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Preface

Block operator matrices are matrices the entries of which are linear oper-

ators between Banach or Hilbert spaces. They arise in various areas of

mathematics and its applications: in systems theory as Hamiltonians (see
[CZ95]), in the discretization of partial differential equations as large parti-

tioned matrices due to sparsity patterns (see [SAD+00]), in saddle point

problems in non-linear analysis (see [BGL05]), in evolution problems as

linearizations of second order Cauchy problems (see [EN00]), and as lin-

ear operators describing coupled systems of partial differential equations.

Such systems occur widely in mathematical physics, e.g. in fluid mechanics

(see [Cha61]), magnetohydrodynamics (see [Lif89]), and quantum mechan-

ics (see [Tha92]). In all these applications, the spectral properties of the

corresponding block operator matrices are of vital importance as they gov-

ern for instance the time evolution and hence the stability of the underlying

physical systems.

The aim of this book is to present a wide panorama of methods to

investigate the spectral properties of block operator matrices. Particular

emphasis is placed on classes of block operator matrices to which stan-

dard operator theoretical methods do not readily apply: non-self-adjoint

block operator matrices, block operator matrices with unbounded entries,

non-semi-bounded block operator matrices, and classes of block operator

matrices arising in mathematical physics. The main topics include:

• localization of the spectrum and investigation of its structure,

• description of the essential spectrum,

• characterization and estimates of eigenvalues,

• block diagonalization and invariant subspaces,

• solutions of algebraic Riccati equations,

• applications to concrete problems from mathematical physics.

v
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We shall address these problems using the particular block structure of

the operators and the properties of their operator entries. The methods

employed come from a number of different areas:

• the theory of linear operators (numerical ranges, perturbation theory),

• classical functional analysis (fixed point theorems),

• complex analysis (analytic operator functions, factorization theorems).

The book gives an account on recent research on the spectral theory of

block operator matrices and its applications in mathematical physics. It

contains results which were published roughly during the last 15 years. A

number of theorems, however, was found while this book was written and

are still in the process of being published. The three chapters may be of

interest for different groups of readers: Chapter 1 deals exclusively with

bounded block operator matrices and contains methods and results which

are of interest even in the matrix case. Chapter 2, which may be read inde-

pendently of Chapter 1, is focused on unbounded block operator matrices

and is particularly suited for applications to differential operators. Chap-

ter 3 contains applications of the results of Chapter 2 to various spectral

problems from mathematical physics.

No particular focus is placed on block operator matrices arising in sys-

tems theory and in evolution equations. Although some of the methods

presented may be applicable, it seems to be impossible for a single author

and a single book to cover also the vast range of results in these two impor-

tant areas; nevertheless, certain points of intersection will be mentioned.

This book could not have be written without the contributions and

help of many people. Sincere thanks go to my coauthors and friends Vadim

Adamjan, Margarita Kraus, Heinz Langer, Matthias Langer, Alexander

Markus, Marco Marletta, and Volodya Matsaev; my teacher Reinhard

Mennicken; my former PhD students Markus Wagenhofer (with spe-

cial thanks for providing the beautiful figures and the cover), Monika

Winklmeier, and Christian Wyss; my present PhD students Jean-Claude

Cuenin and Jan Nesemann; my colleague Alexander Motovilov; Deutsche

Forschungsgemeinschaft (DFG, Germany) and Engineering and Physical

Sciences Research Council (EPSRC, UK) for their most valuable funding;

and, finally, to Zhang Ji and Jessie Tan from World Scientific for all their

support and patience.

Bern, July 2008 Christiane Tretter
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Introduction

As an introduction, we first describe the historical background of the spec-

tral theory of linear operators. In the second part, the state of the art of

research on the spectral theory of block operator matrices is outlined. The

third and last part contains a brief description of the contents of this book.

1. Historical background. The spectral theory of linear, in particular

self-adjoint, operators in a Hilbert space is one of the major advances in

mathematics of the 20th century (see [Ste73a] for a historical survey). It

was initiated by D. Hilbert in his famous six papers on integral equations

from 1904 to 1910 (see [Hil53]) which contain all basic ideas for the spec-

tral theorem for bounded self-adjoint operators. Simultaneously, H. Weyl

further advanced the theory for singular second order ordinary differen-

tial equations in his seminal paper [Wey10]. The next major breakthrough

came during the years 1927 to 1929 when J. von Neumann developed the

abstract concept of Hilbert space and linear operators therein and initiated

the spectral theory for unbounded self-adjoint operators (see [vN30a]). Von

Neumann’s work was driven by the needs of quantum mechanics (see [vN27],
[vN32]), which was created in 1925/26 mainly by W. Heisenberg, E. Schrö-

dinger, and P. Dirac (see [BJ25], [BHJ26], [Sch26a], [Sch26b], [Dir25],
[Dir26]). Between 1927 and 1932, this spectral theory was elaborated and

extended to unbounded normal operators by F. Riesz (see [Rie30]) and,

in great detail and independently of further work by von Neumann (see
[vN30b]), by M.H. Stone (see [Sto32]). Further important contributions

concerning extensions of semi-bounded symmetric operators and applica-

tions to differential operators are due to K.O. Friedrichs in 1934 (see [Fri34])

and M.G. Krĕın in 1947 (see [Kre47b], [Kre47a]).

Another important field that was stimulated by problems from mathe-

matical physics is the perturbation theory of linear operators (see [Kat95]).

vii
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It originates in the works of Lord Rayleigh from 1877 on vibrating systems

(see [Ray26]) and of E. Schrödinger from 1926 on eigenvalue problems in

quantum mechanics. The first important contribution in this field is due

to H. Weyl in 1909 and concerns the stability of the now so-called essen-

tial spectrum of a bounded self-adjoint operator (see [Wey09]). A mathe-

matically rigorous perturbation theory for eigenvalues and eigenvectors of

self-adjoint operators T (κ) depending analytically on a parameter κ was

developed by F. Rellich between 1937 and 1942 in a series of fundamental

papers (see [Rel42]). Later, in 1948, K.O. Friedrichs created a perturbation

theory for the continuous spectrum which proved to be useful in scattering

theory and quantum field theory (see [Fri48], [Fri52]). In 1949 T. Kato

started his deep investigations on the perturbation theory of linear oper-

ators (see [Kat50], [Kat52], [Kat53]) which form one of the bases of his

famous so entitled 1966 monograph [Kat95].

The spectral theory of non-self-adjoint linear operators is much more

involved than that of self-adjoint operators. Although the first pioneer-

ing works of G.D. Birkhoff on eigenfunction expansions for non-self-adjoint

differential operators (see [Bir08], [Bir12], [Bir13]) were written almost at

the same time as Hilbert’s famous six papers, it took about 40 years for

abstract results to follow. Since then, a wealth of results has become avail-

able in the literature which are not so widely known, in particular, among

physicists and engineers. It is impossible to give even a brief account of

them and so only a few milestones can be mentioned. In the years 1951/52

B. Sz.-Nagy, F. Wolf and T. Kato generalized Rellich’s results and obtained

the first theorems on the perturbation theory of closed linear operators (see
[SN51], [Wol52], [Kat52]). At the same time, in 1951, M.V. Keldysh’s cor-

nerstone work on the completeness of eigenvectors and associated vectors

and eigenvalue asymptotics of non-self-adjoint operator polynomials was

published (see [Kel51]), which had a great impact on the spectral the-

ory of non-self-adjoint differential operators. A seminal work from 1957

on the stability of various spectral properties, in particular, of the index

for non-self-adjoint operators is due to I.C. Gohberg and M.G. Krĕın (see
[GK60]). Almost simultaneously and independently, T. Kato established

similar results (see [Kat58]). I.C. Gohberg and M.G. Krĕın also wrote a

comprehensive account of results on non-self-adjoint operators as early as

1965 (see [GK69]). One focus of this book is on completeness results as ini-

tiated by V.I. Matsaev (see e.g. [Mat61], [Mat64]) and by V.B. Lidskĭı (see

e.g. [Lid59b], [Lid59a]); it also contains many other important contribu-

tions, e.g. on classes of compact linear operators and s-numbers, estimates
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of the growth of the resolvent of non-self-adjoint linear operators, and per-

turbation determinants. Another important direction was opened up in

1954 by N. Dunford who developed the theory of spectral operators (see
[Dun54]); a detailed presentation of the latter and an enormous collection

of results on non-self-adjoint operators is contained in the volume [DS88]

by N. Dunford and J.T. Schwartz. A structure theory for non-self-adjoint

operators was created in 1954 by M.S. Livšic; in [Liv54] he introduced the

notions of operator colligations (or nodes, following the literal translation

from Russian) and characteristic functions and employed them intensively

with his colleagues, in particular, M.S. Brodskĭı (see [Bro71], [BL58], and

the monograph [LY79] with its review in [Bal81]). In the 1960ies, the

notion of characteristic functions appeared also in the work of B. Sz.-Nagy

and C. Foiaş in the different context of unitary dilation spaces for con-

tractions (see [SNF70]). One of the main tools in almost all of the above

works is the extensive use of the theory of functions, either for studying the

behaviour of the resolvents of non-self-adjoint operators or of operator col-

ligations by means of the factorization of characteristic functions (see e.g.

the monograph [BGK79] by H. Bart, I.C. Gohberg, and M.A. Kaashoek).

Linear operators that are self-adjoint with respect to an indefinite inner

product were brought up in quantum field theory, in works from 1942/43

by P. Dirac (see [Dir42]) and W. Pauli (see [Pau43]). The first basic result

for operators in infinite dimensional spaces with indefinite inner product

is due to L.S. Pontryagin in 1944 (see [Pon44]). Inspired by a mechanical

problem considered by S.L. Sobolev (which was, at that time, secret mili-

tary research and published only in 1960, see [Sob60]), Pontryagin proved

the existence of a special invariant subspace for a self-adjoint operator in a

space with finite-dimensional positive part (now called Pontryagin space).

This result was extended and generalized by I.S. Iohvidov, M.G. Krĕın, and

H. Langer between 1956 and 1962 (see [IK56], [IK59], [Lan62], and the joint

monograph [IKL82]). In 1963 M.G. Krĕın and H. Langer established a spec-

tral function for self-adjoint operators in Pontryagin spaces (see [KL63]).

Shortly after, in 1965, a comprehensive spectral theory for definitizable self-

adjoint operators in Krein spaces (where positive and negative part may be

infinite dimensional) was set up by H. Langer (see [Lan65], [Lan82]). Many

of the above results may be found in the monographs [Bog74] by J. Bognár

and [AI89] by T.Ya. Azizov and I.S. Iohvidov.

In spite of all its inherent problems, the spectral theory of non-self-

adjoint linear operators is of utmost importance for applications: Self-

adjointness is an intrinsic property of energy-preserving (so-called closed)
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systems; however, in practice, many systems e.g. from engineering are not

energy-preserving and have a non-self-adjoint state operator (so-called open

systems). The recent book [TE05] by L.N. Trefethen and M. Embree on the

behaviour of non-normal matrices and operators provides striking evidence

of this by mentioning 19 fields with more than 8000 representative citations

and by its own bibliography comprising 851 references. The significance

of the problems arising due to the lack of self-adjointness, especially with

regard to numerical calculations, have now become widely accepted, at least

among mathematicians. Major contributions to this are due to F. Chatelin

who further developed Kato’s perturbation theory in view of applications

to the numerical spectral analysis in 1983 (see the monograph [Cha83]).

Other important concepts are pseudospectra and spectral value sets orig-

inating in works of H.J. Landau from 1975 (see [Lan75]), S.K. Godunov

et al. from 1990 (see [GKK90]), N. Trefethen from 1992 (see [Tre92] and

the monograph [TE05]), and of D. Hinrichsen and A. Pritchard in view of

uncertain systems (see [HP92] and the monograph [HP05]). Important con-

tributions to pseudospectra of differential operators are due to E.B. Davies

(see [Dav99], [Dav00], and the recent survey [Dav07]).

2. Spectral theory of block operator matrices. If A is a bounded

linear operator in a Hilbert space H and a decomposition H = H1 ⊕ H2

into two Hilbert spaces H1, H2 is given, then A always admits a block

operator matrix representation

A =

(
A B

C D

)
(I)

with linear operators A, B, C, and D acting in or between the spaces H1

and H2. For an unbounded linear operator A in H, its domain D(A) need

not be decomposable as D1 ⊕ D2 with D1 ⊂ H1, D2 ⊂ H2 and hence

it is an additional assumption that A has a representation (I) such that

D(A) =
(
D(A) ∩ D(C)

)
⊕
(
D(B) ∩ D(D)

)
. In this case, we call A an

unbounded block operator matrix.

Our aim is to use information about the entries A, B, C, and D to

investigate various spectral properties of the block operator matrix A. If

A is not self-adjoint or symmetric and/or all entries of A are unbounded,

we face a number of difficulties:

a) The results on self-adjoint operators and perturbations of them rely

heavily on the following properties: if A with domain D(A) is self-adjoint

in a Hilbert space H with scalar product (·, ·), then its numerical range

W (A)=
{
(Ax, x) : x ∈ D(A), ‖x‖ = 1

}
and its spectrum σ(A) are real, the

norm of the resolvent (A−λ)−1 is bounded by 1/dist
(
λ, σ(A)

)
for λ /∈ σ(A),
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all eigenvalues are algebraically simple (i.e. there are no Jordan chains),

and, if the spectrum of A is discrete (i.e. if it consists only of isolated

eigenvalues with finite multiplicities), then H has an orthonormal basis of

eigenvectors. For a non-self-adjoint linear operator A all these properties

may fail: the numerical range and the spectrum need no longer be real,

there are no estimates of the resolvent in terms of the spectrum (which

may result in an extreme sensitivity of the spectrum to perturbations),

the eigenvalues need not be algebraically simple, and, if the spectrum is

discrete, then the system of eigenvectors and associated vectors may not be

complete and may fail to be “linearly independent”.

b) For the spectral theory of unbounded linear operators, it has to be

required that the operator is closed or at least closable. However, the sum

of closed or closable operators need not be closed or closable, respectively;

similarly, the sum of self-adjoint operators need not be self-adjoint. As

a consequence, an unbounded block operator matrix need not be closed

even if so are its entries; if it is closable, then the closure need not have a

block operator matrix representation. We identify classes of closable block

operator matrices and describe their closures. This classification is based on

inclusion relations between the domains of the entries: diagonally dominant,

off-diagonally dominant, and upper dominant block operator matrices. It

turns out that, in many respects, these classes require different approaches.

c) The most powerful tool to investigate all kinds of spectral data of

a self-adjoint operator is the spectral function. Nothing comparable exists

in the non-self-adjoint case. For bounded isolated parts of the spectrum, a

contour integral over the resolvent, the so-called Riesz projection, can be

used to identify a corresponding spectral subspace. However, if the spec-

trum consists of two unbounded isolated parts it is not clear if the spectrum

splits at infinity, i.e. if there exist corresponding spectral subspaces which

reduce the operator. Moreover, even for self-adjoint operators that are non-

semi-bounded and hence have spectrum tending to∞ and −∞, the classical

variational principles do not apply to eigenvalues in gaps of the spectrum.

d) For 2×2 matrices, the eigenvalues can be characterized as the zeroes

of a quadratic polynomial, the characteristic determinant. Since, in general,

the entries A, B, C, and D of a block operator matrix (I) act between

different spaces, it is not possible to multiply them in a way resembling the

scalar 2×2 case; e.g. if H1 = Ck and H2 = Cl with k 6= l, then the product

of matrices AD − BC cannot be formed. To study the spectrum of 2 × 2

block operator matrices, one therefore has to find other functions encoding

the spectral data (e.g. Schur complements). These functions depend on



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

xii Spectral Theory of Block Operator Matrices

the complex spectral parameter and their values are linear operators; how

to build them, may depend on the invertibility of the entries of the block

operator matrix and on inclusions between their domains.

The above mentioned problems have been attacked in the theory of

block operator matrices by various different methods:

2.1. Quadratic numerical range and block numerical ranges. The numer-

ical range W (A) =
{
(Ax, x) : x ∈ D(A), ‖x‖ = 1

}
of a linear operator A in

a Hilbert space H is a reliable method to localize its spectrum. It was first

studied by O. Toeplitz in 1918 (see [Toe18]); he proved that the numerical

range of a matrix contains all its eigenvalues and that its boundary is a

convex curve. In 1919 F. Hausdorff showed that indeed the set W (A) is

convex (see [Hau19]). In fact, it turned out that this continues to hold

for general bounded linear operators and that the spectrum is contained in

the closure W (A) (see [Win29]). For unbounded linear operators A, the

inclusion of the spectrum prevails if every component of C\W (A) contains

at least one point of the resolvent set of A; moreover, the resolvent esti-

mate ‖(A − λ)−1‖ ≤ 1/dist
(
λ,W (A)

)
holds for λ /∈ W (A) (see [Kat95]).

Another interesting property is that every corner of W (A) belongs to the

spectrum and is an eigenvalue if it lies in W (A) (see [Don57], [Hil66]).

At first sight, the convexity of the numerical range seems to be a useful

property, e.g. to show that the spectrum of an operator lies in a half plane.

However, the numerical range often gives a poor localization of the spectrum

and it cannot capture finer structures such as the separation of the spectrum

in two parts. In view of these shortcomings, the new concept of quadratic

numerical range was introduced in 1998 in [LT98] and further studied in
[LMMT01], [LMT01]. If A is a bounded linear operator, a decomposition

H=H1⊕H2 of the Hilbert space is given, and (I) is the corresponding block

operator matrix representation of A, then the quadratic numerical range

W 2(A) of A is the set of all eigenvalues of the 2×2 matrices

Ax,y =

(
(Ax, x) (By, x)

(Cx, y) (Dy, y)

)
, x ∈ H1, y ∈ H2, ‖x‖ = ‖y‖ = 1. (II)

The obvious generalization to n×n block operator matrices is called block

numerical range of A (see [Wag00], [TW03]); for unbounded block operator

matrices A, only matrices Ax,y with normed elements x ∈ D(A) ∩ D(C)

and y ∈ D(B) ∩ D(D) are considered (see [LT98], [Tre08]).

The quadratic numerical range is always contained in the numerical

range: W 2(A) ⊂ W (A). However, unlike the numerical range, the qua-

dratic numerical range is no longer convex; it consists of at most two com-

ponents which need not be convex either. On the other hand, the quadratic
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numerical range shares many other properties with the numerical range: it

enjoys the spectral inclusion property; it furnishes a resolvent estimate of

the form ‖(A−λ)−1‖≤1/dist
(
λ,W 2(A)

)2
for λ /∈W 2(A); a corner ofW 2(A)

belongs to the spectrum of A or one of its diagonal entries A, D. Analo-

gous results hold for the block numerical range and some, e.g. the spectral

inclusion, also for certain classes of unbounded block operator matrices.

Compared to other spectral enclosures of Gershgorin or Brauer type (see
[Ger31], [Bra58]), the quadratic numerical range has the advantage of not

requiring any norms of inverses.

Besides the spectral inclusion, the most important feature of the qua-

dratic numerical range is that it yields a criterion for block diagonalizability.

The corresponding theorem generalizes the well-known fact that every 2×2

matrix with two distinct eigenvalues can be diagonalized: If the closure of

W 2(A) consists of two disjoint components, then A can be block diagonal-

ized. An analogue for the block numerical range was proved recently under

some additional conditions (see the PhD thesis [Wag07]).

Although the quadratic numerical range is a relatively recent concept,

applications of it have already appeared in the literature. V.V. Kostrykin,

K.A. Makarov, A.K. Motovilov used it to prove perturbation results for

spectra and spectral subspaces of bounded self-adjoint operators (see
[KMM07]); some of their results are presented in Section 1.3 (see Theorems

1.3.6, 1.3.7). In [Lin03] H. Linden applied the quadratic numerical range

to derive enclosures for the zeroes of monic polynomials. K.-H. Förster

and N. Hartanto developed a Perron-Frobenius theory for the block numer-

ical range of (entrywise) nonnegative matrices in [FH08], thus generalizing

corresponding results for the spectrum and the numerical range.

2.2. Schur complements and factorization. Schur complements were first

used in the theory of matrices. The idea to associate the matrixD−CA−1B

with a block matrix A as in (I) (with non-singular A) may be traced back

at least to Schur (see [Sch17], and maybe even to earlier work by J. Syl-

vester). The name “Schur complement” was created by E. Haynsworth in

1968 when she began to study partitioned matrices (see [Hay68]). In Hil-

bert spaces, Schur complements may be found first in M.G. Krĕın’s famous

paper [Kre47b] on the extension of self-adjoint operators, under the name

“shorted operators”. Apart from their numerous applications in matrix

theory and numerical linear algebra, Schur complements are used in many

other areas including statistics, electrical engineering, C∗-algebras (see e.g.

[Zha05] with its exhaustive bibliography, [Bha07], and [CIDR05]), and in

mathematical systems theory, where they appear as transfer functions of
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state space realizations of linear time invariant systems (see [BGKR05]).

In the theory of bounded and unbounded block operator matrices, Schur

complements are powerful tools to study the spectrum and various spec-

tral properties. This was first recognized by R. Nagel in a series of papers

starting in 1985 (see [Nag85], [Nag89], [Nag90], [Nag97]). He began to

develop a “matrix theory” for unbounded operator matrices with “diago-

nal domain” (block operator matrices in our terminology) and with “non-

diagonal domain” (allowing for some coupling between the two components

of elements of the domain). The intimate relation between the spectral pro-

perties of the block operator matrix A and those of its Schur complements

S1(λ) = A− λ−B(D − λ)−1C, λ /∈ σ(D),

S2(λ) = D − λ− C(A− λ)−1B, λ /∈ σ(A),

is obvious from the so-called (formal) Frobenius-Schur factorizations, e.g.

A− λ =

(
I 0

C(A− λ)−1 I

)(
A− λ 0

0 S2(λ)

)(
I (A− λ)−1B

0 I

)
, λ /∈ σ(A),

and the corresponding factorization for the resolvent (A−λ)−1. Important

milestones in this direction are: the paper [ALMS94] by F.V. Atkinson,

H. Langer, R. Mennicken, and A.A. Shkalikov from 1994 where the essen-

tial spectrum of a upper dominant block operator matrix was determined

by means of Schur complements; the paper [AL95] by V.M. Adamjan and

H. Langer from 1995 which contains the key ideas for the block diagonal-

ization of operator matrices with self-adjoint separated diagonal entries

D� 0� A and bounded corners B, C that are self-adjoint (C = B∗) or

J -self-adjoint (C = −B∗). In the subsequent papers [ALMS96], [Shk95],
[AMS98], the approach of [AL95] was extended to self-adjoint block opera-

tor matrices with unbounded entries, and in [LT98] to non-self-adjoint diag-

onal entries A, D with spectra separated by a vertical strip and C=B∗. The

Schur complement approach of [ALMS94] to determine the essential spec-

trum was further developed by A.A. Shkalikov (see [Shk95]) and A. Jeribi et

al. (see [MDJ06], [DJ07]) in the Banach space case, and, in the Hilbert space

case, by A.Yu. Konstantinov et al. (see [Kon96], [Kon97], [Kon98], [Kon02],
[KM02], [AK05]) who also studied the absolutely continuous spectrum and

gave applications to upper dominant singular matrix differential operators.

Like Livšic’ characteristic functions, Schur complements are operator-

valued analytic functions reflecting the spectral properties of the associated

block operator matrix A. Also here, methods of complex analysis such

as the factorization theorems by A.I. Virozub and V.I. Matsaev for the

self-adjoint case (see [VM74]) and by A.S. Markus and V.I. Matsaev for
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the general case (see [MM75]) may be employed. The former was used

by R. Mennicken and A.A. Shkalikov (see [MS96]) who generalized the

results of [AL95], [ALMS96] for self-adjoint block operator matrices with

D ≤ A to the case where A and the Schur complement S2 satisfy a certain

separation condition. The factorization theorem by Markus and Matsaev,

together with Brouwer’s fixed point theorem, was used in [LMMT01] to

prove the theorem on block diagonalization for bounded non-self-adjoint

block operator matrices. It was shown that if the closure of the quadratic

numerical range consists of two disjoint components, W 2(A) = F1∪̇ F2,

then the Schur complements admit factorizations

Sj(λ) = Mj(λ)(Zj − λ), j = 1, 2, (III)

with operator functions Mj that are holomorphic in Fj and have boundedly

invertible values and linear operators Zj such that σ(Zj) = σ(A) ∩ Fj . As

a consequence of the factorization (III), the block operator matrix A turns

out to be similar to the block diagonal matrix diag (Z1, Z2).

Interestingly, in 1990/1991, before the abstract methods described

above were developed, eigenvalue problems for second order differential

expressions depending on the spectral parameter rationally (with so-called

“floating singularity”, see [Bog85]) were studied (see [LMM90], [FM91],
[ALM93]). In fact, the corresponding linear operators are the Schur com-

plements of upper dominant matrix differential operators. These investiga-

tions, especially on λ-rational Sturm-Liouville problems on compact inter-

vals were further elaborated to study also eigenvalue accumulation and

embedded eigenvalues by means of Sturm’s comparison and oscillation the-

ories (see [ALM93], [MSS98], [Lan00], [ALL01], [Lan01]). The case of singu-

lar intervals was treated by J. Lutgen in [Lut99]; the case of the whole axis

with periodic boundary conditions was considered by R.O. Hryniv, A.A.

Shkalikov, and A.A. Vladimirov in [HSV00], [HSV02]. It is impossible to

give an account of the vast literature on matrix differential operators stud-

ied purely by means of techniques from the theory of differential equations;

we only mention Dirac systems or Schrödinger type operator matrices.

In mathematical physics, Schur complements were first used by H. Fesh-

bach in 1958 (see [Fes58]) and have since become valuable tools under

the name Feshbach maps or decimation maps (see e.g. [Bac01, Sec-

tion 7], [Lut04], [BCFS03], [GH08]). Here the entry A corresponds e.g.

to low energy states of the system without interaction and the operator

A−BD−1C is called decimated Hamiltonian. The fact that the spectrum

and eigenvalues of a block operator matrix outside the spectrum of the diag-



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

xvi Spectral Theory of Block Operator Matrices

onal entry A, say, coincide with the spectrum and eigenvalues, respectively,

of its first Schur complement S1 and the relation P1(A−λ)−1P1 =S1(λ)
−1

are referred to as the Feshbach projection method or Grushin problem in

the physics literature (see [BFS98, Chapter II] and [SZ03]).

2.3. Algebraic Riccati equations. There are two algebraic Riccati equa-

tions formally associated with a block operator matrix A as in (I):

K1BK1 +K1A−DK1 − C = 0, K2CK2 +K2D −AK2 −B = 0. (IV)

Even in the matrix case, the existence of solutions to such quadratic opera-

tor equations is a non-trivial problem. In the following we describe a purely

analytical approach which relies on rewriting the Riccati equations as opera-

tor Sylvester equations (sometimes also called Krĕın-Rosenblum equations)

and using a fixed point argument; subsequently, we present methods that

are based on the close relation of solutions of Riccati equations and invari-

ant graph subspaces of the block operator matrix.

The starting point for the fixed point approach is to write e.g. the first

Riccati equation in the equivalent formKA−DK = Y with Y := C−KBK.

Solutions K to such operator equations in integral form seem to have been

found first by M.G. Krĕın in 1948 (see [Phó91]), and later independently by

Yu. Daleckĭı (see [Dal53]) and M. Rosenblum (see [Ros56]). The key condi-

tion is that the spectra of the operator coefficients A and D on the left hand

side have to be disjoint; then the solution is given by the so-called Daleckĭı-

Krĕın formula (see [DK74a, Theorem I.3.2] or [GGK90, Theorem I.4.1])

K = − 1

2πi

∮

ΓD

(D − z)−1Y (A− z)−1 =: Φ(K);

here ΓD is a Cauchy contour around σ(D) separating it from σ(A). Since

Y = C − KBK, this formula may be viewed as a fixed point equation

for K. To ensure that the mapping Φ so defined is a contraction, smallness

conditions have to be imposed on the coefficients B and C. As a result

of Banach’s fixed point theorem, we obtain the existence and uniqueness

of contractive solutions of the Riccati equation and a fixed point iteration

converging to the solution in the operator norm.

