (3.2.5) implies that
A & 0es5(S1,0) if and only if A ¢ gess(D1).



226 Spectral Theory of Block Operator Matrices

To calculate oess(D1), we introduce the (principal) symbol py(€) of the
differential operator D1(A) for A € C,

Pa(€) = (8 + o) (€@ +a® =N +4€, el
By well-known results on the essential spectra of differential operators (see
[EE87, Corollary 1X.9.4]), we have

Tess(D1(N)) = {pa(§) : £ € R}. (3.2.7)
Altogether, (3.2.4), (3.2.6), and (3.2.7) yield

Oess (LO) \ [012 OO)

—{)\E(C 0 € Tess(D1(A }\a 00)

={AeC:3¢(€eR (§2+a JEP+a? =)+ 462 =0} \ [o?, 00)

={A€eC:ILeR (£€+a)(+a”—N)*+4¢ =0} \ {”}.
It is not difficult to show by explicit calculation that, for every A € (a?, o),
the system of differential equations L£(A\)y = f possesses a unique solution
y € D(Lo(N)) for every f € L3[0,00)%. Hence oess(Lo) N (a2, 00) = (. Since
the essential spectrum is closed, and since the formula above shows that

there are points of ess(Lo) \ [, 00) arbitrarily close to a?, it follows that
a? € 00s5(Lo) and so, together with (3.2.3),

UeSS(E) - O—ess EO {)\E(C 35 S R (é- +O[ )(£2+O[2—A)2—|— 452 = 0} D

Remark 3.2.5 The first rigorous proof that the essential spectrum of the
Ekman problem has the above form was given by L. Greenberg and M. Mar-
letta in [GMO4]; they transformed the problem into a 6 x 6 first order system
of differential equations and constructed explicit singular sequences.

If a component of the complement C\oegs(L) of the essential spectrum of
L contains a point of the resolvent set p(L£), then the spectrum in this com-
ponent consists only of eigenvalues of finite algebraic multiplicity accumu-
lating at most at the essential spectrum (see [GGK90, Theorem XVII.2.1]
and Theorem 2.1.10). The complement C\ oess(£) has two components. In
the component containing the left half plane we can choose a sufficiently
small point A~ € (—o0,0) so that the distance to the spectrum [a?, c0) of
—D%+a? is large enough and £(\7) is bijective.

It is still an open problem whether there also exists a point AT in the
component in the left half plane containing the interval (a2, 00) so that
L(AT) is bijective; in this case, since the imaginary part of this component
is bounded, it is not possible to find a point with sufficiently large distance
to [a?,00) (see Fig. 3.1).
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3.3 Off-diagonally dominant block operator matrices
in quantum mechanics

The most prominent off-diagonally dominant block operator matrix arises
from the Dirac equation in quantum mechanics. In this section, we apply
the results of Chapter 2 to the Dirac equation in R® and in curved space
time. Our main results include the block diagonalizability of the Dirac
operator with electromagnetic potential in R? and eigenvalue estimates for
the angular part of the Dirac operator in the Kerr-Newman metric.

For the free Dirac operator in R?, the famous Foldy-Wouthuysen trans-
formation (see [FW50]) yields an explicit transformation of the Dirac oper-
ator into block diagonal form (see [Tha88], [Tha92, Chapter 4.3]). In the
presence of an electric field, however, such a transformation is not known
in closed form. In this case, Foldy and Wouthuysen obtained successive
approximations of the required transformation (see e.g. [BD64], [CM95])
which, however, do not converge properly. A well-behaved series with limit-
ing block diagonal operator having the same spectrum as the original Dirac
operator was established recently by M. Reiher and A. Wolf (see [RW04a)).
The existence of an exact transformation for the Dirac operator with elec-
tric field was first proved in [LT01] using the results of Section 2.7.