The first to use a fixed point argument in connection with a Krĕın-

Rosenblum equation was G.W. Stewart in a series of papers between 1971

and 1973 (see [Ste71], [Ste72], [Ste73b]). He introduced a special implicit

measure δ(A,D) for the separation of the spectra of A and D, which is

defined e.g. if one of them is bounded and, in the self-adjoint case, reduces

to the usual distance. Assuming
√
‖B‖ ‖C‖ < δ(A,D)/2, Stewart proved

the existence of a bounded solution of the associated Riccati equation,
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which guarantees the existence of an invariant subspace of a closed linear

operator (see below). Motivated by applications to two-channel Hamilto-

nians from elementary particle physics, A.K. Motovilov applied the fixed

point method to self-adjoint diagonally dominant block operator matrices

in 1991/1995 (see [Mot91], [Mot95]); he proved existence and uniqueness

of solutions of Riccati equations if dist
(
σ(A), σ(D)

)
> 0 and the Hilbert-

Schmidt norm of B satisfies ‖B‖2<dist
(
σ(A), σ(D)

)
/2. This approach was

further advanced, and more general conditions were found, for the non-self-

adjoint case in [ALT01] with bounded B, C, D, in [AMM03] with bounded

B, C, and in [AM05] for the case of one normal diagonal entry. The fixed

point method also applies if the spectra of A and D are not disjoint: In a

series of papers, R. Mennicken, A.K. Motovilov, and V. Hardt (see [MM98],
[MM99], [HMM02], [HMM03]) used it for upper dominant block operator

matrices for which σ(D) is partly or entirely embedded in the continuous

spectrum σc(A) of A; they assumed that the second Schur complement

admits an analytic continuation under the cuts along the branches of the

absolutely continuous spectrum of A, which is ensured by conditions on B.

In numerical linear algebra, iterative schemes for solving Riccati equations

were used by K. Veselič and E. Kovač Striko in [KSV01] in order to establish

an algorithm for block diagonalizing non-self-adjoint matrices (see below).

Riccati equations play an important role in mathematical systems the-

ory (see the monographs [LR95, Chapter IV] by L. Rodman and P. Lan-

caster, [CZ95, Chapter 6] by R. Curtain and H. Zwart and the bibliogra-

phies therein). They arise e.g. in linear quadratic (LQ) optimal control

on an infinite time interval and have been the subject of intense research

since Kalman’s seminal paper from 1960 (see [Kal60]). There, and in other

areas like computational physics and chemistry (see [Ben00]), the operator

coefficients in (IV) have the special properties that D=−A∗ and B, C are

non-negative; the corresponding block operator matrices are called Hamil-

tonians. In systems theory results on existence and uniqueness of non-

negative Hermitian solutions of Riccati equations are sought as well as iter-

ative schemes to approximate solutions for infinite time intervals by solu-

tions for finite time intervals (see e.g. [Mȧr71], [CZ95], [KSV01]). An idea

of the vast literature on Riccati equations for Hamiltonians with bounded

coefficients is given in [LR95]; for unbounded coefficients, important con-

tributions are due to A. Pritchard and D. Salamon (see [PS84], [PS87]),

and to I. Lasiecka and R. Triggiani (see [LT91], [LT00b], [LT00a]) who gave

applications to linear partial differential equations with boundary and point

controls. Although some of the methods presented here apply to Riccati
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equations from systems theory (see [LRT97], [LRvdR02], Remark 2.7.26,

and Corollary 2.9.23), this wide area is out of the scope of this book.

2.4. Invariant graph subspaces and block diagonalization. Invariant sub-

spaces of matrices and linear operators are a key tool in many areas of math-

ematics and its applications (see the monograph [GLR86] by I.C. Gohberg,

P. Lancaster, and L. Rodman for an exhaustive account). The existence of

solutions to the Riccati equations (IV) implies that the subspaces

L1 =

{(
x

K1x

)
: x ∈ H1

}
, L2 =

{(
K2y

y

)
: y ∈ H2

}
(V)

are invariant for the block operator matrix A formed from their coefficients.

As a consequence, the operatorA formally admits the block diagonalization
(
I K2

K1 I

)−1(
A B

C D

)(
I K2

K1 I

)
=

(
A+BK1 0

0 D + CK2

)
. (VI)

Vice versa, if a block operator matrix A possesses invariant subspaces

of the form (V), then the operators K1, K2 therein are solutions of the

Riccati equations (IV). Hence the existence of an invariant graph subspace

of a block operator matrix is equivalent to the existence of a solution of a

corresponding Riccati equation.

The operators K1, K2 in (V) are called angular operators since they

provide a measure for the perturbation of the invariant subspaces H1⊕{0},
{0}⊕H2 of the block diagonal operator diag (A,D) if B and C are turned

on. As an instructive example, we consider a real 2 × 2 matrix A (see
[Hal69], [KMM05]). If A has two different real eigenvalues λ1, λ2 with

eigenvectors (x1 y1)
t, (x2 y2)

t, say x1 6= 0, then e.g.

L1 =

{(
x1

k1x1

)
: x1 ∈ H1

}
, k1 =

y1
x1

=: tan θ;

here θ∈ [0, π/2) is the angle between the axis R⊕{0} and the eigenspace L1.

The orthogonal projection P of C2 onto L1 is given by

P =

(
cos2 θ sin θ cos θ

sin θ cos θ sin2 θ

)
. (VII)

If P1 is the orthogonal projection of C2 onto C⊕{0}, then it is not difficult

to check that ‖P −P1‖ = sin θ. If A is a bounded block operator matrix

that can be block diagonalized and L1 is an invariant subspace as in (V),

then the orthogonal projection P of H1 ⊕H2 on L1 is given by

P =

(
(I +K∗

1K1)
−1 (I +K∗

1K1)
−1K∗

1

K1(I +K∗
1K1)

−1 K1(I +K∗
1K1)

−1K∗
1

)
.
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Comparing with formula (VII), we recognize the formal correspondence

I +K∗
1K1 ←→

1

cos2 θ
= 1 + tan2 θ or

√
K∗

1K1 ←→ tan θ,

which is the identity k1 = tan θ in the matrix case. Using the notion of

an operator angle Θ of a pair of subspaces (see e.g. [KMM03a, Section 2]),

one arrives at the rigorous identities
√
K∗

1K1 = tanΘ and ‖P−P1‖=sinΘ

where P1 is the orthogonal projection of H1⊕H2 on H1⊕ {0}.
Even in the case of matrices or bounded linear operators, there are no

simple answers neither to the problem of existence of invariant graph sub-

spaces nor to the problem of existence of solutions of Riccati equations; in

the unbounded case, additional problems with domains and closures arise.

However, the equivalence of the problems widens the range of methods

available for their solution. Besides the fixed point methods for Riccati

equations described before, we distinguish four main directions:

For self-adjoint operators A, a geometric approach was initiated by

works of C. Davis and W.M. Kahan in the 1960ies (see [Dav63], [Dav65],
[DK70]); they studied the perturbation of spectral subspaces of a self-

adjoint operator A0 the spectrum of which has two disjoint components.

Note that this induces a decomposition H = H1 ⊕H2 in which A0 is block

diagonal, say A0 = diag (A,D) with σ(A) ∩ σ(D) = ∅. Their main results

are four different types of theorems, called sin θ theorem, tan θ theorem,

sin 2θ theorem, and tan 2θ theorem, which give the best possible bound on

the angle between the perturbed and unperturbed spectral subspaces.

Independently, and only in the 1990ies, V.M. Adamjan and H. Langer

developed a different analytic approach in [AL95] for self-adjoint and J -

self-adjoint operators of the form

A =

(
A B

±B∗ D

)
=

(
A 0

0 D

)
+

(
0 B

±B∗ 0

)
= A0 + V (VIII)

with bounded off-diagonal perturbation V . Under the stronger assumption

σ(D) < σ(A), but without bounds on the norm of V in the self-adjoint

case, they proved that the interval
(
maxσ(D),min σ(A)

)
remains free of

spectrum for the perturbed operator A = A0 + V and that the spectral

subspaces L1 and L2 corresponding to the intervals
[
minσ(A),∞

)
and(

−∞,maxσ(D)
]

admit angular operator representations (V) with a uni-

form contraction K1 and K2 = −K∗
1 (the latter being a consequence of the

orthogonality of L1 and L2); their method is based on analytic estimates

of integrals over the inverse of the Schur complement.
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In 2001 a novel approach involving indefinite inner products was estab-

lished in [LT01] for block operator matrices (VIII) with non-self-adjoint A0

and self-adjoint V (i.e. C = B∗). It is based on a theorem on accre-

tive linear operators in Krein spaces which applies if we assume that

ReW (D) ≤ 0 ≤ ReW (A). In fact, if H = H1 ⊕ H2 is equipped with

the indefinite inner product [·, ·] = (J ·, ·) with J = diag (I,−I), then

Re

[(
A B

B∗ D

)(
x

y

)
,

(
x

y

)]
= Re

((
A B

−B∗ −D

)(
x

y

)
,

(
x

y

))

= Re (Ax, x) −Re (Dx, x) ≥ 0

(IX)

for (x y)t ∈ D(A). This theorem yields the existence of invariant sub-

spaces of A that are maximal non-positive and maximal non-negative with

respect to [·, ·], provided A is exponentially dichotomous (see the next sub-

section). As a consequence of the definiteness of these invariant subspaces,

we obtain angular operator representations (V) with contractions K1, K2.

This approach does not only furnish a new and more elegant proof for the

self-adjoint case treated in [AL95], it also covers non-self-adjoint diagonally

dominant and off-diagonally dominant block operator matrices. Note that,

for the latter, the off-diagonal part V can no longer be regarded as a per-

turbation of the diagonal part A0 and so, even in the self-adjoint case, none

of the previous results applies.

Finally, in parallel, a fourth method was developed in [LMMT01] which

relies on the factorization theorems by Markus and Matsaev used for the

Schur complements. It applies to bounded linear operatorsA and decompo-

sitions H = H1⊕H2 such that the closure of the quadratic numerical range

consists of two disjoint components. In this case, e.g. the angular operator

K1 and the operator Z1 in the linear factor of S1(λ) = M1(λ)(Z1 − λ) are

related by the formulae

Z1 = A+BK1, K1 =
1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1dλ;

here Γ1 is a Cauchy contour separating the two components of the quadratic

numerical range. Similarly, we have Z2 = D + CK2 and a corresponding

integral formula for K2. This shows that, indeed, the operators Z1, Z2 in

the factorizations (III) of the Schur complements are the diagonal entries

in the block diagonalization (VI).

Numerous papers were published following one or two of the previous

approaches. The analytic approach by Adamjan and Langer was further

pursued for unbounded upper dominant self-adjoint block operator matrices

with maxσ(D) ≤ minσ(A) in [ALMS96] and, for the first time, for non-
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self-adjoint A and D with ReW (D) ≤ 0 ≤ ReW (A), bounded D, and

C = B∗ in [LT98]. The method of factorizing the Schur complements was

first applied in [MS96] to allow for a certain overlapping of the spectra

of A and D. The geometric approach of Davis and Kahan was further

elaborated in a series of papers by A.K. Motovilov et al. (see [KMM03b]

for general bounded V ; [KMM03a], [KMM07] for bounded off-diagonal V ;
[KMM04] for bounded off-diagonal V and the case maxσ(D) ≤ min σ(A);
[KMM05] for off-diagonal V and the case that A is bounded and σ(A) lies

in a finite gap of σ(D); [AMS07] for bounded off-diagonal V and [MS06] for

unbounded off-diagonal V and, in both cases, σ(A) ∩ convσ(D) = ∅). As

in [KMM07] and [AMM03], optimal bounds on the norm of V guaranteeing

that the perturbed spectrum remains separated and on the angle between

the perturbed and the unperturbed spectral subspaces are given.

2.5. Dichotomous block operator matrices. A linear operator is called

dichotomous if its spectrum does not intersect the imaginary axis iR; in this

case, the spectrum of A splits into two parts σ1 ⊂ C+, σ2 ⊂ C− in the open

right and left half plane, respectively. The notion of dichotomous operators

is closely related to the notion of dichotomy for differential equations. In

the most classical case, it means that the solution of a Sturm-Liouville equa-

tion on L2(R) is the sum of two solutions from L2(0,∞) and L2(−∞, 0),

respectively. For evolution equations u′(t) = Au(t), t ∈ [0,∞), in an

abstract Banach or Hilbert space H, the concept of exponential dichotomy

was considered by S.G. Krĕın and Ju.B. Savčenko (see [KS72]); essentially,

it means that there exist two invariant subspaces L1 and L2 of A such that

H = L1 ⊕ L2 and ‖u(t)‖ decays (increases, respectively) exponentially for

t → ∞ if u(t) ∈ L2 (u(t) /∈ L2, respectively). If A is a bounded dichoto-

mous operator, then L1, L2 can be chosen to be the spectral subspaces

of A corresponding to σ1, σ2, i.e. the ranges of the corresponding Riesz

projections; if A is self-adjoint and unbounded, then L1, L2 can be chosen

to be the ranges of the corresponding spectral projections. If, however, A
is unbounded and not self-adjoint, then both σ1 and σ2 may be unbounded

and the problem of “separating the spectrum at infinity” (see [GGK90,

Section XV.3]) arises.

If an unbounded non-self-adjoint block operator matrix A as in (VIII) is

exponentially dichotomous, then it can be transformed into block diagonal

form. The spectral inclusion theorem for the quadratic numerical range

yields a criterion for dichotomy. If we assume that the numerical ranges of

A and D are separated by a strip around iR, i.e. for some α, δ > 0
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W (A) ⊂ {z ∈ C : Re z ≥ α}, W (D) ⊂ {z ∈ C : Re z ≤ −δ},
that the strip S :={z ∈ C : −δ < Re z < α} contains at least one point of

ρ(A)∩ρ(D), and that certain relative boundedness assumptions are satisfied

for the entries of A, then S ⊂ ρ(A) and hence A is dichotomous. Note that

this implies that the block operator matrixA is J -accretive (see (IX)). If we

require, in addition, that W (A) and W (D) lie in certain sectors of angle less

than π in the right and left half plane, respectively, then A is exponentially

dichotomous. This follows from a deep theorem proved by H. Bart, I.C.

Gohberg, and M.A. Kaashoek (see [BGK86, Theorem 3.1], [GGK90, Theo-

rem XV.3.1]); they studied exponentially dichotomous operators intensively

in relation with Wiener-Hopf factorization. Equivalent conditions for the

separation of the spectrum at infinity were given by G. Dore and A. Venni

in [DV89] in terms of powers of the operator in question. In [RvdM04],
[vdMR05], A.C.M. Ran and C. van der Mee considered additive and multi-

plicative perturbations of exponentially dichotomous operators; they used

methods different from those presented here, e.g. the Bochner-Phillips the-

orem. A survey of this area and of applications of exponentially dichoto-

mous operators, e.g. to transport equations, diffusion equations of indefinite

Sturm-Liouville type, noncausal infinite-dimensional linear continuous-time

systems, and functional differential equations of mixed type are given in the

recent monograph [vdM08] by C. van der Mee.

2.6. Variational principles and eigenvalue estimates. The variational

characterization of eigenvalues goes back well into the 19th century, to

H. Weber (see [Web69]) and Lord Rayleigh (see [Ray26]). If A is a self-

adjoint operator that is semi-bounded, say from below, then the eigenvalues

λ1 ≤ λ2 ≤ · · · of A below its essential spectrum can be characterized by

means of the classical min-max principle

λn = min
L⊂D(A)
dimL=n

max
x∈L
x6=0

p(x), p(x) :=
(Ax, x)
‖x‖2 , (X)

(see e.g. [RS78, Chapter XIII], [WS72], [Gou57], [Ste70]). Here p is the

so-called Rayleigh functional defining the numerical range of A. Besides

the min-max principle, which is based on the inequalities of H. Poincaré

(see [Poi90]), there also exists a max-min characterization which relies on

the inequalities of H. Weyl (see [Wey12]). Min-max and max-min principles

are effective tools in the qualitative and quantitative analysis of eigenval-

ues of self-adjoint operators for several reasons. They do not require any

knowledge about eigenvectors and can be used for comparing eigenvalues of

operators, deriving eigenvalue estimates, locating the bottom of the essen-
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tial spectrum (or showing it is empty), proving the existence of eigenvalues

below the essential spectrum, and for numerical approximations of eigen-

values; corresponding algorithms have been used in countless applications

from physics and engineering sciences for decades, e.g. in elasticity theory

for calculating buckling loads of beams or plates (see e.g. [Mik64]).

Due to the convexity of the numerical range, the classical variational

principles only apply to eigenvalues to the left (or to the right) of the essen-

tial spectrum, but not to eigenvalues in gaps of the essential spectrum.

This excludes eigenvalues of some important operators from mathemati-

cal physics like Dirac operators, Klein-Gordon operators, and Schrödinger

operators with periodic potentials. The first abstract min-max principles

for block operator matrices with spectral gap were proved by M. Griesemer

and H. Siedentop in 1999 and generalized in 2000 jointly with R.T. Lewis

(see [GS99], [GLS99]), followed by work of M.J. Esteban, J. Dolbeault, and

E. Séré beginning in 2000 (see [DES00b]), [DES00c], [DES06]). The main

motivation of these authors was to characterize the eigenvalues of Dirac

operators with Coulomb potential, as suggested in earlier work of J. Tal-

man and of S.N. Datta and G. Deviah (see below). While the assumptions

and methods of proof are different, the common idea in these papers is to

use the given decomposition H = H1 ⊕ H2 and to impose the dimension

restriction only in one component, e.g. in the bounded case

λn = min
L1⊂H1

dimL1=n

max
x∈L1⊕H2

x6=0

p(x). (XI)

Much earlier, beginning in the 1950ies, min-max principles were proved for

operator functions depending non-linearly on the spectral parameter. In

1955 R. Duffin was the first to consider the case of self-adjoint quadratic

operator polynomials T (λ) (see [Duf55] and the later work [Bar74] of E.M.

Barston); self-adjoint continuously differentiable functions of matrices and

of bounded linear operators defined on some real interval I were studied

in 1964 by E.H. Rogers (see [Rog64], [Rog68]) and by B. Werner in 1971

(see [Wer71]), respectively. Here a generalized Rayleigh functional p was

introduced which, e.g. if T (·) is strictly monotonically increasing, is defined

to be the unique zero p(x) of
(
T (λ)x, x

)
(or ±∞ if no zero exists). This def-

inition is closely related to the numerical range of the operator function T ,

which is given by W (T ) :=
{
λ ∈ I :

(
T (λ)x, x

)
= 0 for some x ∈ H, x 6= 0

}
.

In the particular case T (λ) = A − λ, the unique zero of
(
T (λ)x, x

)
= 0 is

just the classical Rayleigh functional p(x) (see (X)). Under much weaker

assumptions on the operator functions, these min-max principles were gen-

eralized by P. Binding, H. Langer, and D. Eschwé in [BEL00]) for the case
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of bounded values T (λ), and by D. Eschwé, and M. Langer in [EL04] for

the case of unbounded values T (λ). In both papers, the variational princi-

ples were applied to the Schur complements to characterize eigenvalues of

self-adjoint and even skew-self-adjoint block operator matrices.

A new type of variational principles for eigenvalues in spectral gaps

appeared in 2002 (see [LLT02], [KLT04]). They apply to block operator

matrices having real quadratic numerical range W 2(A), i.e. to self-adjoint

and certain skew-self-adjoint block operator matrices. Here the role of the

classical Rayleigh functional is played by the functionals λ± induced by

the quadratic numerical range; they are defined as the zeroes λ±

(
x
y

)
of the

quadratic polynomial det(Ax,y−λ) (i.e. the eigenvalues of the matrix Ax,y

given by (II)). The proof of these novel min-max and max-min principles

uses the variational principle of [EL04] and the inclusion of the numerical

range of the Schur complement in the quadratic numerical range. As a

corollary, we obtain the min-max principle (XI) with the classical Rayleigh

functional p. In the off-diagonally dominant case, the results of [KLT04]

are restricted to bounded diagonal entries; a generalization to one relatively

bounded diagonal entry was given in [Win05] (see also [Win08]).

The problem of eigenvalue accumulation in gaps of the essential spec-

trum of self-adjoint block operator matrices was investigated also in
[AMS98]; some of the results therein follow from more general consider-

ations of V.A. Derkach and M.M. Malamud on self-adjoint extensions of

symmetric operators with spectral gaps (see [DM91]).

2.7. Motivation by applications. Many physical systems are described

by systems of partial or ordinary differential equations or linearizations

thereof. The corresponding spectral problems tend to be challenging; pro-

found physical intuition and advanced techniques from the analysis of dif-

ferential equations are common ways to address them. The theory of block

operator matrices opens up a new line of attack.

Magnetohydrodynamics and fluid mechanics. The study of block oper-

ator matrices occurring in magnetohydrodynamics and fluid mechanics

was initiated by several papers of G. Grubb, G. Geymonat (see [GG74],
[GG77], [GG79]) and of J. Descloux, G. Geymonat (see [DG79], [DG80]).

Using pseudo-differential calculus, they developed methods to determine

the essential spectrum of so-called Douglis-Nirenberg elliptic systems. It

seems that these authors were the first to observe that, unlike regular differ-

ential operators, regular matrix differential operators may have non-empty

essential spectrum. Applications of the results were given e.g. to the lin-
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earized Navier-Stokes operator from fluid mechanics.

In magnetohydrodynamics, knowledge of the essential spectrum, espe-

cially of its so-called Alfvén range part, may be used to heat up the plasma

inexpensively (see [Lif89, Section 7.9]). A variety of singular and regular

spectral problems from magnetohydrodynamics were studied by T. Kako

(see [Kak84], [Kak85], [Kak87], [Kak88a], [Kak88b], [KD91], [Kak94]) and

by G. Răıkov by means of variational techniques (see [Răı85], [Răı86a],
[Răı86b], [Răı87], [Răı88], [Răı90], [Răı91], [Răı97]); G. Răıkov also inves-

tigated the discrete eigenvalues and proved asymptotic formulae for them.

The methods developed in [ALMS94] for upper dominant block oper-

ator matrices were employed to determine the essential spectrum for sev-

eral problems in magnetohydrodynamics, fluid mechanics, and astrophysics:

regular two-dimensional problems from magnetohydrodynamics were stud-

ied by M. Faierman, A. Yu. Konstantinov, H. Langer, R. Mennicken, and M.

Möller (see [FLMM94], [FMM95], [LM96], [Kon02]); singular problems were

considered in [FMM99], [FMM00], and by S.N. Naboko et al. in [HMN99],
[MNT02], [KN02], [KN03]. In the more involved singular case considered in
[DG79], Descloux and Geymonat’s conjecture on the essential spectrum is

still waiting to be proved; by now, it was only confirmed for a simpler model

problem in [FMM04]. The result for the essential spectrum of the linearized

Navier-Stokes operator obtained in [GG79] was reproved in [FFMM00]. The

methods of [ALMS94] apply also to problems from the stability analysis of

stellar oscillations, e.g. to a model arising in the Cowling approximation,

which was considered by H. Beyer directly by Sturm-Liouville techniques

(see [Bey00]), or to differentially rotating stars (see [FLMM99]).

Quantum mechanics. Another field where block operator matrices nat-

urally occur is quantum mechanics, the most prominent example being the

Dirac operator (see [Tha92]):

HΦ :=

(
(mc2 + eΦ) I c ~σ ·

(
−i~∇− e

c
~A
)

c ~σ ·
(
−i~∇− e

c
~A
)

(−mc2 + eΦ) I

)
.

Here the problem of block diagonalization amounts to a decoupling of

positive- and negative-energy states (electrons and positrons). For the

free Dirac operator in R3 (i.e. ~A = 0, Φ = 0), an exact unitary trans-

formation into block diagonal form was found by L.L. Foldy and S.A.

Wouthuysen in 1950 (see [FW50] and the review articles [DV70], [CM95]).

For non-vanishing electric potential Φ, the Foldy-Wouthuysen method sug-

gests a sequence of unitary transformations eliminating the lowest order off-

diagonal term in 1/c in each step. However, the resulting series expansion
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in 1/c for the successively transformed Dirac operator is ill-behaved (see
[GNP89], [RW04a]). In 1974, another iterative diagonalization scheme was

proposed by M. Douglas and N.M. Kroll who used an expansion in terms

of orders in the potential Φ rather than in 1/c (see [DK74b]); its efficiency

for quantum chemical implementations was first noticed by B.A. Hess in
[Heß86] and investigated in detail in a recent series of papers by M. Reiher

and A. Wolf (see [RW04a], [RW04b], [WR06a], [WR06b]). Unlike the Foldy-

Wouthuysen approximation, this method yields a well-behaved series with

a limiting block diagonal operator having the same spectrum as the original

Dirac operator (see [RW04a]). For Coulomb potentials up to atomic number

51, convergence of this series in norm resolvent sense was proved recently

by H. Siedentop and E. Stockmeyer in [SS06]; numerically, Reiher and Wolf

have tested convergence for the ground state energies of one-electron ions

over the whole periodic table in [RW04b]. In 1988, B. Thaller generalized

the Foldy-Wouthuysen transformation for abstract supersymmetric Dirac

operators, which include the Dirac operator with vector potential ~A, but not

with electric potential (see [Tha88], [Tha91], and the monograph [Tha92]).

The idea of achieving a block diagonalization for various Hamiltoni-

ans in quantum mechanics by means of invariant graph subspaces may be

traced back to 1954 to S. Ôkubo (see [Ôku54] and also the survey paper
[SS01] for an introduction to Ôkubo’s method). His approach includes free

Dirac operators as a special case, but it also has applications in elemen-

tary particle physics (see e.g. [GM81], [KS93], and [SS01]); there the two

components of the Hilbert space correspond, for example, to a space of

external (e.g. hadronic) degrees of freedom and a space of internal (e.g.

quark) degrees of freedom (see [DHM76], [Mot95]). In a mathematically

rigorous way, Ôkubo’s idea was used by V.A. Malyshev and R.A. Minlos

for the construction of invariant subspaces for a class of self-adjoint block

operator matrices in statistical physics, so-called clustering operators (see
[MM79], [MM82]); their assumptions amount to separated spectra of the

diagonal entries and sufficiently small off-diagonal terms.

The first exact Foldy-Wouthuysen transformation for Dirac operators

with electric potentials was proved in 2001 in [LT01]. This result is a con-

sequence of the abstract theorem on block diagonalization described above;

at the moment, it is restricted to bounded potentials, but we conjecture

that the method continues to be applicable as long as the potential does

not mix the positive and negative part of the spectrum too badly. This

conjecture is supported by the recent paper [Cor04] of H.O. Cordes. Inde-

pendently of [LT01], in 2004, he proved the existence of an exact Foldy-
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Wouthuysen transformation for Dirac operators with unbounded smooth

electromagnetic fields; in [Cor04], the latter is ensured by the assumption

that all derivatives of order k decay like (1+ |x|)−k−1 (see also [Nen76]).

Such fields do not alter the essential spectrum, but may produce a finite

mixing of eigenvalues emerging from the left and the right end-point of the

essential spectrum. Cordes’ method relies on his earlier works on pseudo-

differential calculus and its application to Dirac operators, begun already

in the 1980ies (see [Cor79], [Cor83b], [Cor83a], [Cor95], [Cor00], [Cor01]).

Variational principles for Dirac operators of the form (XI) were first sug-

gested in the 1980ies by J.D. Talman (see [Tal86]) and by S.N. Datta and G.

Deviah (see [DD88]). The main difficulty, compared to Schrödinger opera-

tors, is that the Dirac operator is not semi-bounded and eigenvalues appear

in a gap of the essential spectrum. Remarkably, Talman already used

the Schur complement implicitly for his heuristic arguments (see [Tal86,

(4)]). The first rigorous min-max result for Dirac operators with Coulomb

potential was considered in 1997 by M. Esteban et al. (see [ES97] and also
[DES00b]). Later the abstract min-max principles by H. Siedentop et al.

in [GS99], [GLS99] and by M. Esteban et al. in [DES06] were applied to

Dirac operators with Coulomb-like potentials. The variational principles in
[KLT04] were applied to Dirac operators with bounded potentials and to

Dirac operators on Riemannian spin manifolds with warped product met-

ric. Recently, M. Winklmeier used block operator methods to establish

variational principles for eigenvalues of the angular part of the Dirac oper-

ator in curved spacetime (see the PhD thesis [Win05] and [Win08]). The

resulting eigenvalue estimates are the first analytic results, preceded only

by numerical calculations of K.G. Suffern, E.D. Fackerell, C.M. Cosgrove

and of S.K. Chakrabarti in the 1980ies (see [SFC83], [Cha84]).