The Dirac equation in the so-called Kerr-Newman metric describes a
system of an electrically charged rotating massive black hole and a spin 1/2
particle. It is a remarkable fact that the corresponding system of partial
differential equations can be completely separated into a system of ordinary
differential equations (see e.g. [Pag76], [Cha98)); the differential equations
for the angular coordinate 6 and the radial coordinate r are coupled in a
complicated way through a parameter that originates from the separation
process and acts as the eigenvalue parameter in the angular equation. It
is well-known that this so-called angular part of the Dirac operator in the
Kerr-Newman metric has discrete spectrum. However, until recently, only
numerical approximations of its eigenvalues were known. Analytic eigen-
value estimates were first proved by M. Winklmeier (see [Win05], [Win08])
using the variational principles presented in Section 2.10.

3.3.1 Dirac operators in R3

In this subsection we apply the results of Section 2.7 to the Dirac operator
in R3 with electromagnetic field. First we consider abstract Dirac operators
with supersymmetry, which include the free Dirac operator in R3. Due to
the commutation relations therein, the corresponding transformation into
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block diagonal form in terms of the angular operator K can be determined
explicitly. It coincides with the abstract Foldy-Wouthuysen transformation
established in [Tha92]; for the free Dirac operator, it reproduces the original
Foldy-Wouthuysen transformation from [FW50].

In the second part of this subsection, we consider Dirac operators with
electromagnetic potential in R3. Although in this case no explicit formula
for the angular operator K and hence for the transformation is known, our
results show that, under certain assumptions on the electromagnetic poten-
tial, an exact transformation of the Dirac operator into block diagonal form
exists.

Example 3.3.1 For a relativistic spin 1/2 particle in an external elec-
tromagnetic field, the Dirac operator in R? is given by

(mc? +e®)I  c¢d- (—ihV — £ ﬂ)
Hs := - ¢ 3.1
* < cd- (—ihV —SA)  (—mc® +e®)] (33.1)

in the space H = Lo(R?)? @ Lo(R3)?. Here m and e are the mass and
charge, respectively, of the particle, ¢ is the velocity of light, i the Planck
constant, & = (01 02 03) is the vector of the Pauli matrices

(01 ({0 —i (10
g1 .= 10 s g9 = i 0 y g3 = 0 —1 s

® : R3 — R is a potential, and A : R® — R3 a vector potential. The
corresponding electric field E and magnetic field B are determined by virtue
of E=V® and B = rot A (see e.g. [Tha92], [Win00]).

Definition 3.3.2 Let H;, H2 be Hilbert spaces, let A, D be bounded self-
adjoint operators in Hi, He, respectively, and B a densely defined closed
linear operator from Hs to Hi. Then the self-adjoint block operator matrix

A B .

A=( 4 p)s P =DB)2DE)

is called abstract Dirac operator with supersymmetry in H = Hy & Ho if
D(D(B)) C D(B), BDy =—-ABy, y¢€D(B),

(3.3.2)
A(D(B*)) c D(B*), B*Az =-DB*z, x¢€D(B").

Note that the commutation relations (3.3.2) imply that on D(B*)@D(B)

(£0)(22) (2 2) (4 8)=
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Remark 3.3.3 Let A be an abstract Dirac operator with supersymmetry.
If A and —D are positive, we may assume without loss of generality that
B and B* are injective.

In fact, by the supersymmetry assumptions (3.3.2), ker B is D-invariant
and ker B* is A-invariant. Hence the subspaces ker B*@{0} and {0} ®&ker B
are A-invariant, and we can consider the operator A in the reduced space
H= (7‘(1 ) kerB*) @ (7‘(2 e kerB).

Since A is positive and hence (A (z 0)°, (z 0)') = (Az,z) > 0 for all
x € Hy, x # 0, the subspace ker B* @ {0} belongs to the spectral subspace
L4 of A corresponding to (0,00); analogously, {0} & ker B belongs to the
spectral subspace £_ of A corresponding to (—oo,0). If £~+ and £_ are the
spectral subspaces of the reduced operator A corresponding to (0, 00) and
(=00, 0), respectively, then the spectral subspaces £, £_ of A are given by
the orthogonal sums £, = L, @® (ker B*® {0}), L_ = L& ({0} ® ker B).

Theorem 3.3.4 Let A be an abstract Dirac operator with supersymmetry
in H =Hi1 @ He, and let A and —D be positive and boundedly invertible.
Then the operator K : H1 — Ha and its graph G(K) given by

K := B*(A+ (A2 + BB")'/*)7!, G(K):= {(;J cx € Hl} (3.3.3)

have the following properties:

i) K is a strict contraction in Hy, K(D(B*)) C D(B), and K satisfies the
Riccati equation

(KBK + KA— DK — B*)z =0, € D(B").
ii) G(K) is an A-invariant subspace, i.e. A(G(K)ND(A)) C G(K), and

x
K)ynD = : D(B*) ¢;
o) n o) = { () o e D)}
it coincides with the spectral subspace L4 of A corresponding to (0,00).

Proof. i) First we show that D(K) = H; and K (D(B*)) C D(B). Since
A is positive and boundedly invertible, so is the operator A+(A2+BB*)'/2.
By means of quadratic forms (see e.g. [Kat95, Sections VI.2.6 and VI.2.7])
and using D(B*) C D(A), we see that

D((4*+ BB")'?) = D((BB")'/*) = D(B") = D(A+ (4* + BB")'?)
The last equality yields D(K) = H; and, for z € D(B*),
(A+ (A2 + BB")?)"'w e D((A + (A% + BB*)'/?)*) = D(BB"),
which implies that Kz € D(B).
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In order to prove that K is a strict contraction, we first show that A com-
mutes with BB*. In fact, if z € D(BB*), then x € D(B*) and B*z € D(B).
Now the supersymmetry assumptions (3.3.2) show that Az € D(B*),
B*Ax = —DB*x € D(B), and BB*Ax = —BDB*x = ABB*x. Then A
and A'/? also commute with (4% + BB*)'/2. Now let = € H; be arbitrary
and set y := (A + (A% + BB*)l/Q)_lx. Since A is positive, it follows that

lall* = [|(A+ (4% + BB) )

= | Ayl]” + ((A* + BB*)y,y) +2((A> + BB*)'/? Al /2y, AV/2y)
> ((A* + BB)y,y) > | B*y|* = | K|.

Next we prove that K satisfies the Riccati equation in i). For this, let
x € D(B*) and set y := (A—|—(A2—|—BB*)1/2)_133. Then B*y = Kz € D(B)
and hence y € D(BB*). Since A commutes with (A2 + BB*)Y/2 we have

((A*+ BB*)'/2 — A)((A*> + BB*)'/? + A)y = BBy (3.3.4)
and hence
(A2 4+ BB*)'/2z = (A + BK)z. (3.3.5)
Using the supersymmetry assumptions (3.3.2), the fact that A commutes
with (A% + BB*)'/2 and (3.3.5), we obtain
(B* 4+ DK)z = (B* — B*A(A+ (4> + BB")"/?) ")z
= B*(I— (A+ (A% + BB")"/) ' A)z
— B*(A+ (A% + BB*)"/?)"1(A% + BB*)"/%z
= K(A+ BK)ux.

ii) The A-invariance of G(K) is immediate from the Riccati equation in i)

(compare the proof of Proposition 2.9.12). The formula for G(K) N D(A)

follows from the inclusion K (D(B*)) C D(B) proved in i). In order to
show that G(K) = L = L(0,00)(A), it suffices to prove that

(Ax,x) > 0, xeG(K)ND(A), (3.3.6)
(Ax,x) <0, xeG(K): ND(A), GK)t= {(_[Z y) ty € Hg}. (3.3.7)

Using the Riccati equation, we see that, for z € D(B*),

((12?4* g) <I?m> (;x» = (I + K" K)(A+ BK)x, x)

= ((A+ K*KA+ BK + K*KBK)z, ).
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The operator A is positive by assumption. Since A commutes with
(A% + BB*)'/? and by the supersymmetry assumptions (3.3.2), we have

KA=B*(A+(A>+BB*)/?) A= B*A(A+ (A2 + BB*)'/?) ™!
— —DB*(A+ (42 + BB*)"/?)7' = _DK.

Hence the operator K*K A = —K*DK is non-negative on D(B*) since —D
is positive. The operator BK is non-negative on D(B*) since, by (3.3.5),

BK = ((A*+ BB*)'/? — 4) > 0.
Finally, the operator K*K BK is non-negative because of the inequality
KB =B*(A+ (A + BB")Y?)'B>0.