Other areas. There are many other applications that we do not touch

in this book. They include linear evolution problems that can be written

formally as first order Cauchy problems

u̇(t) = Au(t), u(0) = u0, (XII)

with a block operator matrix A in a product space H = H1⊕ · · · ⊕Hn and

a function u : R+ → H (see e.g. [Nag89]). Often these problems arise as

linearizations of second order Cauchy problems; examples include the wave

equation (see e.g. [Gol85]) and the Klein-Gordon equation from quantum

mechanics (see e.g. [Lun73]) for which

A =

(
0 I

B D

)
, B = c2

(
−i~∇− e

c
~A
)2

+m2c4−e2Φ2, D = 2eΦ;



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

xxviii Spectral Theory of Block Operator Matrices

other linearizations lead to different coefficients A in (XII) (see e.g. [Ves91]).

Here the crucial problem is to show that the operator A is the generator of

a semi-group. For wave equations, the operator matrix approach initiated

by Nagel was applied recently by D. Mugnolo (see [Mug06a], [Mug06c],
[Mug06b]). Other classes of block operator matrices, such as one-sided

coupled operator matrices or polynomial operator matrices, were stud-

ied intensively by K.-J. Engel et al. in numerous papers (see [Eng89a],
[Eng89b], [EN90], [Eng90], [Eng91a], [Eng91b], [Eng93], [Eng96], [Eng98],
[Eng99], [BE04]); applications range from epidemiology to elasticity the-

ory and reaction-diffusion systems. Operator matrices with non-diagonal

domain in the sense of Nagel and applications to differential equations

with delay were considered in [BBD+05]. For abstract operator matri-

ces of Klein-Gordon type, the block operator matrix approach presented

in this book and indefinite inner product methods were applied by vari-

ous authors, including K. Veselič, B. Najman, and P. Jonas (see [Ves91],
[Naj83], [Jon93], [Jon00], [LNT06], [LNT08]); variational principles for the

Klein-Gordon equation, even in the presence of complex eigenvalues, were

derived in [LT06]. Along similar lines, Cauchy problems arising in hydrody-

namics describing small oscillations of a fluid in a partially filled container

were studied in [AHKM03], [KMPT04]).

3. Outline of contents. The three chapters of this book are organised

in the following way:

Chapter 1 deals with bounded block operator matrices. In Section 1.1

the quadratic numerical range W 2(A) of a bounded block operator matrix

A is introduced and some elementary properties are proved. In Section 1.2

we study the quadratic numerical range of several special classes of block

operator matrices. Section 1.3 contains the most important property of

the quadratic numerical range, the spectral inclusion. In Section 1.4 we

establish an estimate of the resolvent in terms of the quadratic numerical

range. In Section 1.5 the corners of the quadratic numerical range are stud-

ied. In Section 1.6 we analyse the Schur complements of the block operator

matrix and the relation of their numerical ranges to the quadratic numerical

range. We show that if the closure of the quadratic numerical range consists

of two disjoint components, then the Schur complements admit factoriza-

tions. This result is used in Section 1.7 to prove one of the main results

of this chapter, the theorem on block diagonalization (see Theorem 1.7.1).

A consequence of this theorem is the existence of bounded solutions of the

corresponding Riccati equations. In Section 1.8 so-called spectral support-

ing subspaces H∆
1 of self-adjoint block operator matrices are studied; they
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are characterized by the property that the spectral subspace L∆(A) is the

graph of a linear operator defined on H∆
1 . In Section 1.9 variational princi-

ples based on the functionals λ± defining the quadratic numerical range are

established; they apply to eigenvalues in gaps of the essential spectrum of

bounded linear operators with real quadratic numerical range. Section 1.10

deals with so-called J -self-adjoint block operator matrices (i.e. A = A∗,

D = D∗, C = −B∗). The functionals λ± are used to classify the spectral

points of A and to identify an interval [ν, µ] outside of which the spectrum

of A is of definite type; the latter implies that A possesses a local spec-

tral function on R \ [ν, µ]. In addition, the results on spectral supporting

subspaces are extended to the case C = −B∗. In Section 1.11 the qua-

dratic numerical range is generalized to n× n block operator matrices; all

results of Sections 1.1 to 1.4 carry over to this so-called block numerical

range. Moreover, we prove that a refinement of the decomposition of the

Hilbert space leads to an inclusion of the corresponding block numerical

ranges. Together with the spectral inclusion property, this yields a succes-

sively improved localization of the spectrum. In Section 1.12 we show that

the block numerical range of the companion matrix of an operator poly-

nomial contains its numerical range. Finally, in Section 1.13, Gershgorin’s

theorem for n× n block operator matrices is presented and compared with

the spectral inclusion by means of the block numerical range.

Chapter 2 focuses on unbounded block operator matrices. Section 2.1

contains some basic properties of closed linear operators; in particular, the

notions of relative boundedness and relative compactness are presented.

In Section 2.2 we establish criteria for closedness and closability of block

operator matrices. To this end, three classes of block operator matrices are

distinguished, depending on the positions of the “strongest” operators in

each column (i.e. the entries with smallest domains): diagonally dominant,

off-diagonally dominant, and upper dominant block operator matrices. In

Section 2.3 and Section 2.4 we investigate the spectrum and the essential

spectrum, respectively, of block operator matrices by means of Schur com-

plements and quadratic complements. In Section 2.5 we introduce the qua-

dratic numerical range for unbounded block operator matrices and prove

the spectral inclusion theorem for diagonally dominant and off-diagonally

dominant block operator matrices. In Section 2.6 some properties of sym-

metric and J -symmetric block operator matrices are studied; in particular,

a classification of eigenvalues in terms of the quadratic numerical range

is given. Section 2.7 contains some of the key results of Chapter 2 (see

Theorems 2.7.7, 2.7.21, and 2.7.24); they concern the existence of invari-
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ant graph subspaces and of solutions of Riccati equations for dichotomous

block operator matrices. These theorems apply to essentially self-adjoint

block operator matrices and, in the non-self-adjoint case, to diagonally

dominant and off-diagonally dominant block operator matrices with cer-

tain relative boundedness assumptions between the entries (ensuring expo-

nential dichotomy). In Section 2.8 we exploit the theorems of Section 2.7

further to obtain results on block diagonalization as well as on half range

completeness and half range basis properties of eigenfunctions and asso-

ciated functions. In Section 2.9 we reconsider the existence problem for

solutions of Riccati equations by means of fixed point methods, which also

provide uniqueness of the solution and a convergent iteration scheme. In

Section 2.10 we derive variational principles for eigenvalues in gaps of the

essential spectrum for self-adjoint and J -self-adjoint block operator matri-

ces. In Section 2.11 we use the variational principles to derive two-sided

eigenvalue estimates. Many of the results of Chapter 2 are illustrated by

matrix differential operators.

Chapter 3 concentrates on a selection of applications in mathematical

physics to which the results of Chapter 2 are applied. In Section 3.1 we

consider a stability problem for small oscillations of a magnetized gravi-

tating plane equilibrium layer of a hot compressible ideal plasma, which

is described by an upper dominant essentially self-adjoint block operator

matrix. In particular, we derive a formula for the essential spectrum, which

consists of two intervals called slow magnetosonic and Alfvén spectrum,

and we give estimates for the eigenvalues if there is a gap between these

two intervals. In Section 3.2 we study the stability of the two-dimensional

Ekman boundary layer flow which is produced in a rotating tank with small

inflow; the corresponding block operator matrix is diagonally dominant and

non-self-adjoint. We calculate the essential spectrum which consists of a

curve in the complex plane confined to a semi-strip. Section 3.3 is dedicated

to Dirac operators in R3 and in curved spacetime; in both cases, the corre-

sponding block operator matrices are self-adjoint and off-diagonally domi-

nant. We show that, for the free Dirac operator in R3, our diagonalization

theorem reproduces the well-known Foldy-Wouthuysen transformation. In

contrast to the latter, our method also applies to Dirac operators in R3 with

electric potential under some boundedness condition. Finally, we study the

angular part of the Dirac equation in the spacetime generated by an electri-

cally charged rotating massive black hole. We use the variational principles

of Section 2.10 to derive upper and lower bounds for the eigenvalues and

compare them with numerical values from the physics literature.



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Contents

Preface v

Introduction vii

1. Bounded Block Operator Matrices 1

1.1 The quadratic numerical range . . . . . . . . . . . . . . . . 1

1.2 Special classes of block operator matrices . . . . . . . . . . 11

1.3 Spectral inclusion . . . . . . . . . . . . . . . . . . . . . . . 18

1.4 Estimates of the resolvent . . . . . . . . . . . . . . . . . . . 26

1.5 Corners of the quadratic numerical range . . . . . . . . . . 29

1.6 Schur complements and their factorization . . . . . . . . . 35

1.7 Block diagonalization . . . . . . . . . . . . . . . . . . . . . 42

1.8 Spectral supporting subspaces . . . . . . . . . . . . . . . . 47

1.9 Variational principles for eigenvalues in gaps . . . . . . . . . 59

1.10 J -self-adjoint block operator matrices . . . . . . . . . . . . 62

1.11 The block numerical range . . . . . . . . . . . . . . . . . . 70

1.12 Numerical ranges of operator polynomials . . . . . . . . . . 82

1.13 Gershgorin’s theorem for block operator matrices . . . . . 86

2. Unbounded Block Operator Matrices 91

2.1 Relative boundedness and relative compactness . . . . . . . 91

2.2 Closedness and closability of block operator matrices . . . 99

2.3 Spectrum and resolvent . . . . . . . . . . . . . . . . . . . . 111

2.4 The essential spectrum . . . . . . . . . . . . . . . . . . . . 116

2.5 Spectral inclusion . . . . . . . . . . . . . . . . . . . . . . . 129

2.6 Symmetric and J -symmetric block operator matrices . . . 142

xxxi



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

xxxii Spectral Theory of Block Operator Matrices

2.7 Dichotomous block operator matrices and Riccati equations 154

2.8 Block diagonalization and half range completeness . . . . . 174

2.9 Uniqueness results for solutions of Riccati equations . . . . 180

2.10 Variational principles . . . . . . . . . . . . . . . . . . . . . 193

2.11 Eigenvalue estimates . . . . . . . . . . . . . . . . . . . . . . 205

3. Applications in Mathematical Physics 217

3.1 Upper dominant block operator matrices

in magnetohydrodynamics . . . . . . . . . . . . . . . . . . . 217

3.2 Diagonally dominant block operator matrices

in fluid mechanics . . . . . . . . . . . . . . . . . . . . . . . 222

3.3 Off-diagonally dominant block operator matrices

in quantum mechanics . . . . . . . . . . . . . . . . . . . . . 227

Bibliography 239

Index 261



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Chapter 1

Bounded Block Operator Matrices

A block operator matrix is a matrix the entries of which are linear oper-

ators. Every bounded linear operator can be written as a block operator

matrix if the space in which it acts is decomposed in two or more compo-

nents. In this chapter we present methods that allow us to use information

on the entries in such a representation to investigate the spectral properties

of the given operator. The key tool here is the quadratic numerical range

or, more generally, the block numerical range. Our main results include

a spectral inclusion theorem, an estimate of the resolvent in terms of the

quadratic numerical range, factorization theorems for the Schur comple-

ments, and a theorem about angular operator representations of spectral

invariant subspaces; the latter implies e.g. the existence of solutions of the

corresponding Riccati equations and a block diagonalization. Many of the

results are also of interest for partitioned matrices.

1.1 The quadratic numerical range

The numerical range is an important tool in the spectral analysis of bounded

and unbounded linear operators in Hilbert spaces. We begin by collecting

some if its useful properties (see e.g. [Hal82], [GR97], [Kat95], and [Ber62]).

LetH be a complex Hilbert space and letA be a bounded linear operator

in H. Then the numerical range of A is the set

W (A) :=
{
(Ax,x) : x ∈ SH

}

where SH := {x ∈ H : ‖x‖ = 1} is the unit sphere in H. By the well-known

Toeplitz-Hausdorff theorem, the numerical range is a convex subset of C
and it satisfies the so-called spectral inclusion property

σp(A) ⊂W (A), σ(A) ⊂W (A) (1.1.1)

1
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for the point spectrum σp(A) (or set of eigenvalues) and the spectrum σ(A)

of A; note that W (A) is closed if dimH <∞. Further, the resolvent of A
can be estimated in terms of the distance to the numerical range,

∥∥(A− λ)−1
∥∥ ≤ 1

dist
(
λ,W (A)

) , λ /∈ W (A). (1.1.2)

If a point λ ∈W (A) is a corner of the numerical range (i.e. W (A) lies in a

sector with vertex λ and angle less than π), then λ∈σ(A); if, in addition,

λ∈W (A), then λ ∈ σp(A). The estimate (1.1.2) implies that if λ∈σp(A)

is a boundary point of W (A), then there are no associated vectors at λ.

If the Hilbert space H is the product of two Hilbert spaces H1 and H2,

H = H1 ⊕H2, then every bounded linear operator A ∈ L(H) has a block

operator matrix representation

A =

(
A B

C D

)
(1.1.3)

with bounded linear operators A ∈ L(H1), B ∈ L(H2,H1), C ∈ L(H1,H2),

and D ∈ L(H2). The following generalization of the numerical range of A
takes into account the block structure (1.1.3) of A with respect to the

decomposition H = H1 ⊕H2.

Definition 1.1.1 For f ∈ SH1 , g ∈ SH2 we define the 2× 2 matrix

Af,g :=

(
(Af, f) (Bg, f)

(Cf, g) (Dg, g)

)
∈M2(C). (1.1.4)

Then the set

W 2(A) :=
⋃

f∈SH1 ,g∈SH2

σp(Af,g) (1.1.5)

is called the quadratic numerical range of A (with respect to the block

operator matrix representation (1.1.3)).

For two different decompositions of the Hilbert spaceH, the correspond-

ing quadratic numerical ranges may differ considerably:

Example 1.1.2 The quadratic numerical ranges of the 4× 4 matrix

A0 :=




−2 −1 1 0

−1 −2 0 1

−2 −1 0 −3i

−1 −2 3i 0




with respect to the two decompositions C4 = C2 ⊕ C2 and C4 = C3 ⊕ C1

are shown in Fig. 1.1; the black dots mark the eigenvalues of A0.
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Figure 1.1 Quadratic numerical ranges of A0 for C4 = C2 ⊕ C2 and C4 = C3 ⊕ C1.

Sometimes it is more convenient to use an equivalent description of the

quadratic numerical range which uses non-zero elements f, g that need not

have norm one.

Proposition 1.1.3 For f ∈ H1, g ∈ H2, f, g 6= 0, we define

Af,g :=




(Af, f)

‖f‖2
(Bg, f)

‖f‖ ‖g‖
(Cf, g)

‖f‖ ‖g‖
(Dg, g)

‖g‖2


 ∈M2(C) (1.1.6)

and

∆(f, g;λ) := det

(
(Af, f)− λ(f, f) (Bg, f)

(Cf, g) (Dg, g)− λ(g, g)

)
. (1.1.7)

Then

W 2(A) =
⋃

f∈H1,g∈H2
f,g 6=0

σp(Af,g)

=
{
λ ∈ C : ∃ f ∈H1, g∈H2, f, g 6= 0 det

(
Af,g − λ

)
= 0
}

=
{
λ ∈ C : ∃ f ∈H1, g∈H2, f, g 6= 0 ∆(f, g;λ) = 0

}
.

Proof. The claims are immediate if we observe that the definition of

Af,g in (1.1.6) coincides with the one in (1.1.4) if f ∈ SH1 , g ∈ SH2 , i.e.

‖f‖ = ‖g‖ = 1, and that ∆(f, g;λ) = ‖f‖2‖g‖2 det
(
Af,g − λ

)
. �

In the special case that W 2(A) is real, it can also be described by means

of the formulae for the roots of the quadratic equation det
(
Af,g− λ

)
= 0.
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In the following, we choose a branch of the square root such that
√
z ≥ 0

if z ≥ 0 and Im
√
z > 0 if z < 0.

Corollary 1.1.4 For f ∈ H1, g ∈ H2, f, g 6= 0, we define

disA(f, g) :=

(
(Af, f)

‖f‖2 −
(Dg, g)

‖g‖2
)2

+ 4
(Bg, f)(Cf, g)

‖f‖2 ‖g‖2

and, if disA(f, g) ≥ 0, we set

λ±

(
f

g

)
:=

1

2


(Af, f)

‖f‖2 +
(Dg, g)

‖g‖2 ±
√(

(Af, f)

‖f‖2 −
(Dg, g)

‖g‖2
)2

+4
(Bg, f)(Cf, g)

‖f‖2 ‖g‖2


.

Further we let

Λ±(A) :=

{
λ±

(
f

g

)
: f ∈ H1, g ∈ H2, f, g 6= 0, disA(f, g) ≥ 0

}
. (1.1.8)

Then W 2(A) ⊂ R if and only if disA(f, g) ≥ 0 for all f ∈ H1, g ∈ H2,

f, g 6= 0, and in this case

W 2(A) = Λ−(A) ∪ Λ+(A).

For convenience, we also use the notation λ±(f, g) in the following.

Proof. The claim is immediate from the fact that λ±(f, g) are the solu-

tions of the quadratic equation

λ2−λ
(

(Af, f)

‖f‖2 +
(Dg, g)

‖g‖2
)

+
(Af, f)(Dg, g)

‖f‖2‖g‖2 − (Bg, f)(Cf, g)

‖f‖2‖g‖2 = 0, (1.1.9)

that is, of det
(
Af,g − λ

)
= 0. �

Like the numerical range, the quadratic numerical range of a bounded

block operator matrix A is a bounded subset of C,

W 2(A) ⊂
{
λ ∈ C : |λ| ≤ ‖A‖

}
,

and it is closed if dimH < ∞. In contrast to the numerical range, it

consists of at most two (connected) components. This follows from the

fact that the set of all matrices Af,g , f ∈ SH1 , g ∈ SH2 , is connected and

from a continuity argument for the eigenvalues of matrices (see [Kat95,

Theorem II.5.14] and [Wag00]). If, for example, A is upper or lower block

triangular, then W 2(A) = W (A) ∪W (D). Hence the quadratic numerical

range is, in general, not convex; the following example shows that even its

components need not be so (see Fig. 1.2).
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Example 1.1.5 Consider the 4× 4 matrices

A1 :=




1 0 1 i

0 1 0 1

i 0 0 0

1 i 0 0


 , A2 :=




2 i 1 3 + i

i 2 3 + i 1

1 3 + i −2 i

3 + i 1 i −2




with respect to the decomposition C4 = C2⊕C2. Figure 1.2 shows that in

both cases the quadratic numerical range consists of two disjoint non-convex

components.

Figure 1.2 Quadratic numerical ranges of A1 and A2.

Remark 1.1.6 The fact that all matrices Af,g , f ∈ SH1 , g ∈ SH2 , have

two different eigenvalues does not imply that W 2(A) consists of two disjoint

components.

In fact, there exist self-adjoint block operator matrices A such that

for all f ∈ SH1 , g ∈ SH2 the two eigenvalues λ+(f, g), λ−(f, g) of the

matrix Af,g are different, that is, λ−(f, g) < λ+(f, g), but there exist

f, f ′ ∈ SH1 , g, g′ ∈ SH2 such that λ−(f, g) = λ+(f ′, g′). To this

end, consider a self-adjoint block operator matrix A as in (1.1.3) with

H1 = H2, dimH1 ≥ 2, C = B∗, and self-adjoint operators A, D such

that minW (A) = maxW (D) = β. Assume further that β is a simple

eigenvalue of A and D with a common eigenvector f0 ∈ H1, ‖f0‖ = 1, and

(Bf0, f0) 6= 0. Then it is easy to see that for f ∈ SH1 , g ∈ SH2

λ+(f, g)− λ−(f, g) = 2

√(
(Af, f)− (Dg, g)

2

)2

+ |(Bg, f)|2 > 0.
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On the other hand, if we choose f ′
0 ∈ H1, g

′
0 ∈ H1 so that ‖f ′

0‖ = ‖g′0‖ = 1,

(Bf0, f
′
0) = 0 and (B∗f0, g

′
0) = 0, then, by the definition of λ± in Corol-

lary 1.1.4, we have λ+(f0, g
′
0) = λ−(f ′

0, f0) = β.

The following elementary properties of the quadratic numerical range

with respect to certain transformations of the block operator matrix A are

easy to check.

Proposition 1.1.7 We have

i) W 2(αA+ β) = αW 2(A) + β for α, β ∈ C,

ii) W 2(U−1AU) =W 2(A) for U = diag
(
U1, U2

)
, U1 ∈L(H1), U2 ∈L(H2)

unitary.

Proof. Claim i) follows from the fact that (αA + β)f,g = αAf,g + β for

f ∈ SH1 , g ∈ SH2 . The assertion in ii) is a consequence of the equivalence

(f g)t ∈ SH1 ⊕ SH2 ⇐⇒ (U1f U2g)
t ∈ SH1 ⊕ SH2 and of the relation

(U−1AU)f,g = AU1f,U2g for f ∈ SH1 , g ∈ SH2 . �

The first non-trivial property of the quadratic numerical range is that

it is contained in the numerical range.

Theorem 1.1.8 W 2(A) ⊂W (A).

Proof. Let λ0 ∈ W 2(A). Then, by definition (1.1.5), there exist f ∈ SH1 ,

g ∈ SH2 , and (α1 α2)
t ∈ C2, |α1|2 + |α2|2 = 1, such that

Af,g

(
α1

α2

)
= λ0

(
α1

α2

)
.

Taking the scalar product with (α1 α2)
t and observing the definition of

Af,g in (1.1.4), we obtain
(
A
(
α1f

α2g

)
,

(
α1f

α2g

))
= λ0.

Since ‖α1f‖2 + ‖α2g‖2 = 1, this implies that λ0 ∈W (A). �

Another feature of the quadratic numerical range is that the numerical

ranges of the diagonal elements W (A) and W (D) are contained in W 2(A)

if the dimensions of H1 and H2 are at least two, more exactly:

Theorem 1.1.9 We have

i) dimH2 ≥ 2 =⇒ W (A) ⊂W 2(A),

ii) dimH1 ≥ 2 =⇒ W (D) ⊂W 2(A).
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Proof. Let f ∈ SH1 be arbitrary. If dimH2 ≥ 2, then there exists a

g ∈ SH2 such that (Cf, g) = 0. Thus

Af,g =

(
(Af, f) (Bg, f)

0 (Dg, g)

)

and hence (Af, f) ∈ σp(Af,g) ⊂W 2(A). The proof for W (D) is similar. �

Corollary 1.1.10 Suppose that dimH1 ≥ 2 and dimH2 ≥ 2.

i) If W 2(A) consists of two disjoint components, W 2(A) = F1 ∪̇ F2, they

can be enumerated such that

W (A) ⊂ F1, W (D) ⊂ F2.

ii) If W (A) ∩W (D) 6= ∅, then W 2(A) consists of only one component.

Proof. By the assumptions on the dimensions of H1 and H2, there exist

f ∈ SH1 , g ∈ SH2 with (Cf, g) = 0. The eigenvalues of the corresponding

matrix Af,g are (Af, f) and (Dg, g); they belong to different components of

W 2(A) if the latter consists of two disjoint components. Theorem 1.1.9 and

the fact that the numerical ranges W (A) and W (D) are connected (even

convex) now imply claims i) and ii). �

The inclusions in Theorem 1.1.9 need not be true if dimH1 = 1 or

dimH2 = 1:

Example 1.1.11 Consider the 4 × 4 matrix from Example 1.1.2 with

respect to the decomposition C4 = C3 ⊕ C1,

A0 :=




−2 −1 1 0

−1 −2 0 1

−2 −1 0 −3i

−1 −2 3i 0


 .

Figure 1.3 illustrates that the numerical range of the left upper corner of

A0 is not contained in W 2(A).

The property that W 2(A) (or even its closure W 2(A)) consists of two

disjoint components will be of particular interest in the following sections.

In this respect, the following results are useful.

Proposition 1.1.12 If W (A) ∩W (D) = ∅ and

2
√
‖B‖ ‖C‖ < dist

(
W (A),W (D)

)
,

then W 2(A) consists of two disjoint components.
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Figure 1.3 Numerical range of left upper corner and quadratic numerical range of A0.

Proof. Set β := dist
(
W (A),W (D)

)
and assume that λ belongs to the

line that separates the convex sets W (A) and W (D) and has distance β/2

to both of them. Then, for all f ∈ SH1 , g ∈ SH2 ,
∣∣det (Af,g − λ)

∣∣ =
∣∣(λ− (Af, f)

)(
λ− (Dg, g)

)
− (Bg, f)(Cf, g)

∣∣

≥
∣∣λ− |(Af, f)|

∣∣ ∣∣λ− |(Dg, g)|
∣∣− ‖B‖ ‖C‖

≥ β2

4
− ‖B‖ ‖C‖ > 0,

which shows that λ /∈ W 2(A). �

The numerical range W (A) of a bounded linear operator A is real if and

only if A is self-adjoint. For the quadratic numerical range, we only have

the following property.

Proposition 1.1.13 If A∗ denotes the adjoint of A, then

i) W 2(A∗) =
{
λ ∈ C : λ ∈W 2(A)

}
=: W 2(A)∗,

ii) A = A∗ =⇒ W 2(A) ⊂ R.

Proof. Assertion i) follows from (Af,g)
∗ = (A∗)f,g for f ∈ SH1 , g ∈ SH2 ;

claim ii) is obvious since in this case all matrices Af,g are symmetric. �

If the quadratic numerical range is real, then, in the generic case, only

self-adjointness with respect to a possibly indefinite inner product holds.

The corresponding notion of J -self-adjointness plays a role in a number

of other subsections and also in the next chapter on unbounded block oper-

ator matrices; therefore we give the definition for the unbounded case here.
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Definition 1.1.14 Let H = H1 ⊕H2 and let J ∈ L(H) have the corre-

sponding block operator representation

J :=

(
I 0

0 −I

)
. (1.1.10)

A densely defined linear operator A in H is called J -self-adjoint if JA is

self-adjoint in H; it is called J -symmetric if JA is symmetric in H.

Clearly, every bounded J -symmetric operator is J -self-adjoint. If we

define the indefinite inner product [·, ·] := (J ·, ·) on H, then A ∈ L(H) is

J -self-adjoint if and only if

[Ax,y] = [x,Ay], x,y ∈ H.

The Hilbert space H equipped with the indefinite inner product [·, ·] is

a Krein space; every J -self-adjoint operator is a self-adjoint operator in

this Krein space. For the definition of Krein spaces and properties of linear

operators therein we refer to [Bog74], [AI89], [Lan82]. We only mention

that the spectrum of a J -self-adjoint operator is symmetric to R.

Obviously, if A ∈ L(H) has a block operator representation (1.1.3), then

A is self-adjoint ⇐⇒ A = A∗, D = D∗, C = B∗,

A is J -self-adjoint ⇐⇒ A = A∗, D = D∗, C = −B∗.

Theorem 1.1.15 Let either dimH1 ≥ 2 or dimH2 ≥ 2. If W 2(A) ⊂ R,

then A = A∗, D = D∗, and A is either block triangular (i.e. B = 0 or

C = 0) or there exists a γ ∈ R, γ 6= 0, such that

A =

(
A B

γB∗ D

)
;

in the latter case, A is similar to the block operator matrix

Ã =

(
A B̃

(sign γ) B̃∗ D

)
, B̃ :=

√
|γ|B;

Ã is self-adjoint in H if sign γ = 1 and J -self-adjoint if sign γ = −1.

In the proof of Theorem 1.1.15 we use the following lemma; in view of

the next chapter, we formulate it for unbounded operators.

Lemma 1.1.16 If B and C are closed densely defined linear operators

from H2 to H1 and from H1 to H2, respectively, such that

(By, x)(Cx, y) ∈ R for all x ∈ D(C), y ∈ D(B), (1.1.11)

then B= 0, C= 0, or C⊂γB∗ with γ∈R (C=γB∗ if B, C are bounded ).
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Proof. If x ∈ D(C), y ∈ D(B) are such that (By, x) 6= 0, then condition

(1.1.11) implies that

(Cx, y)

(x,By)
=

(By, x)(Cx, y)

(By, x)(x,By)
∈ R. (1.1.12)

Assume that B 6= 0. Then, because C is densely defined, there exist ele-

ments x0 ∈ D(C), y0 ∈ D(B) such that (x0, By0) 6= 0. For u ∈ D(C),

v ∈ D(B), we consider the function

fu,v(z) :=

(
C(x0 + zu), y0 + z v

)
(
x0 + zu,B(y0 + z v)

)

=
(Cx0, y0) + z

(
(Cx0, v) + (Cu, y0)

)
+ z2(Cu, v)

(x0, By0) + z
(
(x0, Bv) + (u,By0)

)
+ z2(u,Bv)

, z ∈ C.