This completes the proof of (3.3.6). For the proof of (3.3.7) we observe that,
by the supersymmetry conditions (3.3.2), for z € D(B) we have D?z € D(B)
and B(D? + B*B)x = (A? + BB*)Bx. By the assumptions on A and —D,
the operators D? + B*B, A% + BB* are boundedly invertible and so

(A2 + BB*) "Bz = B(D* + B*B) "z, ncN.

Since the square root can be approximated by polynomials, this implies
that (A2 + BB*)~'/2B = B(D? + B*B)~'/? and hence, again by (3.3.2),

(A + (A% + BB*)1/2)BQC _ B(—D (D% 1 B*B)1/2)x,
Altogether, we have shown that, for x € D(B),
Kz = (A+ (A% + BB*)l/Q)*le — B(-D+ (D + B*B)1/2)71x.
Since K and hence K* are bounded and D(B) is dense in Ha, it follows that
K*=B(-D+ (D*+ B*B)1/2)*1.

This formula is completely analogous to the formula for K, with A replaced
by —D and B by B* Hence (3.3.7) follows in a similar way as (3.3.6). O

Since the abstract Dirac operator A from Theorem 3.3.4 satisfies the
assumptions of Theorem 2.7.7, the operator K given by (3.3.3) is, in fact,
the angular operator established in Theorem 2.7.7. Using Corollary 2.7.8,
we now obtain an explicit formula for the unitary operator transforming A
into block diagonal form.

Corollary 3.3.5 Let A be an abstract Dirac operator with supersymmetry
i H =MHi; P He with A and —D positive and boundedly invertible. Set

K := B*(A+ (A2 + BB")Y*)™' K*:= B(-D+ (D*+ B*B)"/*)™"
and define
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I —K* (I+K*K)"'/? 0
U:= w—-1/2 |-
K I 0 (I+KK*)

Then U is a unitary operator in H and on D(B*) & D(B) we have

u-i( A By (A% + BB*)'/? 0
B* D B 0 —(D?>+B*B)'/? )"

Proof. Since K is the angular operator from Theorem 2.7.7, the equality
UU = I follows from (2.8.2); the proof for U*U is similar. If we set
Iy =T+ K'K)™'/2, T_:=(I+ KK*)~/2, then Theorem 2.8.1 yields

(A BN, I, 0\ [A+BK 0 Ty 0

B* D 0 I'_ 0 D - K*B* 0o r_)’
note that Corollary 2.7.25 together with the inclusion K (D(B*)) C D(B)
implies that Dy = D(B*), D_ = D(B). By (3.3.5), we have

A+ BK = (A% + BB*)V/?,

analogously, one can show that D — K*B* = —(D? 4+ B*B)'/2 It remains
to be proved that e.g. I7'(A + BK)T'y = (A2 + BB*)Y/2, that is, T'y
commutes with (A2 4+ BB*)'/2. From (3.3.4) it follows that

BB* = (A+ (A2 + BB*)"/?)* —2A(A + (A* + BB*)'/?)
and hence

[+ K*K =T+ (A+ (A% 4+ BB*)"/?) "' BB*(A+ (42 + BB*)"/?) ™!
—2(1-A(A+ (424 BB,

Using the Neumann series for I'2 = (I+K*K )1, one can now deduce that
I', commutes with (A2 + BB*)'/2. O

Remark 3.3.6 The Dirac operator Hy in R3 without electric poten-
tial, i.e. ® =0 in (3.3.1), satisfies the supersymmetry assumptions (3.3.2).
According to the previous corollary, it is unitarily equivalent to the operator

(m2ct+¢ (—ihv —<A) - ecq-B)'/? 0
0 —(m264+62(—ihv eA) B) 2]
The corresponding unitary transformation in Corollary 3.3.5 is called Foldy-
Wouthuysen transformation in quantum mechanics (see [Tha92, Theo-
rem 5.13]). In this case, the subspaces £, and £_ from Theorem 3.3.4
correspond to the so-called electronic and positronic subspace, respectively.
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If the potential ® is not a constant, the Dirac operator Hg is no longer
supersymmetric. Nevertheless, the existence of a transformation bringing
it into block diagonal form is guaranteed e.g. if the norm of the potential is
sufficiently small; it should be possible to extend this result also to relatively
bounded potentials that do not close the spectral gap.

Theorem 3.3.7 Suppose that A is ihV -bounded with relative bound < 1
and that ® is a bounded multiplication operator in Lo(R3)? with

le®@|| < mc?. (3.3.8)

Then the Dirac operator He is self-adjoint on HY(R?)*= HY(R3)? @ H{(R3)?
where HY(R®) is the first order Sobolev space. If we set

Li= Lo+ {(g) eHY(R®)*: Iye HY(R?)? (;) EkerHQ},

L_=Loop)+ {(2) cH'(R3)*: Jxc HY(R?)? (;) EkerHQ},

then HY(R3)* = L, + L_ and the subspaces L+ have representations

o= {(i ) remr). =5 verimr)

with a contraction K : Ly(R?)? — Ly(R3)2. On the subspaces
D, :={z € H'(R*)’: Kzec H'(R*)},
D_:={ye H'(R*?: K*y € H'(R*)*},

the Dirac operator He admits the block diagonalization

p-1 me?+ed B co- (—ihV—%/Y) v

cE-(—ihV—%A) —mc®+ed
_ m02—|—e<1>+cc?-(—ihV—§fY)K 0
N 0 —mc?4ed + ca- (—ihV—

/f)K*)’

alo

where the transformation matriz is given by

I —-K*
v (L),

If the norm inequality (3.3.8) is strengthened to ||e®@|| < mc?, then
(=me® + [le@[|,mc® — [le@]]) C p(Ha),

and the contraction K is uniform.
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Proof. The self-adjointness of He follows from the Kato-Rellich Theo-
rem (see [Kat95, Theorem V.4.3]). All other statements follow from Theo-
rem 2.7.7 together with Remark 2.7.12 and from Theorem 2.8.1. U

Remark 3.3.8 The assumption on A is satisfied e. g. if, for some p > 3,
A€ Ly(R3) + Loo(R?) (see [Pro63]).

3.3.2 The angular part of the Dirac equation
in the Kerr-Newman metric

The Dirac equation in the so-called Kerr-Newman metric describes an elec-
trically charged rotating massive black hole. Separation of variables in
the corresponding system of partial differential equations leads to two sys-
tems of ordinary differential equations for the angular coordinate 6 and the
radial coordinate r; the coupling parameter A is the spectral parameter for
the angular part and appears as a parameter in the radial spectral problem.
The latter has essential spectrum covering the whole real axis (see [BM99]),
whereas the angular part has discrete spectrum (see [Win05] and below).
Any knowledge about the eigenvalues of the angular part may be useful to
decide whether or not the full Dirac equation in the Kerr-Newman metric
possesses eigenvalues.

In this section, we investigate the spectral problem of the angular part of
the Dirac equation in the Kerr-Newman metric. The corresponding system
of differential equations for the angular coordinate 6 € (0, ) is of the form

—am cos i i + 1/2 + awsin @
do sin ¢ “Alov=0
—i k+1/2+awsin9 am cos
do sin 0

where a € R is the angular momentum per unit mass of the black hole,
m > 0 is the mass of the spin 1/2 particle, k € Z is related to the motion
perpendicular to the symmetry axis, and w € R is the energy of the particle.

Lemma 3.3.9 In the Hilbert space L2(0,7), we define the operators
A:=—amcos(-)-, D(A):= Ly(0,7),

and, for k € Z,
d k+1/2 .
Bji=— .
k d9+ Sn(-) + awsin( - ),

k+1/2
sin(-)

D(By):= {g € L2(0,): g absolutely continuous, g'+ g€ Lo(0,7) } )
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Then A is bounded and self-adjoint, ||A|| = |am| and o(A) = [~|am]|, |am]|].
The operator By is boundedly invertible and has compact resolvent. The

eigenvalues vp(BrBy), n € N, of BB satisfy the two-sided estimates
va(BiBy) > vy (BpBf) := max{0, (|k +1/2| = 1/2+n)" +Q_}, 539
va(BiBy) < v (ByBp) i= (Jk+1/2| —1/2+n)> + -

with

Q_ = 2(k+1/2) aw — |aw|,

 JaPP+1/442(k+1/2) aw if 2aw ¢ [-1,1],
20k 4 1/2) aw + |aw| if 2aw e [-1,1].