Since (x0, By0) 6= 0, the denominator is not identically zero and hence the

function fu,v is rational in C with at most two poles, say ζ1, ζ2. Because

of (1.1.12), it is real on its domain of holomorphy and thus constant there:

fu,v(z) = fu,v(0) = (Cx0, y0)/(x0, By0) =: γ ∈ R, or

(Cx0, y0) + z
(
(Cx0, v) + (Cu, y0)

)
+ z2(Cu, v)

= γ
(
(x0, By0) + z

(
(x0, Bv) + (u,By0)

)
+ z2(u,Bv)

)

for z ∈ C \ {ζ1, ζ2}. Comparing coefficients, we find (Cu, v) = γ(u,Bv) for

all u ∈ D(C), v ∈ D(B) and hence γB ⊂ C∗ or, taking adjoints, C ⊂ γB∗.

The last claim is obvious. �

Proof of Theorem 1.1.15. Without loss of generality, let dimH2 ≥ 2.

Then, by Theorem 1.1.9, W (A) ⊂W 2(A) ⊂ R and hence A is self-adjoint.

This and the equality

(Af, f) + (Dg, g) = λ+

(
f

g

)
+ λ−

(
f

g

)
∈ R, f ∈ SH1 , g ∈ SH2 ,

show that D is self-adjoint as well. Since

detAf,g = (Af, f)(Dg, g)− (Bg, f)(Cf, g) = λ+

(
f

g

)
λ−

(
f

g

)
∈ R

for all f ∈ SH1 , g ∈ SH2 , we have (Bg, f)(Cf, g) ∈ R for all f ∈ H1,

g ∈ H2. Now Lemma 1.1.16 yields the second claim. The last assertion

about the similarity of A follows from the identity

A =

(
I 0

0
√
|γ|

)(
A B̃

(sign γ) B̃∗ D

)(
I 0

0
√
|γ| −1

)
.
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Obviously, Ã is self-adjoint in H if sign γ = 1; if sign γ = −1, then J Ã is

self-adjoint in H since

J Ã =

(
A B̃

B̃∗ −D

)
. �

1.2 Special classes of block operator matrices

A major advantage of the quadratic numerical range is that it reflects sym-

metries and other properties of the entries of a block operator matrix. Some

of the results obtained here also play a role in the unbounded case consid-

ered in the next chapter. Therefore special emphasis is placed on structures

occurring in applications e.g. from mathematical physics or systems theory.

Theorem 1.2.1 Let the block operator matrix A be of the form

A =

(
A B

B∗ D

)
.

For ω ∈ [0, π), define the sector Σω :=
{
reiφ : r ≥ 0, |φ| ≤ ω

}
. If there

exist α, δ > 0 and angles ϕ, ϑ ∈ [0, π/2] such that

W (D) ⊂
{
z ∈ −Σϕ : Re z ≤ −δ

}
, W (A) ⊂

{
z ∈ Σϑ : Re z ≥ α

}

and θ := max{ϕ, ϑ}, then

W 2(A) ⊂
{
z ∈ −Σθ : Re z ≤ −δ

}
∪
{
z ∈ Σθ : Re z ≥ α

}

consists of two components separated by the strip {z ∈ C : −δ < Re z < α}.

For the proof of this theorem we use the following elementary lemma

for the eigenvalues of 2× 2 matrices (see [LT98, Lemma 3.1]).

Lemma 1.2.2 Let a, b, c, d ∈ C be complex numbers with Re d < 0 < Re a

and bc ≥ 0. Then the matrix

A =

(
a b

c d

)

has eigenvalues λ1, λ2 such that:

i) Reλ2 ≤ Re d < 0 < Re a ≤ Reλ1,

ii) min
{
Im a, Im d

}
≤ Imλ1, Imλ2 ≤ max

{
Im a, Im d

}
,

iii) λ1,−λ2 ∈
{
z ∈ C : | arg z| ≤ max{| arga|, π − | arg d|}

}
.

Proof. We suppose that Im a ≥ 0 (otherwise we consider A∗) and

arga ≥ π − | arg d| (1.2.1)
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(otherwise we start from d instead of a in the following). Assumption (1.2.1)

implies that
∣∣∣∣
Im (a− d)
Re (a− d)

∣∣∣∣ ≤ tan(arg a). (1.2.2)

The eigenvalues λ1, λ2 satisfy the equation

(a− λ)(d− λ)− t = 0, t := bc ≥ 0.

We consider them as functions λ1,2 of t and write

λ1,2(t)−
a+ d

2
= ±

√
(a− d)2

4
+ t, t ≥ 0. (1.2.3)

Now we decompose λi(t) =: xi(t) + iyi(t), i = 1, 2, and (a+ d)/2 =: β + iγ

into real and imaginary parts. Squaring equation (1.2.3) and taking real and

imaginary parts, we see that x1(t), y1(t) and x2(t), y2(t) satisfy the relations

(
x(t)− β

)2 −
(
y(t)− γ

)2
=

1

4
Re (a− d)2 + t, (1.2.4)

(
x(t)− β

)(
y(t)− γ

)
=

1

8
Im (a− d)2. (1.2.5)

The last equation shows that the eigenvalues λ1(t), λ2(t) lie on a hyper-

bola with centre β+iγ = (a+d)/2 and asymptotes Im z = γ and Re z = β

parallel to the real and imaginary axis, the right hand branch passing

through a and the left hand branch through d. From the identity (1.2.4)

it follows that for 0 ≤ t ≤∞ the eigenvalues λ1(t) fill the part of the right

hand branch which extends from a to ∞ + iγ, and the eigenvalues λ2(t)

fill the part of the left hand branch from d to −∞ + iγ. This implies i)

and ii). In order to prove iii), it is sufficient to show that the derivatives

of the hyperbola at d and at a are in modulus less than tan(arg a). For

example, for the derivative at d, it follows from (1.2.5) that

ẏ(0)

ẋ(0)
= − y(0)− γ

x(0)− β = − Im d− 1
2 Im (a+ d)

Re d− 1
2Re (a+ d)

= − Im (d− a)
Re (d− a) ,

which is in modulus less than tan(arga) by (1.2.2). �

Proof of Theorem 1.2.1. All assertions follow by applying Lemma 1.2.2

to the 2× 2 matrices Af,g defined in (1.1.4) for f ∈ SH1 , g ∈ SH2 . �

For self-adjoint block operator matrices, the following corollary is obvi-

ous from Theorem 1.2.1.
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Corollary 1.2.3 Let A = A∗ and suppose that

supW (D) < inf W (A).

Then W 2(A) = Λ−(A) ∪̇Λ+(A) consists of two components satisfying

sup Λ−(A) ≤ supW (D) < infW (A) ≤ inf Λ+(A).

In the following proposition we generalize this estimate to non-separated

diagonal entries and we derive two-sided estimates for the outer end-points

inf Λ−(A) and sup Λ+(A) of the quadratic numerical range (see [KMM07]).

Proposition 1.2.4 If A = A∗, then the quadratic numerical range

W 2(A) = Λ−(A) ∪ Λ+(A) satisfies the estimates

inf Λ+(A) ≥ max
{
inf W (A), inf W (D)

}
,

supΛ−(A) ≤ min
{
supW (A), supW (D)

}
,

and

min
{
infW (A), inf W (D)

}
−δ−B ≤ inf Λ−(A)≤ min

{
infW (A), inf W (D)

}
,

max
{
supW(A), supW(D)

}
≤ sup Λ+(A)≤ max

{
supW(A), supW(D)

}
+δ+B ,

where

δ−B := ‖B‖ tan

(
1

2
arctan

2‖B‖
| infW (A) − infW (D)|

)
,

δ+B := ‖B‖ tan

(
1

2
arctan

2‖B‖
| supW (A) − supW (D)|

)
;

if inf W (A)=inf W (D) or supW (A)=supW (D), we set arctan∞ :=π/2.

Proof. Since A = A∗, we have C = B∗. Then the definition of λ+ in

Corollary 1.1.4 shows that, for f ∈ SH1 , g ∈ SH2 ,

λ+

(
f

g

)
=

(Af, f)+(Dg, g)

2
+

√(
(Af, f)−(Dg, g)

2

)2

+|(Bg, f)|2 (1.2.6)

≥ (Af, f) + (Dg, g)

2
+

∣∣∣∣
(Af, f)− (Dg, g)

2

∣∣∣∣

= max
{
(Af, f), (Dg, g)

}
.

From this estimate we obtain

inf Λ+(A) ≥ max
{
inf W (A), inf W (D)

}
,

sup Λ+(A) ≥ max
{
supW (A), supW (D)

}
.

The proof of the second inequality and of the right part of the third inequal-

ity is analogous.
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For the proof of the remaining inequalities, we observe that the solutions

(1.2.6) of the quadratic equations det(Af,g − λ) = 0 defining the quadratic

numerical range can also be written in the form

λ−

(
f

g

)
= min

{
(Af, f), (Dg, g)

}
−|(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
|(Af, f)−(Dg, g)|

)
,

λ+

(
f

g

)
= max

{
(Af, f), (Dg, g)

}
+|(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
|(Af, f)−(Dg, g)|

)
.

Without loss of generality, we assume that inf W (A) ≥ inf W (D); otherwise

we reverse the components in the decomposition H = H1 ⊕ H2. Suppose

that (Af, f) ≥ (Dg, g); then

λ−

(
f

g

)
= (Dg, g)− |(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
(Af, f)−(Dg, g)

)
.

We define the auxiliary function

h(t) := t− |(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
(Af, f)−t

)
, t ∈ R.

It is easy to see that h is strictly monotonically increasing (with a jump

of height 2|(Bg,f)| at the singularity (Af, f)); in fact, we have h′ ≥ 1/2.

Hence

λ−

(
f

g

)
≥ inf W (D)− |(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
(Af, f)−infW (D)

)

≥ inf W (D)− ‖B‖ tan

(
1

2
arctan

2‖B‖
inf W (A)−infW (D)

)

if (Af, f) ≥ (Dg, g). If (Af, f) < (Dg, g), then we have the estimates

(Af, f) ≥ inf W (A) ≥ inf W (D) and (Dg, g) > (Af, f) ≥ inf W (A). Thus,

in the same way as above, we obtain

λ−

(
f

g

)
= (Af, f)− |(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
(Dg, g)−(Af, f)

)

≥ inf W (D)− |(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
(Dg, g)−infW (D)

)

≥ inf W (D)− ‖B‖ tan

(
1

2
arctan

2‖B‖
inf W (A)−infW (D)

)
.

The estimate for λ+ is proved analogously. �
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In the following, for a self-adjoint operator T in a Hilbert space H and

a subinterval I ⊂ R, we denote by ET (I) the spectral projection and by

LI(T ) = ET (I)H the spectral subspace, respectively, corresponding to I .

Remark 1.2.5 Suppose that A = A∗ and inf W (A) 6= inf W (D) with

dimL(−∞,inf W (A)](D) ≥ 2 if inf W (D) < inf W (A),

dimL(−∞,inf W (D)](A) ≥ 2 if inf W (A) < infW (D).

Then

inf Λ+(A) = max
{
inf W (A), inf W (D)

}
.

In general, the strict inequality inf Λ+(A) > max
{
inf W (A), inf W (D)

}

may occur. Analogous statements hold for sup Λ−(A).

Proof. Let inf W (D) < infW (A) and dimL(−∞,inf W (A)](D) > 1. Since

inf W (A) ∈ σ(A), there exists a sequence (xn)∞1 ⊂ D(A), ‖xn‖ = 1, such

that
∥∥(A − inf W (A)

)
xn

∥∥ → 0, n → ∞. Due to the dimension condition,

for each n ∈ N there exists yn ∈ L(−∞,inf W (A)](D), ‖yn‖ = 1, such that

(B∗xn, yn) = 0. Then (Dyn, yn) ≤ (Axn, xn) and hence, by (1.2.6),

λ+

(
xn

yn

)
= (Axn, xn) −→ inf W (A), n→∞.

This implies inf W (A) ∈ Λ+(A). Together with Proposition 1.2.4, the first

assertion follows. An example for strict inequality is furnished by the matrix

A :=




1 0 0 0

0 −1 0 1

0 0 0 0

0 1 0 −2


 ;

here max
{
inf W (A), inf W (D)

}
= inf W (A) = −1 and

min Λ+(A) = λ+

(
e2
e2

)
= −3

2
+

1

2

√
5 > −1 with e2 :=

(
0

1

)
. �

Next we consider block operator matrices for which C = −B∗ and, more

specifically, J -self-adjoint block operator matrices (see Definition 1.1.14).

We estimate their quadratic numerical range in the case when the off-

diagonal element B is sufficiently small. In the J -self-adjoint case, the qua-

dratic numerical range is real for small B, but it may become complex if B

is sufficiently large; more detailed estimates are given in Proposition 1.3.9.
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Proposition 1.2.6 Let the block operator matrix A be of the form

A =

(
A B

−B∗ D

)

and define

a− := inf ReW (A), a+ := supReW (A),

d− := inf ReW (D), d+ := supReW (D).

Then the quadratic numerical range of A satisfies the following estimates:

i) min
{
a−, d−

}
≤ ReW 2(A) ≤ max

{
a+, d+

}
.

ii) If d+ < a− and ‖B‖ < (a−− d+)/2, then W 2(A) = Λ−(A) ∪̇Λ+(A)

consists of two components satisfying

ReΛ−(A) ≤ d+ + ‖B‖ < a−− ‖B‖ ≤ Re Λ+(A).

iii) If A = A∗, D = D∗, then W 2(A) is symmetric to R, |ImW 2(A)| ≤ ‖B‖;
if, in addition, d+< a−, then

‖B‖≤(a−− d+)/2 =⇒ W 2(A)⊂R,

‖B‖>(a−− d+)/2 =⇒
∣∣ImW 2(A)

∣∣ ≤
√
‖B‖2 − (a−− d+)2

4
.

The case a+< d− in ii) and iii) is analogous.

For the proof of Proposition 1.2.6, we use the following simple lemma

(see [Tre08, Lemma 5.1 ii)]).

Lemma 1.2.7 Let a, b, c, d ∈ C be complex numbers with Re d < Re a

and bc ≤ 0. Then the matrix

A =

(
a b

c d

)

has eigenvalues λ1, λ2 such that

i) Re d ≤ Reλ2 ≤ Reλ1 ≤ Re a,

ii) Reλ2 ≤ Re d+
√
|bc| < Re a−

√
|bc| ≤ Reλ1 if

√
|bc|<(Rea−Re d)/2,

and λ1, λ2 ∈ R if, in addition, a, d ∈ R,

iii) Reλ1 = Reλ2 = (a + d)/2, |Imλ1| = |Imλ2| =
√
|bc|−(a− d)2/4 if√

|bc|≥(a−d)/2 and a, d ∈ R.

Proof. i) If Reλ<Re d (<Re a) or Reλ>Re a (>Re d), then the eigen-

value equation (a−λ)(d−λ) = bc ≤ 0 cannot hold. In fact, decomposing all

numbers therein into real and imaginary parts, one can show that Im a−Imλ

and Im d−Imλ have different signs and Re
(
(a−λ)(d−λ)

)
> 0.
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ii) If Re d+
√
|bc| < Reλ < Re a−

√
|bc|, then

∣∣det(A− λ)
∣∣ ≥ |a− λ| |d− λ| − |bc| ≥ |Re a−Reλ| |Re d−Reλ| − |bc| > 0,

hence λ is not an eigenvalue of A. The relation Reλ1 +Reλ2 = Re a+Re d

excludes the possibility that e.g. Reλ1,Reλ2 ≤ Re d+
√
|bc|.

The claims in ii) for a, d ∈ R and in iii) are immediate from the formula

λ1/2 =
a+ d

2
±
√

(a− d)2
4

+ bc . �

Proof of Proposition 1.2.6. If A = A∗, D = D∗, then det
(
Af,g − λ

)
=

det
(
Af,g − λ

)
for f ∈ SH1 , g ∈ SH2 , which implies W 2(A) = W 2(A)∗ and

hence the first claim in i). All other claims follow by applying Lemma 1.2.7

to the 2× 2 matrices Af,g defined in (1.1.4) for f ∈ SH1 , g ∈ SH2 . �

Proposition 1.2.8 Let H1 = H2 and suppose that

A =

(
A B

C A∗

)

is such that either B = B∗ and C = C∗ or B = −B∗ and C = −C∗. Then

W 2(A) is symmetric to R.

Proof. For f, g ∈ SH1 and λ ∈ C, it is easy to see that

det
(
(A∗)g,f − λ

)
= det

(
(A∗g, g)− λ (C∗f, g)

(B∗g, f) (Af, f)− λ)

)

= det

(
(Af, f)− λ ±(Bg, f)

±(Cf, g) (A∗g, g)− λ

)
= det

(
Af,g − λ

)
,

which implies that W 2(A) = W 2(A∗). On the other hand, by Proposi-

tion 1.1.13 i), we have W 2(A∗) = W 2(A)∗ and hence W 2(A) = W 2(A)∗. �

Proposition 1.2.9 Let H1 = H2 and suppose that

A =

(
A B

C −A∗

)

is such that either B = B∗ and C = C∗ or B = −B∗ and C = −C∗. Then

W 2(A) is symmetric to iR.

Proof. The assertion follows since iA satisfies the assumptions of Propo-

sition 1.2.8 and W 2(iA) = iW 2(A) by Proposition 1.1.7 i). �
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1.3 Spectral inclusion

The most important feature of the quadratic numerical range is that, like

the numerical range, it has the spectral inclusion property (see (1.1.1)).

Since the quadratic numerical range is always contained in the numerical

range (see Theorem 1.1.8), it furnishes a possibly tighter spectral enclosure.

Theorem 1.3.1 σp(A) ⊂W 2(A), σ(A) ⊂W 2(A).

For the proof of Theorem 1.3.1 we need a simple lemma about 2 × 2-

matrices, which we prove for the convenience of the reader.

Lemma 1.3.2 If for M∈M2(C) there exists a vector x ∈ C2 such that

‖x‖ = 1 and ‖Mx‖ < ε, (1.3.1)

then dist
(
0, σ(M)

)
≤
√
‖M‖ ε.

Proof. Only the case that the matrix M is invertible has to be consid-

ered. Then the inverse matrixM−1 can be written as

M−1 =
1

detM (J tMJ)t

with J :=

(
0 1

−1 0

)
. Thus

‖M−1‖ =
‖M‖
| detM| =

‖M‖
|λ1λ2|

, (1.3.2)

where λ1, λ2 are the eigenvalues ofM. The assumption (1.3.1) implies that

‖M−1‖ > ε−1. (1.3.3)

From (1.3.2) and (1.3.3) we obtain min
{
|λ1|, |λ2|

}
≤
√
‖M‖ ε. �

In the following, for a bounded or unbounded linear operator T in H,

we define its approximate point spectrum σapp(T ) as

σapp(T ) :=
{
λ∈C : ∃ (xn)∞1 ⊂D(T ), ‖xn‖=1, (T−λ)xn→0, n→∞

}
.(1.3.4)

Proof of Theorem 1.3.1. First we consider λ ∈ σp(A). Then there exists

a nonzero element (f g)t ∈ H such that

(A− λ)f +Bg = 0,

Cf + (D − λ)g = 0.

We write f = ‖f‖ f̂ , g = ‖g‖ ĝ with elements f̂ ∈ SH1 , ĝ ∈ SH2 (here, if

e.g. f = 0, then f̂ can be chosen arbitrarily). It follows that
(
Af, f̂

)
− λ
(
f, f̂

)
+
(
Bg, f̂

)
= 0,

(
Cf, ĝ

)
+
(
Dg, ĝ

)
− λ

(
g, ĝ
)

= 0,
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and, consequently,

Af̂ , ĝ

(‖f‖
‖g‖

)
= λ

(‖f‖
‖g‖

)
. (1.3.5)

Hence λ ∈ σp(Af̂ , ĝ) ⊂W 2(A).

If λ ∈ σ(A) \ σp(A), then λ ∈ σp(A∗) or λ ∈ σapp(A). If λ ∈ σp(A∗),

then, according to what was shown above, we have λ ∈ W 2(A∗) and hence

λ ∈ W 2(A) by Proposition 1.1.13 i). If λ ∈ σapp(A), then there exists a

sequence of elements (fn gn)t ∈ H, n = 1, 2, . . . , such that

‖fn‖2 + ‖gn‖2 = 1,

∥∥∥∥A
(
fn

gn

)
− λ
(
fn

gn

)∥∥∥∥ −→ 0, n→∞.

Then, with f̂n ∈ SH1 , ĝn ∈ SH2 as in the first part of the proof, we obtain

Af̂n, ĝn

(‖fn‖
‖gn‖

)
− λ
(‖fn‖
‖gn‖

)
−→ 0, n→∞.

Since ‖Af̂n, ĝn
‖ ≤ ‖A‖, n ∈ N, we have dist

(
λ, σp(Af̂n, ĝn

)
)
→ 0 for n→∞

by Lemma 1.3.2. Thus λ ∈ ⋃n∈N
σp(Af̂n, ĝn

) ⊂W 2(A). �

Altogether, in Theorem 1.3.1 and Theorem 1.1.8, we have shown that

σp(A) ⊂W 2(A) ⊂W (A), σ(A) ⊂W 2(A) ⊂W (A).

Therefore, and because of its non-convexity, the quadratic numerical range

W 2(A) may give better information about the localization of the spectrum

σ(A) than the numerical range W (A).

Example 1.3.3 Consider the 4× 4 matrix

A3 :=




0 0 1 0

0 0 0 1

−2 −1 i 5i

−1 −2 −5i i




with respect to the decomposition C4 = C2 ⊕ C2. Figure 1.4 shows its

numerical range, quadratic numerical range, and the four different eigen-

values marked by black dots, two in each component of W 2(A3).

If A is self-adjoint, Theorems 1.3.1 and 1.1.9 allow to characterize the

quadratic numerical range more explicitly.

Proposition 1.3.4 Suppose that A = A∗ and dimH1 ≥ 2, dimH2 ≥ 2.

i) If W (A) ∩W (D) 6= ∅, then W 2(A) is the single interval

W 2(A) =
[
minσ(A),max σ(A)

]
= W (A). (1.3.6)
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Figure 1.4 Numerical range, quadratic numerical range, and eigenvalues of A3.

ii) If W (A) ∩W (D) = ∅, then W 2(A) consists of two disjoint intervals

W 2(A) =
[
minσ(A), d

]
∪̇
[
a,maxσ(A)

]
(1.3.7)

where

d := min
{
supW (A), supW (D)

}
, (1.3.8)

a := max
{
inf W (A), infW (D)

}
. (1.3.9)

Proof. Theorem 1.1.8 implies that

W 2(A) ⊂W (A) =
[
minσ(A),maxσ(A)

]
.

Since A is self-adjoint and W 2(A) satisfies the spectral inclusion property

by Theorem 1.3.1, we have

minσ(A), maxσ(A) ∈ σ(A) ⊂W 2(A).

Because W 2(A) consists of at most two connected sets, it follows that it is

either of the form (1.3.6) or of the form (1.3.7).

Without loss of generality, we may assume that inf W (D) ≤ inf W (A);

otherwise we reverse the enumeration of the components in H=H1⊕H2.

Then W (A) ∩W (D) = ∅ means that supW (D) < inf W (A). By Proposi-

tion 1.2.4, we conclude that

sup Λ−(A) ≤ supW (D) < infW (A) ≤ inf Λ+(A).

Since dimH1 ≥ 2, Theorem 1.1.9 applies and shows that supW (D) ∈
W (D) ⊂ W 2(A) = Λ−(A) ∪̇Λ+(A). Hence d = sup Λ−(A) = supW (D).
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In the same way, it follows that a = inf Λ+(A) = inf W (A) if dimH2 ≥ 2.

This proves ii).

In order to show i), suppose to the contrary that W 2(A) consists of two

disjoint intervals. Then, by Corollary 1.1.10 i), one of them contains W (A)

and the other one W (D) so that W (A) ∩W (D) = ∅, a contradiction. �

Remark 1.3.5 If A = A∗ and dimH1 = 1, we only obtain “≤” in (1.3.8);

analogously, if dimH2 = 1, we only obtain “≥” in (1.3.9).

Note that if dimH1 = 1 and dimH2 = 1, then W 2(A) = W 2(A) =

σp(A) consists of the eigenvalues of A.

In the sequel, we present two theorems on the classical problem of per-

turbation of spectra of bounded self-adjoint operators (see [Dav63], [Dav65],
[DK70]). The key tool is the spectral inclusion theorem for the quadratic

numerical range, combined with the estimates given for it in Section 1.2.

First we consider arbitrary bounded self-adjoint operators subject to

perturbations that are off-diagonal with respect to a certain decomposition

H = H1 ⊕H2 of the underlying Hilbert space (see [KMM07, Lemma 1.1],
[LT98, Theorem 3.2]); the case that the spectrum of the unperturbed oper-

ator splits into two parts separated by a point is crucial in the following.

Theorem 1.3.6 If A = A∗, then σ(A) satisfies the following estimates.

i) Define δ±B as in Proposition 1.2.4. Then

min
{
minσ(A),min σ(D)

}
− δ−B ≤ minσ(A) ≤ min

{
minσ(A),min σ(D)

}
,

max
{
maxσ(A),max σ(D)

}
≤ maxσ(A)≤ max

{
maxσ(A),maxσ(D)

}
+δ+B .

ii) If maxσ(D) < minσ(A), then

σ(A) ∩
(
maxσ(D),min σ(A)

)
= ∅

independently of the norm of B.

0-1

W (D)δ
−

B

1 4

W (A) δ
+

B

R

R

Figure 1.5 Enclosures for the spectra of
(

A 0

0 D

)
and of

(
A B
B∗ D

)
.

Proof. By Theorem 1.3.1 it is sufficient to prove that W 2(A) satisfies

the estimates claimed in i) and ii). This was proved in Proposition 1.2.4
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for i) (observe that infW (A) = minσ(A), supW (A) = maxσ(A), and

analogously for D) and in Corollary 1.2.3 for ii). �

Next we consider the case that the spectra of the diagonal entries A

and D are disjoint, i.e. their distance δA,D is positive. Classical perturba-

tion theory yields that the spectrum of the perturbed operator A remains

separated into two disjoint parts as long as ‖B‖<δA,D/2 (see [Kat95, The-

orem V.4.10]). By means of Theorem 1.3.6, we are able to improve this

result and derive an optimal bound on ‖B‖ (see [KMM07, Theorem 1.3]).

Theorem 1.3.7 Let A =A∗, δA,D := dist
(
σ(A), σ(D)

)
> 0, and set

δB := ‖B‖ tan

(
1

2
arctan

2‖B‖
δA,D

)
.

i) Then

σ(A) ⊂
{
λ ∈ R : dist

(
λ, σ(A) ∪̇ σ(D)

)
≤ δB

}
.

ii) If ‖B‖ <
√

3

2
δA,D, then δB <

1

2
δA,D and σ(A) = σ1 ∪̇σ2, σ1, σ2 6= ∅,

with

σ1 ⊂
{
λ∈ R : dist

(
λ, σ(A)

)
≤ δB

}
⊂
{
λ∈ R : dist

(
λ, σ(A)

)
< δA,D/2

}
,

σ2 ⊂
{
λ∈ R : dist

(
λ, σ(D)

)
≤ δB

}
⊂
{
λ∈ R : dist

(
λ, σ(D)

)
< δA,D/2

}
.

iii) If
(
conv σ(A)

)
∩ σ(D) = ∅ and ‖B‖ <

√
2 δA,D, then δB < δA,D and

σ(A) = σ1 ∪̇ σ2, σ1, σ2 6= ∅, with

σ1 ⊂
{
λ ∈ R : dist

(
λ, σ(A)

)
≤ δB

}
⊂
{
λ ∈ R : dist

(
λ, σ(A)

)
< δA,D

}
,

σ2 ⊂
{
λ ∈ R : dist

(
λ, σ(A)

)
≥ δA,D

}
.

Proof. i) Let λ ∈ R be such that dist
(
λ, σ(A) ∪̇ σ(D)

)
> δB and set

I− := (−∞, λ), I+ := (λ,∞). If we write

A = T + S, T :=

(
A 0

0 D

)
, S :=

(
0 B

B∗ 0

)
,

then λ /∈ σ(T ) and hence H = LI−(T ) ⊕ LI+(T ). If we denote P± :=

ET (I±), then LI±(T ) = P±H and P−T P+ = 0. Hence, with respect to the

decomposition H = LI−(T )⊕LI+(T ), the operator A can be written as

A =

(
P−AP− P−AP+

(P−AP+)∗ P+AP+

)
=

(
P−AP− P−SP+

(P−SP+)∗ P+AP+

)
. (1.3.10)

If we further decompose LI±(T ) = LI±(A) ⊕ LI±(D), then the diagonal

elements in (1.3.10) have block operator representations
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P−AP− =

(
A− B−

B∗
− D−

)
, P+AP+ =

(
A+ B+

B∗
+ D+

)

with

A± :=EA(I±)AEA(I±), B± :=EA(I±)BED(I±), D± :=ED(I±)DED(I±).

Now Theorem 1.3.6 i), applied to the block operator matrices P−AP− and

P+AP+, shows that

maxσ(P−AP−) ≤ max
{
maxσ(A−),maxσ(D−)

}
+ δ+B−

, (1.3.11)

minσ(P+AP+) ≥ min
{

minσ(A+), min σ(D+)
}
− δ−B+

(1.3.12)

where

δ+B−
:= ‖B−‖ tan

(
1

2
arctan

2 ‖B−‖
| supW (A−)− supW (D−)|

)
,

δ−B+
:= ‖B+‖ tan

(
1

2
arctan

2 ‖B+‖
| inf W (A+)− inf W (D+)|

)
.

Obviously, σ(A±) ⊂ σ(A), σ(D±) ⊂ σ(D) so that
∣∣supW (A−)− supW (D−)

∣∣ =
∣∣maxσ(A−)−maxσ(D−)

∣∣
≥ dist

(
σ(A−),maxσ(D−)

)

≥ dist
(
σ(A),max σ(D)

)
= δA,D;

analogously, we see that
∣∣inf W(A+)−infW(D+)

∣∣≥δA,D. Since the function

h(t) := t tan

(
1

2
arctan(2t)

)
, t ∈ [0,∞), (1.3.13)

is strictly monotonically increasing and ‖B±‖ ≤ ‖B‖, we conclude that

δ+B−
≤ δB and δ−B+

≤ δB . Furthermore, we have dist
(
λ, σ(A) ∪̇ σ(D)

)
>δB

by assumption and

max
{
maxσ(A−),maxσ(D−)

}
,min

{
minσ(A+),min σ(D+)

}
∈σ(A) ∪̇ σ(D).

This and the inequalities (1.3.11), (1.3.12) imply that

maxσ(P−AP−) < λ < min σ(P+AP+).

Applying Theorem 1.3.6 ii) to A with respect to the block operator matrix

representation (1.3.10), we conclude that

λ ∈
(
(maxσ(P−AP−),minσ(P+AP+)

)
⊂ ρ(A).

For the proof of ii) and iii), we note that for the function h defined in

(1.3.13), we have h(
√

3/2) = 1/2, h(
√

2) = 1. Hence

‖B‖<
√

3

2
δA,D =⇒ δB<

δA,D

2
, ‖B‖<

√
2 δA,D =⇒ δB<δA,D. (1.3.14)
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Then ii) is immediate from i) and the first implication in (1.3.14). For

the proof of iii), we observe that for σ(A) ∩
(
convσ(A)

)
, the claim follows

from i). For σ(A) ∩
(
R \

(
convσ(A)

))
, the claim follows if we show that

(
maxσ(A) + δB ,maxσ(A) + δA,D

)
⊂ ρ(A), (1.3.15)

(
minσ(A)− δA,D,minσ(A) − δB

)
⊂ ρ(A). (1.3.16)

We prove (1.3.15); the proof of (1.3.16) is similar. We let λ=maxσ(A)+δB

and proceed as in the proof of i). Then EA(I+) = 0 and thus

P+AP+ =

(
0 0

0 D+

)
.

Using analogous estimates as in the proof of i) and the second implication

in (1.3.14), we arrive at

maxσ(P−AP−) < λ = maxσ(A) + δB < maxσ(A) + δA,D

≤ minσ(D+) = minσ(P+AP+).

Now Theorem 1.3.6 ii) shows that (1.3.15) holds. �

The following example illustrating Theorem 1.3.7 shows that the norm

bounds therein are sharp.

Example 1.3.8 Consider the family of 3× 3 matrices

Aε :=




0
√

2 ε 0√
2 ε −1 0

0 0 1


 , 0 ≤ ε ≤ 1,

with respect to the decomposition C3 = C ⊕ C2. Then the spectra of the

diagonal elements, {0} and {−1, 1}, are disjoint and have distance 1. The

eigenvalues of Aε are given by

λε
1 = −1

2
−
√

2 ε2 +
1

4
, λε

2 = −1

2
+

√
2 ε2 +

1

4
, λε

3 = 1.

If ε <
√

3/(2
√

2), then the norm of the off-diagonal entry satisfies the

assumption in Theorem 1.3.7 ii) which yields the inclusions

σ1 = {λε
2} ⊂

(
−1/2, 1/2

)
, σ2 = {λε

1, λ
ε
3} ⊂

(
−3/2,−1/2

)
∪
(
1/2, 3/2

)
;

if ε =
√

3/(2
√

2) and hence the norm of the off-diagonal entry reaches the

critical value of the norm bound, then λε
2 = 1/2 and λε

1 = −3/2 reach the

boundaries of the above inclusion intervals.

Since conv{0} ∩ {−1, 1} = ∅, Theorem 1.3.7 iii) applies as well. If

ε < 1, then the norm of the off-diagonal entry satisfies the assumption in

Theorem 1.3.7 iii) which yields the inclusions



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Bounded Block Operator Matrices 25

σ1 = {λε
2} ⊂

(
−1, 1

)
, σ2 = {λε

1, λ
ε
3} ⊂

(
−∞,−1

]
∪
[
1,∞

)
;

if ε = 1, then the norm of the off-diagonal entry reaches the critical value

and we have λε
2 = 1 = λε

3 and hence σ1 and σ2 are no longer disjoint.

If A is J -self-adjoint, the spectral inclusion by the quadratic numerical

range yields the following estimate for σ(A) (see [LLMT05, Theorem 2.1]

and [Tre08, Theorem 5.4]).

Proposition 1.3.9 Let the block operator matrix A be of the form

A =

(
A B

−B∗ D

)

with A = A∗, D = D∗ and define

a− := infW (A), a+ := supW (A),

d− := infW (D), d+ := supW (D).

Then the spectrum of A, which is symmetric to R, satisfies the following

estimates:

i) σ(A) ∩ R ⊂ conv
(
W (A) ∪W (D)

)
=
[
min{a−, d−},max{a+, d+}

]
.

ii) σ(A) \ R ⊂
{
z ∈ C :

a−+ d−
2

≤ Re z ≤ a++ d+

2
, |Im z| ≤ ‖B‖

}
.

iii) If δ := dist
(
W (A),W (D)

)
= min

{
a−− d+, d−− a+

}
> 0, then

‖B‖≤δ/2 =⇒ σ(A)⊂R,

‖B‖>δ/2 =⇒ σ(A) \ R ⊂
{
z ∈ C : |Im z| ≤

√
‖B‖2 − δ2/4

}
.

Proof. Since the block operator matrix A is J -self-adjoint (see Defini-

tion 1.1.14), the symmetry of σ(A) to R is clear. All claims in i), ii), and iii)

follow from the spectral inclusion in Theorem 1.3.1 and from the estimates

for the quadratic numerical range in Proposition 1.2.6. �

Example 1.3.10 The 4× 4 matrix

A4 :=




0 0 0 1

0 1 2 3

0 −2 −1 0

−1 −3 0 0




satisfies the assumptions of Proposition 1.3.9 with a− = 0, a+ = 1 and

d− = −1, d+ = 0; the inclusion in ii) therein yields that the non-real part

of W 2(A4) is confined to the strip −1/2 ≤ Re z ≤ 1/2 (see Fig. 1.6) .
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Figure 1.6 Quadratic numerical range of A4.

1.4 Estimates of the resolvent

The norm of the resolvent (A−λ)−1 of a bounded linear operator A can be

estimated in terms of the numerical range as (see [Kat95, Theorem V.3.2])

∥∥(A− λ)−1
∥∥ ≤ 1

dist
(
λ,W (A)

) , λ /∈ W (A).

The quadratic numerical range yields an analogous estimate in which the

distance of λ to W 2(A) enters quadratically, not linearly.

Theorem 1.4.1 The resolvent of A admits the estimate

∥∥(A− λ)−1
∥∥ ≤ ‖A‖+ |λ|

dist
(
λ,W 2(A)

)2 , λ /∈W 2(A). (1.4.1)

In the proof of this theorem we use the following lemma.

Lemma 1.4.2 If there exists a δ > 0 such that for all f ∈SH1 , g∈SH2

‖Af,gα‖ ≥ δ ‖α‖, α ∈ C2, (1.4.2)

then

‖Ax‖ ≥ δ ‖x‖, x ∈ H. (1.4.3)

Proof. Let x ∈ H. Then x = (α1f α2g)
t with elements f ∈ SH1 , g ∈ SH2

and α1, α2 ∈ C. For α = (α1 α2)
t ∈ C2 we have

Af,gα =

(
(Af, f)α1 + (Bg, f)α2

(Cf, g)α1 + (Dg, g)α2

)
=

( (
A(α1f) +B(α2g), f

)
(
C(α1f) +D(α2g), g

)
)
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and hence

‖Af,gα‖2 =
∣∣(A(α1f)+B(α2g), f

)∣∣2+
∣∣(C(α1f)+D(α2g), g

)∣∣2

≤ ‖A(α1f)+B(α2g)‖2+‖C(α1f)+D(α2g)‖2 =‖Ax‖2.
(1.4.4)

Since ‖x‖2 = |α1|2+|α2|2 =‖α‖2, (1.4.3) follows from (1.4.2) and (1.4.4). �

Proof of Theorem 1.4.1. Let λ /∈ W 2(A). Then the relation (1.3.2)

implies that, for f ∈ SH1 , g ∈ SH2 ,

∥∥(Af,g − λ)−1
∥∥ =

‖Af,g − λ‖
| det (Af,g − λ) |

=
‖Af,g − λ‖∣∣λ− λ1

(
f
g

)∣∣∣∣λ− λ2

(
f
g

)∣∣

where λ1,2

(
f
g

)
∈ W 2(A) are the eigenvalues of Af,g . Since ‖Af,g‖ ≤ ‖A‖

and
∣∣λ−λ1,2

(
f
g

)∣∣ ≥ dist
(
λ, W 2(A)

)
, we find that, for all f ∈ SH1 , g ∈ SH2 ,

∥∥(Af,g − λ)−1
∥∥ ≤ ‖A − λ‖

dist
(
λ,W 2(A)

)2 ≤
‖A‖+ |λ|

dist
(
λ,W 2(A)

)2 .

According to Lemma 1.4.2, this gives

‖(A− λ)x‖ ≥ dist
(
λ,W 2(A)

)2

‖A‖+ |λ| ‖x‖, x ∈ H.

Since λ /∈ W 2(A) implies λ ∈ ρ(A) by Theorem 1.3.1, (1.4.1) follows. �

The following example shows that, in general, the resolvent estimate in

Theorem 1.4.1 cannot be improved.

Example 1.4.3 Let A = C = D = 0 and B ∈ L(H2,H1), B 6≡ 0. Then

A =

(
0 B

0 0

)
, W 2(A) = {0},

and, for λ /∈W 2(A) = {0},
∥∥(A− λ)−1

∥∥ =
1

|λ|2
∥∥∥∥
(−λ −B

0 −λ

)∥∥∥∥ =
1

|λ|2
(
‖B‖+ |λ|

)
=

1

|λ|2
(
‖A‖+ |λ|

)
.

In a similar way as Theorem 1.4.1, the next two theorems can be proved.

Theorem 1.4.4 Suppose that there exists a subset F ⊂W 2(A) such that

for all f ∈ SH1 , g ∈ SH2 the matrix Af,g has at most one eigenvalue in F .

Then, for all λ /∈ W 2(A) such that dist
(
λ,W 2(A) \ F

)
≥ δ with some

δ > 0, there exists a constant γ(δ) > 0 (independent of λ) such that

∥∥(A− λ)−1
∥∥ ≤ γ(δ)

dist(λ,F)
.
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Theorem 1.4.5 If W 2(A) = F1 ∪̇ F2 consists of two components, then

∥∥(A− λ)−1
∥∥ ≤ ‖A‖+ |λ‖

dist(λ,F1) dist(λ,F2)
, λ /∈ W 2(A).

Remark 1.4.6 The situation described in Theorem 1.4.4 occurs e.g. for

J -self-adjoint block operator matrices as in Proposition 1.3.9 provided that

the numbers a± and d± defined therein satisfy a− < d− < a+ < d+. Then

each matrix Af,g , f ∈ SH1 , g ∈ SH2 has at most one eigenvalue in each of

the intervals
[
a−, (a−+ d−)/2

]
and

[
(a++ d+)/2, d+

]
.

The resolvent estimate in terms of the numerical range implies that the

length of a Jordan chain at an eigenvalue lying on the boundary of the

numerical range is at most one, i.e. there are no associated vectors. As

a corollary of Theorem 1.4.1, we obtain an analogue for boundary points

of the quadratic numerical range. Since the latter is no longer convex, we

need the following definition.

Definition 1.4.7 Let W ⊂ C. A boundary point λ0 ∈ ∂W is said to have

the exterior cone property if there exists a closed cone K (having positive

aperture) with vertex λ0 such that, for some r > 0,

K ∩
{
λ ∈ C : |λ− λ0| ≤ r

}
∩W = {λ0}.

Corollary 1.4.8 Let λ0 ∈ σp(A). If λ0 ∈ ∂W 2(A) has the exterior cone

property, then the length of a Jordan chain at λ0 is at most two.

If, in the situation of Theorem 1.4.4, λ0 ∈ ∂F has the exterior cone

property and dist
(
λ,W 2(A)\F

)
> 0, or, in the situation of Theorem 1.4.5,

λ0 ∈ ∂F1 ∪̇ ∂F2 has the exterior cone property, then the length of a Jordan

chain at λ0 is at most one, i.e. there are no associated vectors at λ0.

Proof. Assume that there exists a Jordan chain {x0, x1, x2} of length 3

at λ0 ∈ ∂W 2(A). Then, for λ /∈W 2(A),

∥∥(A− λ)−1x2

∥∥ =

∥∥∥∥
1

(λ0 − λ)3
x0 +

1

(λ0 − λ)2
x1 +

1

λ0 − λ
x2

∥∥∥∥ ≥ C
1

|λ0 − λ|3

for |λ0−λ| sufficiently small. If λ0 has the exterior cone property and λ lies

on the axis of the cone K, |λ0 − λ| ≤ r, then |λ0 − λ| ≤ C ′ dist
(
λ,W 2(A)

)

with some constant C ′ > 0 and hence
∥∥(A− λ)−1x2

∥∥ ≥ C ′′ 1

dist
(
λ,W 2(A)

)3 ,

a contradiction. The proof of the other two assertions is similar. �



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Bounded Block Operator Matrices 29

The following example shows that Jordan chains of length two may

occur at boundary points of the quadratic numerical range.

Example 1.4.9 In Example 1.4.3, the point 0 lies on the boundary of

W 2(A) = {0} and has the exterior cone property. If we choose g ∈ H2 such

that Bg 6= 0, then (Bg 0)t, (0 g)t is a Jordan chain of A at 0 of length two.

1.5 Corners of the quadratic numerical range

For a bounded linear operator T in a Hilbert space it is well-known that

a corner λ0 ∈ W (T ) of the numerical range W (T ) is an eigenvalue of T .

Moreover, every corner of λ0 ∈ W (T ) belongs to the spectrum of T (see
[Kat95], [HJ91], [GR97, Theorem 1.5-5, Corollary 1.5-6]).

For the quadratic numerical range these statements do not generalize

in a straightforward way; this can be seen e.g. from the quadratic numer-

ical range of the 4 × 4 matrix A2 in Example 1.1.5 which has 8 corners

(see Fig. 1.2). It turns out that here not only the spectrum of the block

operator matrix itself but also the spectra of its diagonal elements come

into play.

We begin by giving the precise definition of a corner of a subset of C.

Definition 1.5.1 Let W ⊂ C. A boundary point α ∈ ∂W is called corner

of W if there exist ψ ∈ [0, π), ϕ ∈ [0, 2π), and ε > 0 so that

ϕ ≤ arg (λ− α) ≤ ϕ+ ψ, λ ∈W, |λ− α| < ε, (1.5.1)

where arg( · ) is suitably defined. The infimum ψ0 of all ψ ∈ [0, π) such that

there exist ϕ ∈ [0, 2π) and ε > 0 with (1.5.1) is called angle of the corner α.

Theorem 1.5.2 Let λ0 ∈ W 2(A) and let x0 ∈ SH1 , y0 ∈ SH2 be such

that λ0 is a zero of

∆(x0, y0;λ) = det

(
(Ax0, x0)− λ (By0, x0)

(Cx0, y0) (Dy0, y0)− λ

)
. (1.5.2)

If λ0 is a corner of W 2(A), then at least one of the following holds:

i) λ0 is an eigenvalue of A with eigenvector x0,

ii) λ0 is an eigenvalue of D with eigenvector y0,

iii) λ0 is an eigenvalue of A with eigenvector
(
x0 γy0

)t
where

γ = − (Cx0, y0)(
(D − λ0)y0, y0

) or γ = −
(
(A− λ0)x0, x0

)

(By0, x0)
.
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Proof. Without loss of generality, we assume that λ0 = 0. First we

consider the case of a simple zero. For y ∈ SH2 and z ∈ C we define

gy(λ, z) :=
(
(Ax0, x0)− λ

)((
D(y0 + zy), y0 + zy

)
− λ(y0 + zy, y0 + zy)

)

−
(
B(y0 + zy), x0

)(
Cx0, y0 + zy

)
.

Then gy(λ, 0) = ∆(x0, y0;λ) and gy(·, z) is a quadratic polynomial in λ.

The latter has a zero λy(z) such that λy is analytic in a neighbourhood U

of 0 with λy(0) = λ0 = 0 and which is given by

λy(z) =
(Ax0, x0)

2
+

(
D(y0+zy), y0+zy

)

2(y0+zy, y0+zy)
(1.5.3)

+

√√√√
(
(Ax0, x0)

2
−
(
D(y0+zy), y0+zy

)

2(y0 + zy, y0 + zy)

)2
+

(
B(y0+zy), x0

)(
Cx0, y0+zy

)

4(y0 + zy, y0 + zy)
;

here the branch of the square root is chosen such that λy(0) = 0. Obviously,

λy(t)∈σp(Ax0,y0+ty)⊂W 2(A) for real t∈U and, by assumption, λy(0) = 0

is a corner of W 2(A). This implies that the curve λy(t), t ∈ U ∩ R, does

not have a tangent in the point 0 and hence

d

dt
λy(t)

∣∣∣∣
t=0

= 0. (1.5.4)

On the other hand, gy

(
λy(z), z

)
= 0 for all z ∈ C and hence, for t ∈ U ∩R,

0 =
d

dt
gy

(
λy(t), t

)

=− d

dt
λy(t)

((
D(y0 + ty), y0 + ty

)
− λy(t)

(
y0 + ty, y0 + ty

))

+
(
(Ax0, x0)− λy(t)

)(
(Dy, y0 + ty) + (D(y0 + ty), y)

− d

dt
λy(t)

(
y0 + ty, y0 + ty

)
− λy(t)

(
(y, y0 + ty) + (y0 + ty, y)

))

−
(
By, x0

)(
Cx0, y0 + ty

)
−
(
B(y0 + ty), x0

)(
Cx0, y

)
.

For t = 0 we obtain, together with (1.5.4) and λy(0) = 0,

0 = (Ax0, x0)
(
(Dy, y0)+(Dy0, y)

)
−(By, x0)(Cx0, y0)−(By0, x0)(Cx0, y)

=
(
y, (Ax0, x0)D

∗y0−(Cx0, y0)B
∗x0

)
+
(
(Ax0, x0)Dy0−(By0, x0)Cx0, y

)
.

Since y ∈ SH2 was arbitrary, the above relation also holds with iy instead

of y and so it follows that
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(Ax0, x0)Dy0 − (By0, x0)Cx0 = 0, (1.5.5)

(Ax0, x0)D
∗y0 − (Cx0, y0)B

∗x0 = 0. (1.5.6)

In a similar way, for x ∈ SH1 and z ∈ C we consider the polynomial

hx(λ, z) :=
((
A(x0 + zx), x0 + zx

)
− λ(x0 + zx, x0 + zx)

)(
(Dy0, y0)− λ

)

−
(
By0, x0 + zx

)(
C(x0 + zx), y0

)

and arrive at

(Dy0, y0)Ax0 − (Cx0, y0)By0 = 0, (1.5.7)

(Dy0, y0)A
∗x0 − (By0, x0)C

∗y0 = 0. (1.5.8)

The numerical range W (A) of A is contained in W 2(A) if dimH2 ≥ 2 (and

analogously for D, see Theorem 1.1.9). We distinguish the following cases:

a) dimH1 = dimH2 = 1: In this case W 2(A) consists only of the two

eigenvalues of A, and the assertion is trivial.

b) dimH1 = 1 or dimH2 = 1: Let dimH2 = 1; the case dimH1 = 1 is

analogous. Then D is the multiplication by a constant, say d. If Ax0 = 0

or d = 0, the corner 0 is an eigenvalue of A or of D, respectively. If Ax0 6= 0

and d 6= 0, relation (1.5.7) yields that (Cx0, y0) 6= 0 and

Ax0 +B

(
− (Cx0, y0)

d
y0

)
= 0.

Moreover, in fact y0 = 1 and Dy0 = d, so that we also have

Cx0 +D

(
− (Cx0, y0)

d
y0

)
= 0.

Hence 0 is an eigenvalue of A with eigenvector



x0

− (Cx0, y0)

(Dy0, y0)
y0


 =




x0

−1

d
Cx0


 .

Note that since dimH2 = 1, we cannot conclude from Ax0 6= 0 that

(Ax0, x0) 6= 0 and hence (By0, x0) 6= 0; the reason for this is that

(Ax0, x0) = 0 shows that 0 ∈ W (A), but we cannot conclude that 0 is

a corner of W (A) because the numerical range of A need not be contained

in W 2(A) (see Theorem 1.1.9). Therefore, in this case we can only use the

first form of the constant γ in the eigenvectors in iii).

c) dimH1 ≥ 2, dimH2 ≥ 2: First let (Ax0, x0) = 0. By Theorem 1.1.9, it

follows that W (A) ⊂ W 2(A) since dim H2 ≥ 2. Hence 0 ∈ W (A) is also a
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corner of W (A). The well known theorem on corners of the numerical range

(see [GR97, Theorem1.5-5]) now implies that Ax0 = 0. If (Dy0, y0) = 0, a

similar reasoning yields that Dy0 = 0. If (Ax0, x0) 6= 0 and (Dy0, y0) 6= 0,

then also (By0, x0) 6= 0 and (1.5.5), (1.5.7) imply that

Ax0 +B

(
− (Cx0, y0)

(Dy0, y0)
y0

)
= 0,

Cx0 +D

(
− (Ax0, x0)

(By0, x0)
y0

)
= 0.

Using the relation (Ax0, x0)(Dy0, y0)−(By0, x0)(Cx0, y0) = 0, we conclude

that 0 is an eigenvalue of A with an eigenvector of the asserted form.

If λ0 is a double zero, then, for every y ∈ SH2 , there are two root functions

λ
(1)
y (t), λ

(2)
y (t), t∈R, such that gy

(
λ

(j)
y (t), t

)
= 0 near t=0 and λ

(j)
y (0) = 0,

j = 1, 2, with Puiseux expansions (see e.g. [Kat95, Section II.1.2])

λ(j)
y (t) = α1e

πijt1/2 + α2e
2πijt+ . . . , j = 1, 2.

If α1 6= 0, the four one-sided tangents of the functions λ
(1)
y (t), λ

(2)
y (t),

λ
(1)
y (−t), and λ

(2)
y (−t), t ≥ 0, divide the plane into four sectors of angle π/2.

This contradicts the fact that 0 is a corner of W 2(A). If α1 = 0, then λ
(j)
y (t)

are differentiable at 0 and the claim follows in the same way as in the case

of a simple zero. �

Remark 1.5.3 From equations (1.5.6) and (1.5.8), it follows that in

case iii) of Theorem 1.5.2 the point λ0 is an eigenvalue of A∗ with eigen-

vector (x0 γ̃y0)
t where

γ̃ = − (B∗x0, y0)(
(D∗ − λ0)y0, y0

) or γ̃ = −
(
(A∗ − λ0)x0, x0

)

(C∗y0, x0)
.

Remark 1.5.4 In order to prove relation (1.5.5), it is sufficient to con-

sider roots λy1(t), λy2(t) (for real t) with

y1 = (Ax0, x0)Dy0 − (By0, x0)Cx0 and y2 = iy1,

and, for the proof of relation (1.5.7),

y1 = (Dy0, y0)Ax0 − (Cx0, y0)By0 and y2 = iy1.

Example 1.5.5 Consider the 4× 4 matrices

A5 :=




1 3 + i 2 i

3 + i 1 i 2

−2 i 1 3 + i

i −2 3 + i 1


 , A6 :=




1 0 2 0

0 −1 0 2

−2 0 1 0

0 −2 0 −1


 .
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Their quadratic numerical ranges, displayed in Fig. 1.7, both have 6 corners:

For A5 the four corners −2 − i(1 −
√

5), −2 − i(1 +
√

5), 4 + i(1 +
√

5),

4 + i(1−
√

5) are the eigenvalues of A5 (marked by black dots), the corners

4 + i, −2 − i are the eigenvalues of the left upper corner A (and, at the

same time, of the right lower corner D). For A6 the four corners −1 + 2i,

−1− 2i, 1 + 2i, 1− 2i are the eigenvalues of A6 (marked by black dots), the

corners −1, 1 are the eigenvalues of A (and, at the same time, of D).

Figure 1.7 Quadratic numerical ranges of A5 and A6.

Next we consider corners of the quadratic numerical rangeW 2(A) which

do not belong to W 2(A), but only to its closure. For this purpose, we use

the well-known method of Banach limits (see [Ber62]). By passing to a

Hilbert space formed by bounded sequences of H, we convert points of the

spectrum into eigenvalues of a corresponding linear operator and apply the

previous Theorem 1.5.2 to the latter.

Definition 1.5.6 Let H be an arbitrary Hilbert space, fix a Banach

limit LIM on the space of bounded sequences in C with values in C (that

is, a linear mapping which coincides with the usual limit for convergent

sequences and is non-negative for non-negative sequences), let R be the

linear space of all bounded sequences x = (xn)∞1 ⊂ H with the (non-

negative, but degenerate) inner product

[x, y] := LIM
n→∞

(xn, yn), x = (xn)∞1 , y = (yn)∞1 ∈ R,

and let R0 be the subspace of all x = (xn)∞1 ∈ R with

LIM
n→∞

(xn, xn) = 0.

Then we define the Hilbert space H̃ as the completion of the quotient space

R/R0 with respect to the norm generated by the inner product [ · , · ]. For
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Hilbert spaces H1, H2, we associate with T ∈ L(H1,H2) the operator

T̃ ∈ L(H̃1, H̃2), T̃ x̃ :=
[
(Txn)∞1

]
, x̃ = (xn)∞1 ∈ H̃1,

where [ · ] denotes the equivalence class in R/R0.

The following observations are easy to check (see [Ber62]).

Remark 1.5.7 Let H, H1, and H2 be Hilbert spaces.

i) The mapping T 7→ T̃ is an isometry from L(H1,H2) into L(H̃1, H̃2).

ii) For T ∈ L(H), we have σ
(
T̃
)

= σp

(
T̃
)

= σapp(T ).

Theorem 1.5.8 If λ0∈W 2(A) is a corner of W 2(A), then

λ0 ∈ σ(A) ∪ σ(D) ∪ σ(A).