Proof. The assertions for A are obvious. That By is closed follows
from the theory of ordinary differential equations (e.g. noting that By is
the adjoint of the differential operator in the other off-diagonal corner);
the estimates (3.3.9) follow with the help of Sturm’s comparison theorem
(see [Win05] for details). O

Remark 3.3.10 If ¢ = 0, then Q_ = Q4 = 0. Then the upper and
lower bound in the estimates (3.3.9) coincide and yield the true eigenvalues
vn(BiBy) = (k+1/2| = 1/2+n)".

Theorem 3.3.11  The operator of the angular part of the Dirac equation
in the Kerr-Newman metric is given by the block operator matriz
A B N
Hoei= (7 )0 Do) = DB & DB
-
in Lo(0,7) @ Lo(0, ) with the operators A, By, defined as in Lemma 3.3.9.

It is self-adjoint and has compact resolvent. The eigenvalues of Hang form
two sequences (An)nen, (A—p)nen with A, — 00, A_,, — —00 if n—o00.

Proof. We decompose

(0 B A 0N
Hang_(BZ 0>+<0 _A) = S+T. (3.3.10)

Then S is self-adjoint with compact resolvent since By, is closed (see Propo-
sition 2.6.3) with compact resolvent, and 7 is bounded and self-adjoint; the
eigenvalues of S are the two sequences (v, (BkB,j))neN, (—Vn(BkB;))neN.
Hence standard perturbation arguments (see [Kat95, Theorems 1V.3.17,
V.4.3, V.4.10]), together with the estimates (3.3.9), yield all claims. O
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In the following we give two different eigenvalue estimates for Hgpg.
First we apply the variational principle from Theorem 2.10.4 to obtain
upper and lower bounds for all eigenvalues of Ha,g (see [Win05, Theo-
rem 4.32]), [Win08, Theorem 5.4]). This estimate only depends on the
quantity am; it may also be obtained by perturbation arguments for the
decomposition (3.3.10). For the smallest eigenvalue in modulus, we derive
another estimate in terms of the product aw by means of a unitary trans-
formation of Ha,e and arguments similar to those of Theorem 2.5.18 and
Remark 2.5.19 on the spectral gap (see [Win05, Theorem 5.10]).

Theorem 3.3.12 Let ()\,L),?LO:,n++1 with my € Ny be the increasing
sequence of eigenvalues of Hang in the interval (|am|,oo). Moreover, let
the functionals Ay (z,y) be defined as in formula (2.10.5) for x € D(B}),
y € D(By), and let S1(A) = A— X+ Bi(A+ N)Bj, A > |am|, be the first
Schur complement of Hang as defined in Proposition 2.10.1. Then

ki= kK (y) = dim L_o,0)51(7) < 00

Jor all v € (lam|, A, +1) and the eigenvalues of Hang satisfy

. T
Ami4n = Wmin  max max Ay ; (3.3.11)
LCD(BRBj) €L yeD(By) Y
dim L=m 4 +r z#0 y#0

in terms of the physical parameters a,m,w, they can be estimated by
Vi (BeBy) — lam| < Ay 40 < V0 (BiBy) + |am; (3.3.12)

here vE,_, (BLB;) are the bounds for the eigenvalues of BiBj in (3.3.9).

n+no
Proof. For A > |am|, the operator By(A + A\)Bj: is positive and hence
dim £(_ 0y (Br(A 4+ A)Bj;) = 0. Moreover, since Bj(A + \)Bj; has com-
pact resolvent by Lemma 3.3.9 and A — X is bounded, it follows that
dim £(_s0,0) (A = A+ Be(A + N\)B;) < oc. Thus the index shift « is finite.
Now formula (3.3.11) follows from Theorem 2.10.4; the estimate (3.3.12) is
a consequence of Theorem 2.11.5 and of the estimates (3.3.9). O

If the quantity |am]| is large, the above eigenvalue bounds are of limited
use. In this case, the following alternative estimate may give a better bound
for the smallest eigenvalue in modulus.