Proof. Since λ0 ∈ W 2(A), there exist a sequence (λn)∞1 ⊂ W 2(A) with

λn → λ0, n→∞, and sequences (x0
n)∞1 ⊂ SH1 , (y0

n)∞1 ⊂ SH2 such that

∆(x0
n, y

0
n;λn) = det

(
(Ax0

n, x
0
n)− λ (By0

n, x
0
n)

(Cx0
n, y

0
n) (Dy0

n, y
0
n)− λ

)
= 0.

We may assume that, for some neighbourhood V of λ0, all quadratic poly-

nomials ∆(x0
n, y

0
n; · ), n ∈ N, have either one zero or two zeroes in V .

By means of a Banach limit, we construct the space H̃ = H̃1 ⊕ H̃2 and

the operator

Ã =

(
Ã B̃

C̃ D̃

)
: H̃1 ⊕ H̃2 → H̃1 ⊕ H̃2

according to Definition 1.5.6. First we consider the case of a simple zero.

Since the sequences (x0
n)∞1 and (y0

n)∞1 are bounded, we may assume without

loss of generality (by passing to suitable subsequences) that all sequences

of the form (
(Fun, vn)

)∞
1

(1.5.9)

converge where F is one of the operators A, B, C, D, A∗, B∗, C∗, D∗ or

a product of two or three of them, and un, vn are the elements x0
n or

y0
n, whenever the inner products in (1.5.9) are defined. Now let x̃ 0 =

(x0
n)∞1 ∈ H̃1, ỹ

0 = (y0
n)∞1 ∈ H̃2. From Hurwitz’s Theorem (see e.g. [Tit68,

Chapter III, 3.45], it follows that λ0 is a simple root of

det

(
(Ãx̃ 0, x̃ 0)− λ (B̃ỹ 0, x̃ 0)

(C̃x̃ 0, ỹ 0) (D̃ỹ 0, ỹ 0)− λ

)
= 0.

Hence λ0 ∈ W 2(Ã).
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Following the lines of the proof of Theorem 1.5.2, we derive the ana-

logues of equalities (1.5.5), (1.5.7) for the operators Ã, B̃, C̃, and D̃. We

introduce the quadratic polynomial gỹ(λ, z) with its root λỹ(z) given by a

formula analogous to (1.5.3). By Remark 1.5.4, for the proof of the ana-

logues of (1.5.5), (1.5.7), it is sufficient to consider e.g. elements ỹ = (yn)∞1
which are certain linear combinations of the four vectors Ãx̃ 0, B̃ỹ 0, C̃x̃ 0,

and D̃ỹ 0. Since all sequences of the form (1.5.9) converge, we can use the

ordinary limit instead of the Banach limit in the construction of the qua-

dratic forms occurring in the formula for the root λỹ(z). This means that

the root λỹ(z) is a limit of the corresponding roots λyn(z). By assumption,

all roots λy(t) for real t ∈ U lie in a (closed) sector with vertex λ0 and

angle < π. Hence the roots λỹ(t) lie in the same sector, and we obtain

the analogues of (1.5.5) and (1.5.7) for Ã, B̃, C̃, D̃, x̃ 0, and ỹ 0. Now the

proof for the case of a simple zero can be completed in a similar way as in

the proof of Theorem 1.5.2; note that here we only have to consider case c)

since dim H̃1 = dim H̃2 =∞.

As a result of this and of Remark 1.5.7, we have λ0 ∈ σp(Ã) = σapp(A) ⊂
σ(A) or λ0 ∈ σp(D̃) = σapp(D) ⊂ σ(D) or λ0 ∈ σp(Ã) = σapp(A) ⊂ σ(A).

If λ0 is a double zero, the proof is analogous to the corresponding part

of the proof of Theorem 1.5.2. �

1.6 Schur complements and their factorization

In the spectral theory of block operator matrices an important role is played

by the so-called Schur complements. For a 2 × 2 block operator matrix

(1.1.3), there exist two Schur complements, one associated with each of the

diagonal elements A and D. The Schur complements are analytic operator

functions defined outside of the spectrum of D and of A, respectively.

First we prove that the numerical ranges of these analytic operator func-

tions are contained in the quadratic numerical range. Further, we show that

if the closure of the quadratic numerical range consists of two components,

then a linear operator factor can be split off the Schur complements.

Definition 1.6.1 For a block operator matrix A given by (1.1.3) the

analytic operator functions S1 : C\σ(D)→L(H1) and S2 : C\σ(A)→L(H2),

S1(λ) := A− λ−B(D − λ)−1C, λ /∈ σ(D),

S2(λ) := D − λ− C(A − λ)−1B, λ /∈ σ(A),

are called Schur complements of A.
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If H is a Hilbert space, Ω ⊂ C is open, and S : Ω→ L(H) is an analytic

operator function, the resolvent set ρ(S), the spectrum σ(S), and the point

spectrum σp(S) are defined as (see e.g. [Mar88, § 11.2])

ρ(S) := {λ ∈ Ω : S(λ) bijective in H},
σ(S) := Ω \ ρ(S),

σp(S) := {λ ∈ Ω : S(λ) not injective in H}.

The numerical range W (S) is defined as the set (see e.g. [Mar88, § 26.2])

W (S) =
{
λ ∈ Ω : ∃ f ∈ H, f 6= 0,

(
S(λ)f, f

)
= 0
}
. (1.6.1)

Obviously, in the special case S(λ) = T − λ, λ ∈ C, with a linear opera-

tor T ∈ L(H), all these notions coincide with the usual definitions of the

resolvent set, spectrum, point spectrum, and numerical range of the linear

operator T .

It is well-known (see e.g. [Mar88, Theorem 26.6]) that σ(S) ⊂ W (S) if

there exists a λ0 ∈ Ω so that 0 /∈ W (S(λ0)). For the Schur complements,

this condition is always satisfied for λ0 large enough since

‖A‖+ ‖B(D − λ0)
−1C‖ < |λ0| =⇒ 0 ∈ ρ

(
S1(λ0)

)
.

Hence σ(S1) ⊂W (S1) and σ(S2) ⊂W (S2).

The following Frobenius-Schur factorization of the block operator

matrix A ties its spectral properties closely to those of its Schur comple-

ments.

Proposition 1.6.2 For λ /∈ σ(D) and λ /∈ σ(A), respectively, we have

A− λ =

(
I B(D−λ)−1

0 I

)(
S1(λ) 0

0 D−λ

)(
I 0

(D−λ)−1C I

)
, (1.6.2)

A− λ =

(
I 0

C(A−λ)−1 I

)(
A−λ 0

0 S2(λ)

)(
I (A−λ)−1B

0 I

)
, (1.6.3)

and hence

σ(A) \ σ(D) = σ(S1), σ(A) \ σ(A) = σ(S2).

Theorem 1.6.3 W (S1) ∪W (S2) ⊂W 2(A).

Proof. Let λ ∈ W (S1). Then there exists an f ∈ H1, f 6= 0, such

that
(
S1(λ)f, f

)
= 0. If Cf = 0, then

(
S1(λ)f, f

)
=
(
(A − λ)f, f

)
and

∆(f, g;λ) =
(
(A − λ)f, f

)(
(D − λ)g, g

)
. Thus ∆(f, g;λ) = 0 for every
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g ∈ H2, g 6= 0, and so λ ∈W 2(A). If Cf 6= 0, then (D − λ)−1Cf 6= 0 and

∆
(
f, (D − λ)−1Cf ;λ

)
=
(
(A− λ)f, f

)(
Cf, (D − λ)−1Cf

)

−
(
B(D − λ)−1Cf, f

)(
Cf, (D − λ)−1Cf

)

=
(
S1(λ)f, f

) (
Cf, (D − λ)−1Cf

)
. (1.6.4)

Hence
(
S1(λ)f, f

)
= 0 implies that ∆

(
f, (D − λ)−1Cf ;λ

)
= 0 and thus

λ ∈ W 2(A). The proof for W (S2) is similar. �

Theorem 1.6.4 Suppose that dimH1 ≥ 2, dimH2 ≥ 2, and assume

that W 2(A) = F1 ∪̇ F2 consists of two components. Then F1, F2 can be

enumerated such that

W (S1) ∩ F1 6= ∅, W (S2) ∩ F2 6= ∅.

Proof. Due to the dimension conditions, Corollary 1.1.10 i) shows that

we can enumerate the components F1, F2 such that

W (A) ⊂ F1, W (D) ⊂ F2. (1.6.5)

The claim is trivial if either B = 0 or C = 0; in this case W (S1) = W (A)

and W (S2) = W (D). So we may assume that B 6= 0 and C 6= 0.

Both components F1 and F2 of W 2(A) are connected disjoint compact

subsets of C. Hence there exists a piecewise smooth simply closed Jordan

curve Γ1 such that one of the components is located inside of Γ1 while the

other one is located outside of Γ1 (see [LMMT01, Lemma 4.2]).

First we consider the case that F1 lies in the bounded component U1 of

C \ Γ1. Then U1 is a bounded simply connected domain with

F1 ⊂ U1, F2 ∩ U1 = ∅
and the boundary Γ1 of U1 is a piecewise smooth simply closed Jordan

curve. We choose an element f ∈ H1 such that Cf 6= 0 and set

g(λ) := (D − λ)−1Cf, λ ∈ U1.

For fixed λ ∈ U1, we consider the function

ϕλ(µ) := ∆
(
f, g(λ);µ

)
, µ ∈ C.

By Proposition 1.1.3, every zero of the quadratic polynomial ϕλ lies in

W 2(A). Since W 2(A) = F1 ∪̇ F2, it follows that ϕλ has exactly one zero

µ(λ) ∈ F1. The function µ : U1 → F1 is continuous and maps U1 into itself.

Since U1 is simply connected and its boundary is a piecewise smooth simply

closed Jordan curve, U1 is homeomorphic to the closed unit disc (see e.g.

[Hur64], Chapter III.6.4). Hence the Brouwer fixed point theorem (see e.g.
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[DS88a, Sections V.10, V.12]) applies and yields that there exists at least

one point λ1 ∈ F1 such that µ(λ1) = λ1. Then ∆
(
f, g(λ1);λ1

)
= 0. On

the other hand, (see (1.6.4)),

∆
(
f, g(λ1);λ1

)
=
(
S1(λ1)f, f

)(
Cf, (D − λ1)

−1Cf
)

=
(
S1(λ1)f, f

)(
(D − λ1)g(λ1), g(λ1)

)
. (1.6.6)

The second factor is non-zero since g(λ1) 6= 0 and λ1 /∈ W (D) (note that

W (D)∩F1 = ∅). Thus (1.6.6) implies
(
S1(λ1)f, f

)
= 0, that is, λ1∈W (S1).

Now consider the component F2 and the second Schur complement S2.

If there also exists a piecewise smooth simply closed Jordan curve Γ2 such

that F2 lies in the interior of Γ2 and F1 in its exterior, then the proof of

W (S2) ∩ F2 6= ∅ is analogous to the above reasoning. Otherwise, we let

V1 := C \ U1, where C = C ∪ {∞} is the extended complex plane, and we

suppose for simplicity that 0 ∈ U1. Since B 6= 0, there exists an element

g ∈ H2 such that Bg 6= 0. Set

f(λ) := (A− λ)−1Bg, λ ∈ C \ U1.

If λ ∈ C \ U1

(
= V1 \ {∞}

)
is fixed, the function

ψλ(η) := ∆
(
f(λ), g; η

)
, η ∈ C,

has exactly one zero η(λ) ∈ F2. Evidently, the same holds for the function

ψ̃λ(η) := |λ|2ψλ(η), η ∈ C, which we can consider also for λ = ∞. More

exactly, let ψ̃∞(η) := limλ→∞ ψ̃λ(η). Since limλ→∞ λ(A− λ)−1 = −I , it is

easy to see that ψ̃∞(η) = ∆(Bg, g; η). Hence the function ψ̃∞ has exactly

one zero η(∞) ∈ F2. The function η : V1 → F2 is continuous on V1 and

maps V1 into itself. Since the boundary of V1 is a piecewise smooth simply

closed Jordan curve, it follows that there exists at least one point λ2 ∈ F2

such that η(λ2) = λ2, that is, ∆
(
f(λ2), g;λ2

)
= 0. Using the equality

∆
(
f(λ2), g;λ2

)
=
(
S2(λ2)g, g

)(
(A− λ2)f(λ2), f(λ2)

)

instead of (1.6.6), we obtain that
(
S2(λ2)g, g

)
= 0, that is, λ2 ∈W (S2).

In the second case that F2 lies in the bounded component of C \Γ1, we

consider the functions f on U1 and g on C \ U1 and proceed in the same

way as above. �

Remark 1.6.5 It is an open question whether the components of W 2(A)

are simply connected, and, if no, one component may lie in a “hole” of the

other one.

In the latter case, the second part of the above proof involving the con-

struction with ∞ necessary. In fact, then there do not exist two piecewise
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smooth simply closed Jordan curves Γi, i = 1, 2, such that Fi lies in the

interior of Γi and in the exterior of the other curve. One of these curves,

say Γ2, can only be chosen to be a Cauchy contour; in fact, it may be chosen

as the union of two piecewise smooth simply closed Jordan curves, one of

them being the curve Γ1 with opposite orientation, the other one being the

positively oriented circle {z ∈ C : |z| = R} of radius R > 0 so that ‖A‖<R.

Theorem 1.6.6 Let H1, H2 be separable Hilbert spaces with dimH1≥2,

dimH2 ≥ 2. Suppose that W 2(A) = F1 ∪̇ F2 consists of two components,

enumerated so that W (S1) ∩ F1 6= ∅, W (S2) ∩ F2 6= ∅. Then:

i) for f ∈ H1, f 6= 0, the function
(
S1(·)f, f

)
has exactly one zero in F1,

for g ∈ H2, g 6= 0, the function
(
S2(·)g, g

)
has exactly one zero in F2;

ii) the Schur complements S1 and S2 admit factorizations

Sj(λ) = Mj(λ)(Zj − λ), λ ∈ Fj , (1.6.7)

for j = 1, 2 where Mj : Fj → L(Hj) is an analytic operator function

such that Mj(λ) is boundedly invertible for all λ ∈ Fj and Zj ∈ L(Hj)

is such that σ(Zj) ⊂ Fj .

Proof. Let the bounded set U1 and the curve Γ1 parametrizing its bound-

ary be chosen as in the proof of Theorem 1.6.4 with F1 ⊂ U1, F2 ∩ U1 = ∅
(the case F2 ⊂ U1, F1 ∩ U1 = ∅ is treated analogously).

i) We prove the claim for S1; the proof for S2 is completely analogous.

First we assume that dimH1 =: n1 < ∞, dimH2 =: n2 < ∞. From
[KMM93, Lemma 6] it follows that for arbitrary f ∈ H1, f 6= 0,

indΓ1 det S1(·) = n1 indΓ1

(
S1(·)f, f

)
=: n1l1, (1.6.8)

where indΓ1

(
S1(·)f, f

)
denotes the number l1 of zeroes of

(
S1(·)f, f

)
in F1.

The factorization (1.6.2) implies that

det(A− λ) = detS1(λ) det(D − λ), λ /∈ σ(D).

Since F2 ∩ U1 = ∅ and σ(D) ⊂ W (D) ⊂ F2, the function λ 7→ det(D − λ)
does not have zeroes in the interior U1 of Γ1, and hence

indΓ1 det(A− ·) = indΓ1 detS1(·).
Therefore the operator A has exactly n1l1 eigenvalues in F1, counted

according to their algebraic multiplicities. Analogously, if for g ∈ H2, g 6= 0,

we denote by l2 the number of zeroes of the function (S2(·)g, g) in the set F2,

then the operator A has exactly n2l2 eigenvalues in F2, again counted
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according to their algebraic multiplicities. Since the total number of eigen-

values of A is equal to dimH = n1 + n2, we obtain the equality

n1l1 + n2l2 = n1 + n2.

Due to Theorem 1.6.4, we have l1 ≥ 1, l2 ≥ 1 and hence l1 = l2 = 1. This

proves i) in the finite-dimensional case.

In the general case, we choose sequences of orthogonal projections

Pn ∈ L(H1) and Qn ∈ L(H2), n ∈ N, that converge strongly to the respec-

tive identity operators and have finite-dimensional ranges, dimR(Pn)≥ 1,

dimR(Qn)≥1. For n ∈ N, we set

An := PnAPn, Bn := PnBQn, Cn := QnCPn, Dn := QnDQn

and consider the matrix

An :=

(
An Bn

Cn Dn

)

in the space R(Pn)⊕R(Qn). It is easy to see that, for all n ∈ N,

W 2(An) ⊂W 2(A)

and that also W 2(An) = W 2(An) consists of two components, W 2(An) =

Fn
1 ∪̇ Fn

2 with W (An) ⊂ Fn
1 ⊂ F1 and W (Dn) ⊂ Fn

2 ⊂ F2. Set

S
(n)
1 (λ) := An − λ−Bn(Dn − λ)−1Cn, λ /∈ F2.

If we prove that, for every f ∈ H1,

sup
λ∈Γ1

∣∣(S1(λ)f, f
)
−
(
S

(n)
1 (λ)f, f

)∣∣ −→ 0, n→∞, (1.6.9)

then, according to what was shown in the first part of the proof for the

finite-dimensional case,

indΓ1

(
S1(·)f, f

)
= indΓ1

(
S

(n)
1 (·)f, f

)
= 1

for every f ∈ H1, f 6= 0; this completes the proof of claim i) for S1 in the

general case.

In order to prove (1.6.9), let f ∈ H1 be arbitrary and write
((
S1(λ)− S(n)

1 (λ)
)
f, f

)

=
(
(A−An)f, f

)
−
(
Bn(Dn − λ)−1(C − Cn)f, f

)

−
(
Bn

(
(D − λ)−1 − (Dn − λ)−1

)
Cf, f

)
−
(
(B −Bn)(D − λ)−1Cf, f

)

=
(
(A−An)f, f

)
−
(
Bn(Dn − λ)−1(C − Cn)f, f

)

−
(
Bn(Dn−λ)−1(Dn−D)(D−λ)−1Cf, f

)
−
(
(B−Bn)(D−λ)−1Cf, f

)
.

Now An → A (strongly) for n→∞ implies that



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Bounded Block Operator Matrices 41

(
(A−An)f, f

)
−→ 0, n→∞.

Since W (Dn) ⊂W (D) ⊂ F2 and F2 ∩ Γ1 ⊂ F2 ∩ U1 = ∅, we have

∥∥(Dn − λ)−1
∥∥,
∥∥(D − λ)−1

∥∥ ≤ 1

dist (Γ1, F2)
, λ ∈ Γ1, n ∈ N.

Together with ‖Bn‖ ≤ ‖B‖ and Cn → C (strongly) for n→∞, we obtain

sup
λ∈Γ1

∣∣(Bn(Dn − λ)−1(C − Cn)f, f
)∣∣ ≤ ‖B‖ 1

dist(Γ1, F2)

∥∥(C − Cn)f
∥∥ ‖f‖

−→ 0, n→∞.
Further, since also B∗

n → B∗ (strongly) for n→∞, it follows that

sup
λ∈Γ1

∣∣((B −Bn)(D − λ)−1Cf, f
)∣∣ ≤ 1

dist(Γ1, F2)
‖Cf‖

∥∥(B∗ −B∗
n)f
∥∥

−→ 0, n→∞.
Finally, the facts that Dn → D (strongly) for n → ∞ and that the set{
(D − λ)−1Cf : λ ∈ Γ1

}
⊂ H2 is compact imply that

sup
λ∈Γ1

∥∥(Dn −D)(D − λ)−1Cf
∥∥ −→ 0, n→∞.

Hence
∥∥Bn(Dn − λ)−1(Dn −D)(D − λ)−1Cf

∥∥

≤ ‖B‖ 1

dist(Γ1, F2)

∥∥(Dn −D)(D − λ)−1Cf
∥∥ −→ 0, n→∞,

uniformly for λ ∈ Γ1. This proves (1.6.9).

ii) Since U1 is simply connected, we obtain the factorization (1.6.7) for

S1 from the factorization theorem [MM75, Theorem 2, Remark 1)]. If

also for F2 there exists a bounded simply connected domain U2 such that

F2 ⊂ U2, F1 ∩ U2 = ∅, the second relation in (1.6.7) follows from the

same factorization theorem. If this is not the case, we consider the domain

U2 := C\U1 which is simply connected in the extended plane C = C∪{∞}.
Let V2 be the image of U2 under the inversion µ = λ−1 and set

W (µ) := µS2(µ
−1), µ ∈ V2, µ 6= 0. (1.6.10)

If we define W (0) := limµ→0 W (µ) = −I , then W is an analytic operator

function in V2. It is easy to check that for f ∈ H1, f 6= 0, the function(
W (·)f, f

)
has exactly one zero in V2. Therefore, by [MM75, Theorem 2,

Remark 1)], the operator function W admits a factorization

W (µ) = Q(µ) (Y − µ), µ ∈ V2, (1.6.11)
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where Q : V2 → L(H2) is an analytic operator function on V2 with bound-

edly invertible values and Y ∈ L(H2) with σ(Y ) ⊂ V2. The operator Y is

invertible since Q(0)Y = W (0) = −I . Moreover, formula (1.6.11) implies

that

S2(λ) = λW (λ−1) = λQ(λ−1)
(
Y − λ−1

)
= −Q(λ−1)Y

(
Y −1 − λ

)
.

If we set M2(λ) := −Q(λ−1)Y , λ ∈ U2, and Z2 := Y −1, the factorization

(1.6.7) for S2 follows. �

Remark 1.6.7 In Theorem 1.6.6 ii), the operator function M1 is even

analytic on ρ(D) and M2 is analytic on ρ(A).

This follows by analytic continuation from the identity (1.6.7) since S1 is

analytic on ρ(D) and S2 is analytic on ρ(A).

1.7 Block diagonalization

In this section we show that the quadratic numerical range yields a criterion

for the block diagonalizability of a block operator matrix: If the closure of

the quadratic numerical range consists of two components, then the block

operator matrix can be transformed into diagonal form.

In order to prove this, we show that the two spectral subspaces corre-

sponding to the two disjoint parts of the spectrum admit so-called angu-

lar operator representations. The diagonalizing matrix is constructed by

means of the angular operators which, in addition, turn out to be solutions

of Riccati equations associated with the block operator matrix.

In the following, a subset σ ⊂ σ(A) is called an isolated part of σ(A)

if both σ and σ(A) \ σ are closed. Associated with an isolated part σ of

σ(A) is a spectral subspace Lσ which is defined as the range of the Riesz

projection

Pσ := − 1

2πi

∫

Γ

(A− z)−1dz

of A corresponding to σ; here Γ is a Cauchy contour (that is, the finite union

of simply closed rectifiable Jordan curves) such that σ lies in its interior and

σ(A) \ σ in its exterior. The spectral subspace Lσ is an invariant subspace

of A, i.e. ALσ ⊂ Lσ , and σ
(
A|Lσ

)
= σ (see e.g. [GGK90, Chapter I.2]).

Theorem 1.7.1 Let H1, H2 be separable Hilbert spaces with dimH1≥2,

dimH2 ≥ 2. Suppose that W 2(A) = F1 ∪̇ F2 consists of two components,

enumerated such that W (S1) ∩ F1 6= ∅, W (S2) ∩ F2 6= ∅.
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Then the spectrum σ(A) separates into two parts, σ(A) = σ1 ∪̇σ2 with

σ1 := σ(A) ∩ F1 6= ∅, σ2 := σ(A) ∩ F2 6= ∅,
and there exist bounded linear operators K1 ∈ L(H1,H2), K2 ∈ L(H2,H1)

such that the following hold:

i) the spectral subspaces L1 and L2 corresponding to σ1 and σ2, respec-

tively, have angular operator representations

L1 =

{(
x

K1x

)
: x ∈ H1

}
, L2 =

{(
K2y

y

)
: y ∈ H2

}
; (1.7.1)

ii) the angular operators K1 and K2 satisfy the Riccati equations

K1BK1 +K1A−DK1 − C = 0, K2CK2 +K2D −AK2 −B = 0;

iii) if Γj , j = 1, 2, is a Cauchy contour such that Fj lies in its interior

and the other component W 2(A) \Fj in its exterior and if Zj , Mj are

the operators and operator functions, respectively, in the factorization

(1.6.7) of the Schur complement Sj , j = 1, 2, then

K1 =
1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1dλ, (1.7.2)

K2 =
1

2πi

∫

Γ2

(A− λ)−1B(Z2 − λ)−1dλ, (1.7.3)

and

Z1 = A+BK1, M1(λ) = I −B(D − λ)−1K1, λ ∈ ρ(D),

Z2 = D + CK2, M2(λ) = I − C(A− λ)−1K2, λ ∈ ρ(A).

Proof. Let P and Q be the Riesz projections of A corresponding to σ1

and σ2, respectively. With respect to H = H1 ⊕H2, we write them as

P =

(
P11 P12

P21 P22

)
, Q =

(
Q11 Q12

Q21 Q22

)
.

By [LMMT01, Lemma 4.2], at least one of the contours Γ1 and Γ2, say Γ1,

can be chosen to be a piecewise smooth simply closed Jordan curve. First

we prove the statements for K1.

i) The Frobenius-Schur factorization (1.6.2) implies that, for λ ∈ Γ1,

(A− λ)−1 (1.7.4)

=




S1(λ)
−1 −S1(λ)

−1B(D−λ)−1

−(D−λ)−1CS1(λ)
−1 (D−λ)−1+ (D−λ)−1CS1(λ)

−1B(D−λ)−1


.



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

44 Spectral Theory of Block Operator Matrices

As the resolvent of D is holomorphic inside Γ1, the matrix entries of the

Riesz projection P are given by

P11 = − 1

2πi

∫

Γ1

S1(λ)
−1dλ,

P12 =
1

2πi

∫

Γ1

S1(λ)
−1B(D − λ)−1dλ,

P21 =
1

2πi

∫

Γ1

(D − λ)−1CS1(λ)
−1dλ,

P22 = − 1

2πi

∫

Γ1

(D − λ)−1CS1(λ)
−1B(D − λ)−1dλ.

We define the operator K1 by (1.7.2). By [DK74a, Theorem I.3.2] (see also
[GGK90, Theorem I.4.1]), it is the unique solution of the operator equation

K1Z1 −DK1 = C

with Z1 = A + BK1. By (1.6.7) and Remark 1.6.7, we have S1(λ)
−1 =

(Z1−λ)−1M1(λ)
−1, λ ∈ C \ ρ(D). This and [DK74a, Lemma I.2.1] lead to

P22 =− 1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1M1(λ)
−1B(D − λ)−1dλ

=

(
1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1dλ

)

·
(

1

2πi

∫

Γ1

(Z1 − λ)−1M1(λ)
−1B(D − λ)−1dλ

)
= K1P12,

P21 =
1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1M1(λ)
−1dλ

=

(
1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1dλ

)

·
(
− 1

2πi

∫

Γ1

(Z1 − λ)−1M1(λ)
−1dλ

)
= K1P11.

These relations yield

P =

(
P11 P12

K1P11 K1P12

)
=

(
I

K1

)(
P11 P12

)
.

Since Γ1 is a piecewise smooth simply closed Jordan curve, P11 is bijective

(see [MM75, Theorem 3]). Therefore the range R
(
(P11 P12)

)
is H1 and so

L1 = R(P ) = R

((
I

K1

))
,

which proves the representation of L1 in (1.7.1).
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ii) Let x ∈ H1 be arbitrary. Since the spectral subspace L1 is invariant

for A, there exists a z ∈ H1 such that
(
A B

C D

)(
x

K1x

)
=

(
z

K1z

)
⇐⇒ Ax+BK1x = z,

Cx+DK1x = K1z.

Inserting the first equation into the second, we find that
(
C +DK1 −K1A−K1BK1

)
x = 0.

iii) By the definition of K1 in (1.7.2), we have

BK1 =
1

2πi

∫

Γ1

B(D − λ)−1C(Z1 − λ)−1dλ

=
1

2πi

∫

Γ1

(
A− λ− S1(λ)

)
(Z1 − λ)−1dλ

=
1

2πi
A

∫

Γ1

(Z1 − λ)−1dλ− 1

2πi

∫

Γ1

λ(Z1 − λ)−1dλ− 1

2πi

∫

Γ1

M1(λ)dλ

=−A+ Z1;

here we have used that, according to Theorem 1.6.6 ii), the spectrum of Z1

lies in the interior of Γ1 and that M1 is analytic on ρ(D) and hence in the

interior of Γ1 by Remark 1.6.7.

To prove the representation of M1(λ), we use the relation Z1 = A+BK1

and the Riccati equation for K1 to obtain that, for λ ∈ ρ(D),
(
I −B(D − λ)−1K1

)
(Z1 − λ)

=
(
I −B(D − λ)−1K1

)
(A+BK1 − λ)

= A− λ−B(D − λ)−1
(
K1(A+BK1)− (D − λ)K1 − λK1

)

= A− λ−B(D − λ)−1C

= S1(λ).

This completes the proof of all statements involving K1.

The proofs of the statements for K2 in i) to iii) are analogous if the

contour Γ2 can also be chosen to be a piecewise smooth simply closed

Jordan curve.

Otherwise, for the Riesz projection Q of A corresponding to σ2, the

bijectivity of Q22 remains to be proved. In this case the contour Γ2 can be

chosen to consist of the two simply closed Jordan curves −Γ1 (i.e. Γ1 with

opposite orientation) and the positively oriented circle {λ ∈ C : |λ| = M}
where M > 0 is such that F2 is in its interior. The (piecewise smooth)

contour Γ2 is the boundary of a domain U2 such that F2 ⊂ U2. Without

loss of generality, we assume that 0 lies inside Γ1. Denote by Λ2 the image
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of Γ2 and by V2 the image of U2 under the inversion µ = λ−1. Then Λ2

consists of the Jordan curves Λ+
2 = {µ ∈ C : |µ| = 1/M} (inner boundary)

and Λ−
2 (outer boundary, the image of −Γ1), and their orientation is again

positive with respect to the image of F2. Then

Q22 =− 1

2πi

∫

Γ2

S2(λ)
−1dλ =

1

2πi

∫

Λ2

S2(µ
−1)−1µ−2dµ =

1

2πi

∫

Λ2

W (µ)−1µ−1dµ,

where W (µ) = µS2(µ
−1) for µ ∈ V2 as in (1.6.10). By (1.6.11),

µ−1W (µ)−1 − Y −1W (µ)−1 = µ−1Y −1Q(µ)−1.

The operator function on the right hand side is analytic on V2 since 0 /∈ V2.

It follows that

Q22 =
1

2πi
Y −1

∫

Λ2

W (µ)−1dµ =
1

2πi
Y −1

(∫

Λ+
2

W (µ)−1dµ+

∫

Λ−
2

W (µ)−1dµ

)
.

The operator function W (·)−1 is analytic in the circle {µ ∈ C : |µ| ≤ 1/M},
therefore the first integral equals 0. In the proof of Theorem 1.6.6 it was

already used that the operator functionW fulfils the assumptions of [MM75,

Theorem 2] with respect to Λ−
2 . By [MM75, Theorem 3], the operator

1

2πi

∫

Λ−
2

W (µ)−1dµ

is bijective and hence so is the operator Q22. �

Corollary 1.7.2 Under the assumptions of Theorem 1.7.1, the block oper-

ator matrix A is similar to the block diagonal operator matrix
(
Z1 0

0 Z2

)
=

(
A+BK1 0

0 D + CK2

)
;

in fact,
(

I K2

K1 I

)−1(
A B

C D

)(
I K2

K1 I

)
=

(
A+BK1 0

0 D + CK2

)
.

Proof. The operator

(
I

K1

)
maps H1 isomorphically on L1 and, by The-

orem 1.7.1 ii) and iii),

A
(
I

K1

)
=

(
I

K1

)
Z1, A

(
K2

I

)
=

(
K2

I

)
Z2. (1.7.5)

Therefore the restriction of the operator A to L1 is an operator which is

similar to Z1. Similarly, the restriction of the operator A to L2 is similar

to Z2. The second statement is immediate from (1.7.5). �
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Corollary 1.7.3 If dim H1 = n1 < ∞, then F1 contains exactly n1

eigenvalues of A (counting multiplicities), and the first components of the

corresponding eigenvectors and associated vectors form a basis in H1.

Corollary 1.7.4 If A = A∗ in Theorem 1.7.1, then

L1 =

{(
x

Kx

)
: x ∈ H1

}
, L2 =

{(−K∗y

y

)
: y ∈ H2

}
(1.7.6)

with a uniform contraction K ∈ L(H1,H2) (i.e. ‖K‖ < 1).

Proof. Since A is self-adjoint, we have L1 ⊥ L2 and hence K2 = −K∗
1 .

The strict inequality ‖K1‖ < 1 cannot be proved with the methods used

in this section; later, in Theorem 2.7.7, this is shown even for unbounded

diagonal elements A, D (see also [AL95, Lemma 2.2]). �

1.8 Spectral supporting subspaces

If a self-adjoint block operator matrix A has separated diagonal elements,

supW (D) < α < inf W (A) for some α ∈ R, then W 2(A) consists of two

components. Then, by (1.7.1) (see also (1.7.6) above), the spectral subspace

L(α,∞)(A) is the graph of a bounded linear operator K1 ∈ L(H1,H2).

In this section we drop the separation condition for the diagonal ele-

ments. We show that for intervals ∆ ⊂ ρ(D), the corresponding spectral

subspace L∆(A) is the graph of a closed linear operator K∆
1 : H1 → H2

which may only be defined on a subspaceH∆
1 := D(K∆

1 ) ofH1; the operator

K∆
1 is bounded if ∆ ⊂ ρ(D).

The main results of this section concern a description of the so-called

spectral supporting subspace H∆
1 in terms of the Schur complement S1.

Analogous results hold for intervals ∆ ⊂ ρ(A) and the corresponding spec-

tral supporting subspaces H∆
2 (see [LMMT03]).

Theorem 1.8.1 Suppose that A = A∗. Let ∆ ⊂ R be an interval such

that ∆ ⊂ ρ(D). Then there exists a subspace H∆
1 ⊂ H1 and a bounded

linear operator K∆
1 : H∆

1 → H2 such that

L∆(A) =

{(
x

K∆
1 x

)
: x ∈ H∆

1

}
. (1.8.1)

Proof. A subspace L ⊂ H1⊕H2 is the graph of a linear operator if it con-

tains no elements of the form (0 y)t with y 6= 0; it is the graph of a bounded

linear operator if there is a γ ≥ 0 with ‖y‖ ≤ γ‖x‖ for all (x y)t ∈ L.
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Let α := inf ∆, β := sup ∆ and set λ0 := (α + β)/2, δ := (β − α)/2.

Then, for every h = (x y)t ∈ L∆(A), we have ‖(A− λ0)h‖ ≤ δ ‖h‖. Thus

‖(D − λ0)y +B∗x‖ ≤ ‖(A− λ0)h‖ ≤ δ
(
‖x‖2 + ‖y‖2

)1/2 ≤ δ (‖x‖+ ‖y‖).
Denote % := dist

(
λ0, σ(D)

)
(> δ). Then

‖(D − λ0)y‖ ≥
1∥∥(D − λ0)−1

∥∥‖y‖ ≥ % ‖y‖,

and hence

% ‖y‖ − ‖B‖ ‖x‖ ≤
∥∥(D − λ0)y +B∗x

∥∥ ≤ δ (‖x‖+ ‖y‖),

or ‖y‖ ≤ δ + ‖B‖
%− δ ‖x‖. �

Definition 1.8.2 If ∆ is an interval as in Theorem 1.8.1, then H∆
1 is

called the ∆-spectral supporting subspace of A in H1.

Together with the analogue of Theorem 1.8.1 for intervals ∆ ⊂ R with

∆ ⊂ ρ(A), we obtain the following corollary.

Corollary 1.8.3 Suppose that A = A∗. Let ∆ ⊂ R be an interval such

that ∆ ⊂ ρ(A) ∩ ρ(D). Then there exist subspaces H∆
1 ⊂ H1, H∆

2 ⊂ H2

and a bijective bounded linear operator K∆
1 : H∆

1 → H∆
2 such that

L∆(A) =

{(
x

K∆
1 x

)
: x ∈ H∆

1

}
=

{((
K∆

1

)−1
y

y

)
: y ∈ H∆

2

}
. (1.8.2)

If we only assume that ∆ ⊂ ρ(D), then the operator K∆
1 is no longer

bounded, but still closed:

Theorem 1.8.4 Suppose that A = A∗. Let ∆ ⊂ R be an open or half-

open interval such that ∆ ⊂ ρ(D). Then there exists a closed linear operator

K∆
1 : H1 → H2 with domain H∆

1 := D(K∆
1 ) such that

L∆(A) =

{(
x

K∆
1 x

)
: x ∈ H∆

1

}
. (1.8.3)

Proof. Let e.g. ∆ = (α, β) ⊂ ρ(D) with α ∈ σ(D). We use the same

reasoning and notations as in the proof of Theorem 1.8.1. Assume that

an element h := (0 y)t with y 6= 0 belongs to L∆(A). Then we have

‖(D − λ0)y‖ = ‖(A− λ0)h‖ < δ ‖h‖ = δ ‖y‖ and, at the same time,

‖(D − λ0)y‖ ≥
1∥∥(D − λ0)−1

∥∥‖y‖ ≥ δ ‖y‖ > ‖(D − λ0)y‖,

a contradiction. This shows that L∆(A) is the graph of a linear operatorK1.

Since the subspace L∆(A) is closed, K1 is a closed operator. �
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Note that H∆
1 is the first component of L∆(A). The subspace H∆

1 is

closed if ∆ ⊂ ρ(D); it is not necessarily closed if only ∆ ⊂ ρ(D).

Proposition 1.8.5 Suppose that A = A∗. Let ∆ = [α, β] ⊂ ρ(D),

γ ∈ (α, β), and ∆1 := [α, γ], ∆2 := (γ, β]. Then

H∆
1 = H∆1

1 +̇H∆2
1 ;

the subspaces H∆1
1 and H∆2

1 are orthogonal with respect to the inner product

〈x, y〉 :=

((
x

K∆
1 x

)
,

(
y

K∆
1 y

))
, x, y ∈ H∆

1 ,

where K∆
1 is the angular operator in the representation (1.8.1) of L∆(A).

Proof. Since A is self-adjoint, we have

L∆(A) = L∆1(A)⊕L∆2(A).

On the other hand, by Theorem 1.8.1,

L∆(A)=

{(
x

K∆
1 x

)
: x ∈H∆

1

}
, L∆j (A)=

{(
x

K
∆j

1 x

)
: x ∈H∆j

1

}
, j = 1, 2,

with bounded linear operators K∆
1 , K

∆1
1 , K∆2

1 : H1 → H2. By projection

onto the first component, L∆(A) is mapped isomorphically onto H∆
1 and

L∆j (A) isomorphically onto H∆j

1 , j = 1, 2. This implies the first state-

ment. The second statement follows if we observe that K∆1
1 , K∆2

1 are the

restrictions of K∆
1 to H∆1

1 and H∆2
1 , respectively. �

Proposition 1.8.6 Suppose that A = A∗. Let ∆ = [α, β] ⊂ ρ(D) and

denote by Ω the component of ρ(D) containing ∆. Let H∆
1 be the spectral

supporting subspace corresponding to ∆ and let P∆
1 : H1 → H∆

1 be the

projection of H1 onto H∆
1 . Then the block operator matrix

A∆ :=

(
P∆

1 AP
∆
1 P∆

1 B

B∗P∆
1 D

)
(1.8.4)

in H∆ := H∆
1 ⊕H2 satisfies

i) L∆(A∆) = L∆(A);

ii) σ(A∆) ∩ Ω ⊂ ∆.

Proof. i) The subspace L∆(A) ⊂ H∆ is invariant under A and hence

also under A∆. Moreover, A∆|L∆(A) = A|L∆(A) so that σ
(
A∆|L∆(A)

)
=

σ
(
A|L∆(A)

)
⊂ ∆. This shows that L∆(A) ⊂ L∆(A∆).
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Using this inclusion and applying Theorem 1.8.1 to the operator A∆

in H∆, we find that there exists a subspace H̃∆
1 ⊂ H∆

1 and a bounded

linear operator K̃∆
1 : H̃∆

1 → H2 so that

L∆(A∆) =

{(
x

K̃∆
1 x

)
: x ∈ H̃∆

1

}
⊃
{(

x

K∆
1 x

)
: x ∈ H∆

1

}
= L∆(A).

As a consequence, we obtain H̃∆
1 = H∆

1 , K̃∆
1 = K∆

1 , and hence the claim.

ii) It is sufficient to show that for every closed interval ∆̃ such that

∆ ⊂ ∆̃ ⊂ Ω, we have σ(A∆) ∩ ∆̃ = σ(A∆) ∩∆.

By i), L∆(A) = L∆(A∆) ⊂ L∆̃(A∆). By Theorem 1.8.1 applied to A∆

in H∆ and the interval ∆̃, there exists a subspace H̃∆̃
1 ⊂ H∆

1 and a bounded

linear operator K̃∆̃
1 : H̃∆̃

1 → H2 such that

L∆̃(A∆) =

{(
x

K̃∆̃
1 x

)
: x ∈ H̃∆̃

1

}
⊃
{(

x

K∆
1 x

)
: x ∈ H∆

1

}
= L∆(A).

As in part i), we find H̃∆̃
1 = H∆

1 , K̃∆̃
1 = K∆

1 , and hence L∆̃(A∆) =

L∆(A) = L∆(A∆). This proves σ(A∆) ∩ ∆̃ = σ(A∆) ∩∆. �

In the following we relate the spectral supporting subspace H∆
1 of the

block operator matrix A to its Schur complement S1. It turns out that H∆
1

is the maximal spectral subspace of S1 corresponding to the interval ∆.

Theorem 1.8.7 Suppose that A = A∗. Let ∆ = [α, β] ⊂ ρ(D) and

let Γ∆ be a simply closed Jordan curve surrounding ∆ and intersecting R
orthogonally in α and β. Define

Q∆ := − 1

2πi

∫ ′

Γ∆

S1(z)
−1 dz, (1.8.5)

where
∫ ′

denotes the Cauchy principal value at R. Then the range of Q∆

is given by R
(
Q∆

)
= H∆

1 .

Proof. Let P∆(A) ∈ L(H) denote the orthogonal projection onto L∆(A)

and set ∆◦ := (α, β). We introduce the operator

P̂∆(A) :=
1

2

(
P∆(A) + P∆◦(A)

)
= − 1

2πi

∫ ′

Γ∆

(A− z)−1 dz.

Evidently, R
(
P̂∆(A)

)
= L∆(A). The inclusion R

(
Q∆

)
⊂ H∆

1 follows from

P1P̂∆(A)

(
x

0

)
= Q∆x, x ∈ H1,

where P1 : H → H1 is the projection of H onto its first component H1.

In order to show that the range R
(
Q∆

)
is dense in H∆

1 , consider x0 ∈ H∆
1
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with x0 ⊥ P1P̂∆(A) (x 0)t = Q∆x, x ∈ H1. This implies
(
P̂∆(A)

(
x

0

)
,

(
x0

0

))
= 0, x ∈ H1.

Since the projection P̂∆(A) is non-negative, we conclude P̂∆(A)(x0 0)t = 0.

On the other hand,
(
x0 K

∆
1 x0

)t ∈ R
(
P̂∆(A)

)
and thus

‖x0‖2 =

((
x0

K∆
1 x0

)
,

(
x0

0

))
= 0.

This shows that R
(
Q∆

)
is dense in H∆

1 . The proof that R
(
Q∆

)
= H∆

1 uses

a similar reasoning: Suppose that R
(
Q∆

)
is not closed. Then there exists a

sequence (xn)∞1 ⊂ H∆
1 , ‖xn‖ = 1, such that ‖Q∆xn‖ → 0 if n→∞. Hence

∥∥∥∥P̂∆(A)1/2

(
xn

0

)∥∥∥∥
2

=

(
P̂∆(A)

(
xn

0

)
,

(
xn

0

))
=

(
P1P̂∆(A)

(
xn

0

)
, xn

)

= (Q∆xn, xn) −→ 0, n→∞.
Obviously, P̂∆(A)(xn 0)t → 0 implies that P∆(A)(xn 0)t → 0 for n → ∞.

Since
(
xn K∆

1 xn

)t ∈ L∆(A), we obtain the contradiction

1 = ‖xn‖2 =

((
xn

0

)
,

(
xn

K∆
1 xn

))
=

((
xn

0

)
, P∆(A)

(
xn

K∆
1 xn

))

=

(
P∆(A)

(
xn

0

)
,

(
xn

K∆
1 xn

))
−→ 0, n→∞. �

Next we describe a complementary subspace of the ∆-spectral support-

ing subspace H∆
1 in H1 in terms of certain spectral subspaces of the Schur

complement S1.

Theorem 1.8.8 Let A = A∗ and ∆ = [α, β] ⊂ ρ(D).

i) If there exists a γ > 0 such that one of the conditions

(α, α+ γ) ∪ (β − γ, β) ⊂ ρ(A), (1.8.6)

(α− γ, α) ∪ (β, β + γ) ⊂ ρ(A), (1.8.7)
is satisfied, then

H1 = L(−∞,0)

(
S1(α)

)
+̇H∆

1 +̇L(0,∞)

(
S1(β)

)
. (1.8.8)

ii) If, in addition, α and β are isolated points of σ(A) or in ρ(A), then

H1 = L(−∞,0)

(
S1(α)

)
+̇H∆

1 +̇L(0,∞)

(
S1(β)

)
(1.8.9)

and hence

dim (H1 	H∆
1 ) = dimL(−∞,0)

(
S1(α)

)
+ dimL(0,∞)

(
S1(β)

)
. (1.8.10)
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Remark 1.8.9 The dimension formula (1.8.10) can also be written as

dim
(
H1 	H∆

1

)
= dim

(
S1(α)

)
−

+ dim
(
S1(β)

)
+
,

where, for a bounded self-adjoint operator T , we denote by T± := 1
2

(
T±|T |

)

the positive and negative part of T , respectively.

Moreover, since we have H{α}
1 = L{0}

(
S1(α)

)
= kerS1(α), we can replace

L(−∞,0)

(
S1(α)

)
by L(−∞,0]

(
S1(α)

)
in the relations (1.8.8) and (1.8.9) and,

at the same time, H∆
1 by H(α,β]

1 . The same holds for the point β.

For the proof of Theorem 1.8.8, we provide a number of auxiliary lem-

mata concerning the monotonicity of the Schur complement S1. In fact,

S1 is a monotonically decreasing operator function on ρ(D) ∩ R with

S′
1(λ) = −I −B(D − λ)−2B∗ ≤ −I, λ ∈ ρ(D) ∩ R, (1.8.11)

and limλ→∞ S1(λ) = −∞. These observations are crucial in the following.

Lemma 1.8.10 Suppose that A = A∗ and let ∆ = [α, β] ⊂ ρ(D).

i) If x = u+ v where u∈H∆
1 and

(
S1(β)v, v

)
≥ 0, then

(
S1(α)x, x

)
≥ 0.

ii) If x = u+ v where u∈H∆
1 and

(
S1(α)v, v

)
≤ 0, then

(
S1(β)x, x

)
≤ 0.

Proof. We prove claim i); the proof of ii) is similar. Let Pj : H → Hj be

the projection of H onto Hj , j = 1, 2. For every x = (x y)t ∈ H, we have

S1(λ)x = (A− λ)x +By −B(D − λ)−1B∗x−By
= P1(A− λ)x −B(D − λ)−1

(
B∗x+ (D − λ)y

)

= P1(A− λ)x −B(D − λ)−1P2(A− λ)x.
Let γ := maxλ∈∆

(
1 + ‖B(D − λ)−1‖

)
≤ 1+‖B‖

(
dist

(
∆, σ(D)

))−1
. Then

‖S1(λ)x‖ ≤
(
1 + ‖B(D − λ)−1‖

)
‖(A− λ)x‖ ≤ γ ‖(A− λ)x‖. (1.8.12)

Now let x = u+ v with u ∈ H∆
1 and v ∈ H1 such that

(
S1(β)v, v

)
≥ 0. For

arbitrary n ∈ N, we decompose the interval ∆ into n subintervals

∆k :=

[
α+

(k − 1)(β − α)

n
, α+

k(β − α)

n

)
, k = 1, 2, . . . , n− 1,

∆n :=

[
α+

(n− 1)(β − α)

n
, β

]
.

Let EA(∆), EA(∆k) be the corresponding spectral projections of the oper-

ator A. Then, for u =
(
u K∆

1 u
)t ∈ L∆(A), we have EA(∆)u = u. If we set

uk := EA(∆k)u and uk := P1uk, k = 1, . . . , n, then u = P1u =
∑n

k=1 uk.

For k=1, 2, . . . , n, we choose arbitrary points λk∈∆k. By (1.8.12), we have
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∥∥S1(λk)uk

∥∥ ≤ γ
∥∥(A− λk)uk

∥∥ ≤ γ β − α
n
‖uk‖.

Since S1 is decreasing on [α, β] and all operators S1(λ) are self-adjoint for

λ ∈ R, it follows that
(
S1(α)x, x

)
=
(
S1(α)(u+ v), u+ v

)
≥
(
S1(λ1)(u+ v), u+ v

)

=
(
S1(λ1)

( n∑

k=2

uk + v
)
,

n∑

k=2

uk + v
)

+
(
S1(λ1)u1, u+ v

)

+
( n∑

k=2

uk + v, S1(λ1)u1

)

≥
(
S1(λ2)

( n∑

k=2

uk + v
)
,

n∑

k=2

uk + v
)
− ‖S1(λ1)u1‖ ‖u+ v‖

−
∥∥∥

n∑

k=2

uk + v
∥∥∥
∥∥S1(λ1)u1

∥∥.

Since u1, . . . ,un are pairwise orthogonal, we have
∥∥∥

n∑

j=k

uj

∥∥∥ ≤
∥∥∥

n∑

j=k

uj

∥∥∥ ≤ ‖u‖, k = 1, 2, . . . , n.

Hence, if we let γ′ := γ (‖u‖+ ‖v‖), then

(
S1(α)x, x

)
≥
(
S1(λ2)

( n∑

k=2

uk + v
)
,

n∑

k=2

uk + v
)
− 2γ′,

β − α
n
‖u1‖.

Repeating these considerations, we finally obtain

(
S1(α)x, x

)
≥
(
S1(λ3)

( n∑

k=3

uk+v
)
,

n∑

k=3

uk+v
)
− 2γ′

β−α
n

(
‖u1‖+‖u2‖

)

≥ . . .

≥
(
S1(λn)v, v

)
− 2γ′

β − α
n

n∑

k=1

‖uk‖

≥
(
S1(β)v, v

)
− 2γ′

β − α
n

n∑

k=1

‖uk‖

≥ − 2γ′
β − α
n

√
n
( n∑

k=1

‖uk‖2
)1/2

= −2γ′
β − α√

n
‖u‖.

Since n can be chosen arbitrarily large, it follows that
(
S1(α)x, x

)
≥ 0. �
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Corollary 1.8.11 Let A = A∗ and ∆ = [α, β] ⊂ ρ(D). Then
(
S1(α)x, x

)
≥ 0,

(
S1(β)x, x

)
≤ 0, x ∈ H∆

1 ;

if Ω denotes the component of ρ(D) containing ∆, then
(
S1(λ)x, x

)
≥ (α− λ) ‖x‖2, x ∈ H∆

1 , if λ ∈ Ω, λ < α,
(
S1(λ)x, x

)
≤ −(λ− β) ‖x‖2, x ∈ H∆

1 , if λ ∈ Ω, λ > β.

Proof. The first two claims are immediate from Lemma 1.8.10 ii) if we

set v = 0. The last claim follows from relation (1.8.11). �

Corollary 1.8.12 Let A = A∗ and ∆ = [α, β] ⊂ ρ(D). Then

x ∈ H∆
1 + L[0,∞)

(
S1(β)

)
=⇒

(
S1(α)x, x

)
≥ 0.

Proof. Since
(
S1(β)v, v

)
≥ 0 for v ∈ L[0,∞)

(
S1(β)

)
, the claim follows

immediately from Lemma 1.8.10. �

The next lemma is a well-known fact about the spectra of positive per-

turbations of self-adjoint operators (see e.g. [BS87, (9.4.4)]).

Lemma 1.8.13 Let T1, T2 be bounded self-adjoint operators in a Hilbert

space so that (µ, ν) ⊂ ρ(T1) and ‖T2 − T1‖ < ν − µ. Then

T1 ≤ T2 =⇒
(
µ+ ‖T2 − T1‖, ν

)
⊂ ρ(T2),

T2 ≤ T1 =⇒
(
µ, ν − ‖T2 − T1‖

)
⊂ ρ(T2).

Lemma 1.8.14 Suppose that A = A∗, [α, α+γ) ⊂ ρ(D) for some γ > 0,

and 0 ∈ ρ
(
S1(λ)

)
for all λ ∈ (α, α + γ). If, for such λ, we set

a(λ) := max
(
σ
(
S1(λ)

)
∩ (−∞, 0)

)
, b(λ) := min

(
σ
(
S1(λ)

)
∩ (0,∞)

)
,

then a and b are continuous non-increasing functions on (α, α + γ), and
(
0, b(λ0)

)
⊂ ρ
(
S1(α)

)
,
(
a(λ0), 0

)
⊂ ρ
(
S1(α+ γ)

)
, λ0 ∈ (α, α+ γ).

Proof. First suppose that a(λ) and b(λ) are finite for all λ ∈ (α, α + γ).

The continuity of a and b on (α, α+ γ) follows from [Kat95, Remark V.4.9]

since S1 is a continuous function of λ with respect to the operator norm.

In order to show that b is non-increasing, it is sufficient to prove that for

arbitrary λ0 ∈ (α, α+ γ) there exists an ε > 0 such that

b(λ) ≥ b(λ0), λ0 − ε < λ < λ0. (1.8.13)

Choose ε > 0 such that ‖S1(λ)− S1(λ0)‖ < |a(λ0)| for all λ ∈ (λ0 − ε, λ0).

Then, since
(
a(λ0), b(λ0)

)
⊂ ρ
(
S1(λ0)

)
and S1(λ) > S1(λ0), Lemma 1.8.13

implies that for λ ∈ (λ0 − ε, λ0) we have
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(
0, b(λ0)

)
⊂
(
a(λ0) + ‖S1(λ)− S1(λ0)‖ , b(λ0)

)
⊂ ρ
(
S1(λ)

)
,

and (1.8.13) follows.

In order to prove the last statement for b, let λ0 ∈ (α, α+γ) be arbitrary

and suppose that there exists a β ∈
(
0, b(λ0)

)
such that β ∈ σ

(
S1(α)

)
.

Then, again since S1 is continuous in the operator norm, by [Kat95,

Remark V.4.9] there exists a λ′ < λ0 in the neighbourhood of α such that
(
0, b(λ0)

)
∩ σ
(
S1(λ

′)
)
6= ∅.

Hence b(λ′) < b(λ0), a contradiction to the fact that b is non-increasing.

The proofs for the function a are analogous; it is also easy to check that all

assertions remain true if a or b are no longer finite everywhere. �

Lemma 1.8.15 Let A = A∗ and α ∈ ρ(D) ∩ R. Then

(α, α+γ) ⊂ ρ(A) for some γ > 0 ⇐⇒ (0, δ) ⊂ ρ
(
S1(α)

)
for some δ > 0,

(α−γ, α) ⊂ ρ(A) for some γ > 0 ⇐⇒ (−δ, 0) ⊂ ρ
(
S1(α)

)
for some δ > 0.

Proof. We prove the first relation; the proof of the second one is anal-

ogous. If (α, α + γ) ⊂ ρ(A) for some γ > 0, then 0 ∈ ρ
(
S1(λ)

)
for all

λ ∈ (α, α + γ), and the assertion is immediate from Lemma 1.8.14. Con-

versely, if (0, δ) ⊂ ρ
(
S1(α)

)
for some δ > 0, then (−ε, δ− ε) ⊂ ρ

(
S1(α)− ε

)

for arbitrary ε > 0. It is not difficult to see (e.g. using the resolvent identity

for D) that S1(α+ ε) < S1(α) − ε. Now choose ε0 > 0 such that
∥∥S1(α) − ε− S1(α+ ε)

∥∥ < δ − ε, 0 < ε < ε0.

Applying Lemma 1.8.13 (for the case T2 < T1), we conclude that
(
−ε, δ − ε− ‖S1(α) − ε− S1(α+ ε)‖

)
⊂ ρ
(
S1(α+ ε)

)
.