Theorem 3.3.13  Assume that the physical constants a,w satisfy
sign(k +1/2)aw > —|k + 1/2|.

Then every eigenvalue A of Hang satisfies || > Agap with
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 [sign(k+1/2)(aw +E+1/2) if |aw| > [k+1/2],
P 2wk £ 1/2) if sign(k+1/2)aw > |k+1/2].

Proof. The block operator matrix

=5 ()

defines a unitary transformation of Lo(0,7) @ L2(0, 7). If we define the
formal differential expressions

k+1/2 d d
TAI= s1—|1;(/) +awsin(-), Tp:= 7 +amcos(-), 75 =-1 + amcos(- ),
then the operator HY, , :=U Han, U~ " with domain D(HY,,) =U D(Hang)
is given by
D(HY,)= {(; ‘_L g) . feD(BY), g€ D(B)}

- {(;>€L2(O’W)2:TAJS + 7Y€ L2(0,7), TpE — TAy€L2(077T)}7

i~ <x)_<TAx+TBy) '
ang - * ’
Yy TBCE — TAY
note that, in general, HZ;’ng is no longer a block operator matrix since its
domain may not decouple.
Let A€oy (Hang) =0, (HY,,) be an eigenvalue with corresponding eigen-

function (z y)* € D(Ay). We can show that the scalar products (7ax,z),
(Tay,y), and (7Y, ) = (Thx,y) exist and hence

(raz, )= A|z|*= —(rpy,2), —(ray,y)=Alyl*= ~(1pz,y). (3.3.13)

Now assume k + 1/2 > 0; the case k + 1/2 < 0 is analogous. It is not hard
to see that k4 1/2

sin ¢
if sign(k +1/2) aw > —|k +1/2|, and Agap, is attained in at most one point
0 € (0,m). Thus (Taz,z) > Agapllz|® for all z € Ly(0,7) for which the
scalar product exists. In both equations in (3.3.13), the left hand side is real
and hence so are the right hand sides. This implies (tpy,x) = (Tpy, z) =
(x,7BY) = (Thx,y). Hence, subtracting the equations in (3.3.13), we obtain

Azl = Nyl?) = (raz, @) + (tay,y) > Agap (Ilz]|* + [ly[]?) = 0. (3.3.14)

+awsin® > Agap >0, 6 € (0,m),

It follows that A # 0 and ||z|| # ||ly||, and that A > 0 if and only if ||| > ||y||.
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If A > 0, then
[ + [ly[I?
A > dgap 5115 = Agap-
Pl — 2 = 7
If X <0, then |z]> — |ly||* < 0 and
2 2
PRV LSS T .

Nl = Mly 2

Remark 3.3.14 Numerical approximations for the eigenvalues of Hayg
were calculated by K.G. Suffern, E.D. Fackerell, and C.M. Cosgrove, and by
S.K. Chakrabarti (see [SFC83], [Cha84]). In [SFC83] the authors employed
a series ansatz for the eigenfunctions in terms of hypergeometric func-
tions and obtained a three term recurrence relation for the coefficients.
They expanded the eigenvalues in terms of a(m — w) and a(m + w) and
approximated them numerically for —5 < k < 4 and two fixed pairs of
values of am and aw. In Table 3.1 the numerical approximations Apym
from [SFC83| for the first eigenvalue are compared to the corresponding
lower bounds Aya, from Theorem 3.3.12 and Agap from Theorem 3.3.13 for
0 <k <4, am = 0.25, and aw = 0.75; note that Theorem 3.3.13 applies
since aw = 0.25 > |k + 1/2|. Moreover, one can show that x = 0 and
my = 0 in Theorem 3.3.12.

Table 3.1 Numerical values and analytic lower bounds for the
first positive eigenvalue in the case am = 0.25 and aw = 0.75.

k 0 1 2 3 4

Anum | 1.59764  2.65654  3.68229  4.69685  5.70622

Avar 0.75000  2.09521  3.21410 4.27769  5.31776

Agap 1.22474  2.25000  3.25000  4.25000  5.25000

6

5 Anum +
)\gap

4+ Avar ————

3 -

2 F

1 F

0 I I

wave number k
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