Thus 0 ∈ ρ
(
S1(α + ε)

)
, 0 < ε < ε0, and hence (α, α+ ε0) ⊂ ρ(A). �

Lemma 1.8.16 Let Tn, n ∈ N, and T be bounded self-adjoint operators

in a Hilbert space H such that Tn is invertible, ‖T−1
n ‖ ‖T − Tn‖ ≤ ω for

some ω > 0, n ∈ N, and ‖T − Tn‖ → 0, n→∞. If x, x̂ ∈ H are such that

x = T x̂, then

lim
n→∞

(
T−1

n x, x
)

= (T x̂, x̂). (1.8.14)

Proof. We have T−1
n x = T−1

n T x̂ = x̂+ T−1
n (T − Tn)x̂ and hence

‖T−1
n x‖ ≤ (1 + ω) ‖x̂‖, n ∈ N. (1.8.15)

Further,
(
T−1

n x, x
)

= (x̂, x) +
(
T−1

n (T − Tn)x̂, x
)

= (x̂, T x̂) +
(
(T − Tn)x̂, T−1

n x
)
,
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and therefore, by (1.8.15),
∣∣(T−1

n x, x
)
− (x̂, T x̂)

∣∣ ≤ ‖T − Tn‖ ‖x̂‖ ‖T−1
n x‖ ≤ ‖T − Tn‖ (1 + ω) ‖x̂‖.

Now (1.8.14) follows from the assumption ‖T − Tn‖ → 0, n→∞. �

Lemma 1.8.17 Let L1 and L2 be subspaces of a Hilbert space H and let

T be a bounded self-adjoint operator in H. If

(Tx, x) > 0, x ∈ L1, x 6= 0, (Ty, y) ≤ 0 y ∈ L2, (1.8.16)

then L1 ∩ L2 = {0}. If the first inequality in (1.8.16) is sharpened to

(Tx, x) ≥ δ ‖x‖2, x ∈ L1, (1.8.17)

with some δ > 0, then L1+̇L2 is closed.

Proof. The first assertion is obvious. In order to prove the second asser-

tion, it is sufficient to show that there do not exist sequences (xn)∞1 ⊂ L1

and (yn)∞1 ⊂ L2 such that

‖xn‖ = 1, ‖xn − yn‖ −→ 0, n→∞, (1.8.18)

(see e.g. [GK92, Theorem 2.1.1]). Assume to the contrary that such

sequences do exist. Then the sequence (yn)∞1 is bounded and hence
∣∣(Txn, xn)− (Tyn, yn)

∣∣ ≤
∣∣(Txn, xn)−(Txn, yn)

∣∣+
∣∣(Txn, yn)−(Tyn, yn)

∣∣
≤ ‖T‖ ‖xn‖ ‖xn − yn‖+ ‖T‖ ‖xn − yn‖ ‖yn‖
−→ 0, n→∞.

Therefore (Tyn, yn) ≤ 0 implies lim supn→∞(Txn, xn) ≤ 0, a contradiction

to (1.8.17). �

Now we are ready for the proof of Theorem 1.8.8 on the description of

complementary subspaces of spectral supporting subspaces.

Proof of Theorem 1.8.8. i) Due to Lemma 1.8.15, the assumptions

in (1.8.6) are equivalent to (0, δ) ⊂ ρ
(
S1(α)

)
and (−δ, 0) ⊂ ρ

(
S1(β)

)
for

some δ > 0.

First we show that the sum in (1.8.8) is direct. By Corollary 1.8.11

and Lemma 1.8.17 (with T = S1(β)), the sum H∆
1 + L(0,∞)

(
S1(β)

)
is

direct. From Corollary 1.8.12 and Lemma 1.8.17 it follows that also the

sum L(−∞,0)

(
S1(α)

)
+
(
H∆

1 +̇L(0,∞)

(
S1(β)

))
is direct.

In order to prove (1.8.8), assume to the contrary that an element

x0 6= 0 is orthogonal to the right hand side of (1.8.8). The relation

x0 ⊥ H(α,β)
1 implies that (x0 0)t ⊥ L(α,β)(A), therefore the vector function
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(A − z)−1(x0 0)t, defined e.g. for all non-real z, has an analytic contin-

uation onto the whole interval (α, β), and the same holds for the scalar

function

ϕ(z) :=

(
(A− z)−1

(
x0

0

)
,

(
x0

0

))
=
(
S1(z)

−1x0, x0

)
, z ∈ C \ R.

(1.8.19)
Obviously,

ϕ′(z) =

(
(A− z)−2

(
x0

0

)
,

(
x0

0

))
, z ∈ C \ R.

Hence ϕ′(λ) > 0 for λ ∈ (α, β) so that ϕ is increasing on (α, β).

First we prove (1.8.8) under the assumption (1.8.6). For every sequence

(λn)∞1 ⊂ (α, α+ γ) such that λn ↘ α, n→∞, the operators Tn := S1(λn)

and T := S1(α) satisfy the assumptions of Lemma 1.8.16. Indeed, since S1

is continuous we have
∥∥S1(α)−S1(λn)

∥∥→ 0, n→∞. Moreover, for n ∈ N,
∥∥S1(λn)−1

∥∥ ≤
∥∥(A− λn)−1

∥∥ ≤ (λn − α)−1,
∥∥S1(λn)− S1(α)

∥∥ =
∥∥α− λn − (α− λn)B(D − λn)−1(D − α)−1B∗

∥∥
≤
∥∥I +B(D − λn)−1(D − α)−1B∗

∥∥ (λn − α)

≤ ω (λn − α)

with some constant ω > 0. Thus
∥∥S1(λn)−1

∥∥ ∥∥S1(λn)− S1(α)
∥∥ ≤ ω.

Now let S̃ := S1(α)
∣∣
L(0,∞)(S1(α))

. By definition, we have σ
(
S̃
)
⊂ [0,∞)

and ker S̃ = {0}. Since (0, δ) ⊂ ρ
(
S1(α)

)
, we also have (0, δ) ⊂ ρ

(
S̃
)
; there-

fore, 0 is either a point of ρ
(
S̃
)

or an isolated point of σ
(
S̃
)
. Because every

isolated spectral point of a self-adjoint operator is an eigenvalue, the second

case is excluded and so the operator S̃ is boundedly invertible. From the

assumption that x0 ⊥ L(−∞,0]

(
S1(α)

)
it follows that x0 ∈ L(0,∞)

(
S1(α)

)
.

If we set x̂0 := S̃−1x0 ∈ D
(
S̃
)

= L(0,∞)

(
S1(α)

)
, then x0 = S1(α)x̂0 and,

by Lemma 1.8.16,

lim
n→∞

ϕ(λn) = lim
n→∞

(
S1(λn)−1x0, x0

)
=
(
S1(α) x̂0, x̂0

)
> 0.

Analogously we prove that for every sequence (µn)∞1 ⊂ (β−γ, β) such that

µn ↗ β, n→∞, there exists an x̂1 ∈ L(−∞,0)

(
S1(β)

)
such that

lim
n→∞

ϕ(µn) = lim
n→∞

(
S1(µn)−1x0, x0

)
=
(
S1(β) x̂1, x̂1

)
< 0.

Altogether, for sufficiently large n ∈ N, we have λn < µn, ϕ(λn) > 0, and

ϕ(µn) < 0, which contradicts the fact that ϕ is increasing on (α, β).

The proof that (1.8.7) implies (1.8.8) is similar. Here we consider the

subspace R := LR\[α,β](A) = L[α,β](A)⊥ and the operator Ã := A|R, for
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which (α − γ, α) ∪ (β, β + γ) ⊂ ρ
(
Ã
)
. Then sequences (λn)∞1 ⊂ (α− γ, α)

and (µn)∞1 ⊂ (β, β+γ) with λn ↗ α and µn ↘ β, n→∞, are constructed

leading to an analogous contradiction as above.

ii) It remains to be proved that the direct sum in (1.8.9) is closed. By

Corollary 1.8.11, (
S1(β)x, x

)
≤ 0, x ∈ H∆

1 .

The assumptions in ii) are equivalent to the fact that R(A− α), R(A− β)

are closed. From the Schur factorization (1.6.2) it is clear that this is equiv-

alent to R
(
S1(α)

)
, R
(
S1(β)

)
being closed. Hence 0 is an isolated point of

σ
(
S1(α)

) (
σ
(
S1(β)

)
, respectively

)
or in ρ

(
S1(α)

) (
ρ
(
S1(β)

)
, respectively

)
.

This implies that there exists a δ > 0 with
(
S1(β)x, x

)
≥ δ ‖x‖2, x ∈ L(0,∞)

(
S1(β)

)
.

Then it follows from Lemma 1.8.17 ii) that the sum H∆
1 +L(0,∞)

(
S1(β)

)
is

closed. By Corollary 1.8.12,
(
S1(α)x, x

)
≥ 0, x ∈ H∆

1 +̇L(0,∞)

(
S1(β)

)
.

As 0 is an isolated point of σ
(
S1(α)

)
or in ρ

(
S1(α)

)
, there is a δ > 0 with

(
S1(α)x, x

)
≤ −δ ‖x‖2, x ∈ L(−∞,0)

(
S1(α)

)
.

Again by Lemma 1.8.17, it follows that the sum in (1.8.9) is closed. �

Corollary 1.8.18 Let α > max σ(D). Then

H1 = L(−∞,0)

(
S1(α)

)
+̇H[α,∞)

1 , H1 = L(−∞,0)

(
S1(α)

)
+̇H[α,∞)

1 .

Proof. If we let β > max σ(A) arbitrarily large in Theorem 1.8.8, then

L(0,∞)

(
S1(β)

)
= {0} in (1.8.8) and (1.8.9) since limλ→∞ S1(λ) = −∞. �

Corollary 1.8.19 If ∆=[α, β]⊂ρ(D), then the following are equivalent:

i) H∆
1 = H1;

ii) S1(α) ≥ 0, S1(β) ≤ 0.

Proof. That i) implies ii) follows immediately from Corollary 1.8.11.

Conversely, if ii) holds, then we choose two sequences (αn)∞1 , (βn)∞1 such

that αn↗ α, βn↘ β, n → ∞, and [α1, β1] ⊂ ρ(D). According to (1.5.7),

we have S1(αn) � 0, S1(βn) � 0, n ∈ N. Hence, by Theorem 1.8.8 or

by [MS96] applied for every interval ∆n := [αn, βn], we obtain H∆n
1 = H1.

Obviously, L∆(A) =
⋂∞

n=1 L∆n(A), and hence

H∆
1 =

∞⋂

n=1

H∆n

1 = H1. �
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Remark 1.8.20 Certain analogues of the dimension formula (1.8.10),

but not of the decomposition (1.8.9), were proved in the papers [MM87],
[Kru93], [ADS00] for a rather general class of operator functions S, includ-

ing even the non-analytic case. In the last two papers, the condition

S′(λ) � 0 (or rather S′(λ) � 0 in [MM87]) was replaced by a weaker

condition, called Virozub–Matsaev condition in [Kru93] and condition (S)

in [ADS00]. In all three papers a strong additional assumption is imposed

which implies the discreteness of the spectrum of S; as a consequence, in

(1.8.10) instead of H∆
1 the closed span of all eigenvectors of S to eigenval-

ues in ∆ appears. It is easy to prove that, in the situation of [MM87] (or
[Mar88, § 33]), also an analogue of (1.8.9) holds.

1.9 Variational principles for eigenvalues in gaps

The classical variational principles (see e.g. [WS72], [RS78]) provide a char-

acterization of the eigenvalues of a semi-bounded self-adjoint operator A
below or above its essential spectrum in terms of the Rayleigh functional

p(x) =
(Ax, x)
‖x‖2 , x ∈ D(A), x 6= 0.

For example, if λ1 ≤ λ2 ≤ · · · are the eigenvalues of A below σess(A), then

λn = min
L⊂D(A)
dimL=n

max
x∈L
x6=0

p(x), n = 1, 2, . . . .

Note that the range of the Rayleigh functional is the numerical range of A,

W (A) =
{
p(x) : x ∈ D(A), x 6= 0

}
.

Even for bounded self-adjoint operators, eigenvalues in gaps of the essen-

tial spectrum cannot be characterized by such simple min-max principles.

However, after suitable decomposition of the underlying Hilbert space, we

may use that, for a self-adjoint block operator matrix A, the quadratic

numerical range is the union of the ranges Λ±(A) of the functionals λ±:

W 2(A) = Λ−(A) ∪ Λ+(A)

where (see Corollary 1.1.4)

λ±

(
x

y

)
=

1

2


(Ax, x)

‖x‖2 +
(Dy, y)

‖y‖2 ±
√(

(Ax, x)

‖x‖2 −
(Dy, y)

‖y‖2
)2

+4
|(By, x)|2
‖x‖2 ‖y‖2


,

Λ±(A) =

{
λ±

(
x

y

)
: x ∈ H1, y ∈ H2, x, y 6= 0

}
.
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Theorem 1.9.1 Let A = A∗. Assume that there exists an α > supW (D)

so that
(
supW (D), α

)
⊂ ρ(A) and define

λe := min
(
σess(A) ∩ (supW (D),∞)

)
. (1.9.1)

Further, let

κ := κ−(λ) := dimL(−∞,0)

(
S1(λ)

)
<∞, λ ∈

(
supW (D), α

]
.

If λ1 ≤ λ2 ≤ · · · is the finite or infinite sequence of the eigenvalues of A
in the interval

(
supW (D), λe

)
counted with multiplicities, then

λn = min
L⊂H1

dimL=κ+n

max
x∈L
x6=0

max
y∈H2
y 6=0

λ+

(
x

y

)
, n = 1, 2, . . . . (1.9.2)

Proof. First we observe that the index shift κ in (1.9.2) is independent

of λ. In fact, by means of continuity arguments, it can be shown that κ−(·)
is constant on each subinterval of ρ(S1) (see [EL04]). Define

µn+κ := inf
L⊂H1

dimL=κ+n

sup
x∈L
x6=0

sup
y∈H2
y 6=0

λ+

(
x

y

)
, n = 1, 2, . . . .

Let α′ ∈
(
supW (D), α

)
⊂ ρ(A). Then α′ ∈ ρ(S1) by Proposition 1.6.2.

First we prove that λn ≤ µκ+n. To this end, set ∆ := [λn,∞). By Theo-

rem 1.8.1, the spectral subspace L∆(A) admits the representation

L∆(A) =

{(
x

K∆
1 x

)
: x ∈ H∆

1

}
(1.9.3)

where H∆
1 ⊂ H1 is a subspace and K∆

1 : H∆
1 → H2 is a bounded linear

operator. According to Corollary 1.8.18, we have the decompositions

H1 = H[α′,∞)
1 +̇L(−∞,0)

(
S1(α

′)
)

= H∆
1 +̇L(−∞,0)

(
S1(λn)

)
. (1.9.4)

Since
(
supW (D), α

)
⊂ ρ(A) and α′ < α, we have ∆ = [λn,∞) ⊂ [α′,∞)

and hence H∆
1 ⊂ H[α′,∞)

1 . By (1.9.4) and by definition of κ, we obtain

codimH1 H∆
1 = dimL(−∞,0)

(
S1(α

′)
)

+ codim
H

[α′,∞)
1

H∆
1 = κ+ n− 1.

Now let L ⊂ H1 be an arbitrary subspace with dimL = κ + n. Then

dimL > codimH1 H∆
1 and hence there exists an x ∈ L ∩ H∆

1 , x 6= 0. If

K∆
1 x 6= 0, then (1.9.3) implies that

λn ≤
1

‖x‖2 + ‖K∆
1 x‖2

(
A
(

x

K∆
1 x

)
,

(
x

K∆
1 x

))

=
1

‖x‖2 + ‖K∆
1 x‖2

(
Ax,K∆

1 x

( ‖x‖
‖K∆

1 x‖

)
,

( ‖x‖
‖K∆

1 x‖

))

C2

≤ λ+

(
x

K∆
1 x

)
;
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for the last inequality we have used that λ+(x,K∆
1 x) is the larger of the

two eigenvalues of Ax,K∆
1 x. If K∆

1 x = 0, then (1.2.6) shows that for every

y ∈ H2, y 6= 0,

λn ≤
1

‖x‖2 + ‖K∆
1 x‖2

(
A
(

x

K∆
1 x

)
,

(
x

K∆
1 x

))
=

(Ax, x)

‖x‖2 ≤ λ+

(
x

y

)
.

So in each case we have found elements x ∈ L, y ∈ H2 with λn ≤ λ+(x, y)

and hence λn ≤ µκ+n .

Next we prove that λn ≥ µκ+n. In the same way as above, we see

λn ≥ µκ+n that

H1 = H[α′,∞)
1 +̇L(−∞,0)

(
S1(α

′)
)

= H(λn,∞)
1 +̇L(−∞,0]

(
S1(λn)

)

and

dimL(−∞,0]

(
S1(λn)

)
= κ+ n.

Now choose L = L(−∞,0]

(
S1(λn)

)
. If x ∈ L, y ∈ H2, x, y 6= 0, and ξ, η ∈ C

are arbitrary and we set u := (u v)
t

:=
(
ξ x/‖x‖ η y/‖y‖

)t
, then we have

u ∈ L(−∞,0]

(
S1(λn)

)
and

1

|ξ|2 + |η|2
(
Ax,y

(
ξ

η

)
,

(
ξ

η

))

C2

=

(
Au,u

)

‖u‖2 .

Using the Frobenius-Schur factorization (1.6.2) of A− λn, we obtain
((
A− λn

)(u
v

)
,

(
u

v

))

=

((
S1(λn) 0

0 D − λn

)(
I 0

(D − λn)−1B∗ I

)(
u

v

)
,

(
I 0

(D − λn)−1B∗ I

)(
u

v

))

=
(
S1(λn)u, u

)
+
(
(D − λn)w,w

)
≤ 0

where w := (D − λn)−1B∗u + v. This implies W (Ax,y) ⊂ (−∞, λn] and

hence λ+(x, y) ≤ λn. Thus the proof of λn = µκ+n is complete.

It remains to be shown that the infimum and the suprema in µκ+n

are all attained. Since λn ∈ σp(A) ⊂ W 2(A), there exists an eigenvector

(xn yn)t = (xn K∆
1 xn)t ∈ L∆(A) such that λn = λ+(x̂n, ŷn) where x̂n, ŷn

are such that xn = ‖xn‖x̂n, yn = ‖yn‖ŷn. �

We will further extend on variational principles for eigenvalues in gaps in

Sections 2.10 and 2.11. There we generalize the above result to unbounded

block operator matrices with real quadratic numerical range, including self-

adjoint and certain J -self-adjoint block operator matrices. The proof in the

unbounded case uses variational principles for the Schur complements. We
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also present a method to calculate the index shift and establish two-sided

eigenvalue estimates in terms of the entries of the block operator matrix.

The results in Sections 2.10 and 2.11 may easily be specialized to bounded

block operator matrices by observing that in this case D(A) = D(B∗) = H1

and D(B) = D(D) = H2.

1.10 J -self-adjoint block operator matrices

J -self-adjoint block operator matrices arise naturally when studying self-

adjoint operators in Krein spaces. In fact, a Krein space is an inner prod-

uct space (K, [·, ·]) that admits a decomposition K = K+[u]K− so that

H1 = (K+, [·, ·]) and H2 = (K−,−[·, ·]) are Hilbert spaces (see [Lan82, Sec-

tion I.1]). With respect to the decomposition K = K+⊕K−, we have [·, ·] =

(J ·, ·) with J = diag (I,−I) as in Definition 1.1.14 and every bounded

self-adjoint operator in K has a block operator matrix representation

(1.1.3) with A = A∗, D = D∗, and C = −B∗, i.e. A is J -self-adjoint.

In the following, we use the block operator techniques developed in

the previous sections to study the spectrum of J -self-adjoint block opera-

tor matrices; in particular, we identify intervals on which the spectrum is

of definite type; on such intervals, the operator possesses a local spectral

function. We also study the corresponding spectral supporting subspaces,

thus establishing results analogous to those derived in Section 1.8 for the

self-adjoint case.

We start with some elementary properties of the quadratic numerical

range of J -self-adjoint block operator matrices. Here an important role is

played by the sets Λ±(A) introduced in Corollary 1.1.4; in the particular

case C = −B∗, we have

disA(x, y) =

(
(Ax, x)

‖x‖2 − (Dy, y)

‖g‖2
)2

− 4
|(By, x)|2
‖x‖2 ‖y‖2

for x ∈ H1, y ∈ H2, x, y 6= 0, and, if disA(x, y) ≥ 0,

λ±

(
x

y

)
=

1

2


(Ax, x)

‖x‖2 +
(Dy, y)

‖y‖2 ±
√(

(Ax, x)

‖x‖2 −
(Dy, y)

‖y‖2
)2

−4
|(By, x)|2
‖x‖2 ‖y‖2


,

Λ± := Λ±(A) =

{
λ±

(
x

y

)
: x ∈ H1, y ∈ H2, x, y 6= 0, disA(x, y) ≥ 0

}
.

If C = −B∗ and W 2(A) is real, then we have disA(x, y) ≥ 0 for all

x ∈ H1, y ∈ H2, x, y 6= 0, and hence W 2(A) = Λ− ∪ Λ+. In this case,
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continuity arguments show that the sets Λ± are intervals. In general, we

can only prove a weaker statement (see Proposition 1.10.3 ii) below).

Lemma 1.10.1 For all (x1 y1)
t, (x2 y2)

t ∈H1 ⊕ H2, x1, x2, y1, y2 6= 0,

there exists a curve
(
x(t) y(t)

)t
, t ∈ [0, 1], such that

(
x(0)

y(0)

)
=

(
x1

y1

)
,

(
x(1)

y(1)

)
=

(
x2

y2

)
, x(t), y(t) 6= 0, t ∈ [0, 1].

Proof. There exist at most two different points ζ ∈ C, say ζ1, ζ2, such

that ζx1 + (1 − ζ)x2 = 0 or ζy1 + (1 − ζ)y2 = 0. Let ζ(t), t ∈ [0, 1], be a

curve in the complex plane with ζ(0) = 0, ζ(1) = 1 not passing through ζ1
and ζ2 . Then a curve with the required properties is given by

ζ(t)

(
x1

y1

)
+
(
1− ζ(t)

)(x2

y2

)
, t ∈ [0, 1]. �

In the following we always assume that dimH > 2; otherwise, A is a

2× 2 matrix and the questions considered here are trivial.

Proposition 1.10.2 Suppose dimH > 2 and let A be J -self-adjoint.

i) If W 2(A) \ R 6= ∅, then W 2(A) is connected.

ii) If W 2(A) consists of two components, then σ(A) ⊂ R.

Proof. i) Let z1 ∈W 2(A) \ R. Then z1 ∈ σp(Ax1,y1) for some x1 ∈ H1,

y1 ∈ H2, x1, y1 6= 0, with disA(x1, y1) < 0. Since dimH > 2, we either have

dimH1 ≥ 2 or dimH2 ≥ 2 and thus, by Theorem 1.1.9, either W (D) ⊂
W 2(A) or W (A) ⊂W 2(A). Because A and D are self-adjoint, this implies

that there exists a z2 ∈ W 2(A) ∩ R. Hence z2 ∈ σp(Ax2,y2) for some

x2 ∈ H1, y2 ∈ H2, x2, y2 6= 0 with disA(x2, y2) ≥ 0.

Let
(
x(t) y(t)

)t
, t ∈ [0, 1], be a curve inH as in Lemma 1.10.1 connecting

(x1 y1)
t and (x2 y2)

t. Since t 7→ disA
(
x(t), y(t)

)
is continuous, there exists

a t0 ∈ [0, 1] such that disA
(
x(t0), y(t0)

)
= 0. This means that the matrix

Ax(t0),y(t0) has a double eigenvalue, which we denote by z0.

Now let z, z′ ∈ W 2(A) be arbitrary, z ∈ σp(Ax,y), z′ ∈ σp(Ax′,y′) for

some x, x′ ∈ H1, y, y
′ ∈ H2, x, x

′, y, y′ 6= 0. By Lemma 1.10.1, there exists

a curve
(
x(t) y(t)

)t
, t ∈ [0, 1], in H connecting (x y)t with

(
x(t0) y(t0)

)t
. If

z = λ±(x, y), then λ±
(
x(t), y(t)

)
, t ∈ [0, 1], is a curve in W 2(A) from z to

z0. A curve from z0 to z′ in W 2(A) is constructed analogously.

ii) SinceW 2(A) consists of at most two components and σ(A) ⊂W 2(A),

the claim is immediate from i). �
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In the following, we investigate the sets Λ± in greater detail. As in

Proposition 1.3.9, we use the notations

a− := inf W (A), a+ := supW (A),

d− := inf W (D), d+ := supW (D).

Proposition 1.10.3 Let A be J -self-adjoint.

i) Then conv(Λ− ∪ Λ+) ⊂ conv
(
W (A) ∪W (D)

)
or, equivalently,

inf Λ− ≥ min{a−, d−}, supΛ+ ≤ max{a+, d+},
and equality holds if dimH1 ≥ 2 and dimH2 ≥ 2.

ii) If inf Λ+ < sup Λ−, then

(inf Λ−, inf Λ+] ⊂ Λ−, [sup Λ−, sup Λ+) ⊂ Λ+.

Proof. We prove the second statements in i) and ii); the proof of the first

claims is similar.

i) For all x ∈ H1, y ∈ H2, x, y 6= 0, with disA(x, y) ≥ 0, we have

λ+

(
x

y

)
≤ 1

2

(
(Ax, x)

‖x‖2 +
(Dy, y)

‖y‖2 +

∣∣∣∣
(Ax, x)

‖x‖2 − (Dy, y)

‖y‖2
∣∣∣∣
)

= max

{
(Ax, x)

‖x‖2 ,
(Dy, y)

‖y‖2
}
≤ max{a+, d+}

and thus sup Λ+ ≤ max{a+, d+}. Since dimH1 ≥ 2, dimH2 ≥ 2, we have

W (A)⊂W 2(A), W (D)⊂W 2(A) by Theorem 1.1.9, and so equality follows.

ii) Assume to the contrary that there exists a λ0 ∈ [sup Λ−, sup Λ+)

with λ0 /∈ Λ+. Since λ0 < sup Λ+, there is a λ1 ∈ Λ+ with λ0 < λ1.

By assumption, there exists λ2 ∈ Λ− ∩ Λ+. Then λ2 < λ0 < λ1 and

there exist x1, x2 ∈ H1 and y1, y2 ∈ H2, x1, y1, x2, y2 6= 0, with λ1 :=

λ+(x1, y1) and λ2 := λ+(x2, y2). Let
(
x(t) y(t)

)t
, t ∈ [0, 1], be a curve in H

connecting (x1 y1)
t and (x2 y2)

t as in Lemma 1.10.1. Then λ+

(
x(t), y(t)

)
,

t ∈ [0, 1], is a curve in W 2(A) connecting λ1 and λ2. This curve cannot

stay in R since λ2 < λ0 < λ1 and λ0 /∈ Λ+; hence disA
(
x(t), y(t)

)
< 0

for some t ∈ [0, 1]. Let t0 ∈ [0, 1] be the minimal zero of disA
(
x(·), y(·)

)
.

Then λ+

(
x(t0), y(t0)

)
= λ−

(
x(t0), y(t0)

)
∈ Λ+ ∩ Λ−. On the other hand,

λ+

(
x(t), y(t)

)
∈ Λ+, t ∈ [0, t0], and λ+

(
x(0), y(0)

)
= λ1 > λ0; hence

λ+

(
x(t0), y(t0)

)
>λ0≥sup Λ−, a contradiction to λ+

(
x(t0), y(t0)

)
∈Λ−. �

In the following we identify a subinterval [ν, µ] ⊂W 2(A) ∩ R such that

outside of this interval A possesses a local spectral function. The interval is
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defined such that its complement lies outside of the intersection of Λ− and

Λ+ and does not contain accumulation points of the non-real spectrum.

Proposition 1.10.4 Let A be J -self-adjoint. Define

Λ0 :=
{
λ ∈ R : ∃ (λn)∞1 ⊂W 2(A) \ R, lim

n→∞
λn = λ

}
(1.10.1)

and
ν := min

{
inf Λ+, inf Λ0, max{a−, d−}

}
,

µ := max
{
sup Λ−, sup Λ0, min{a+, d+}

}
.

(1.10.2)

Then the interval [ν, µ] satisfies the inclusions

i)
[
max{a−, d−},min{a+, d+}

]
⊂ [ν, µ] ⊂

[
a− + d−

2
,
a+ + d+

2

]
,

ii) Λ− ∩ Λ+ ⊂ [inf Λ+, sup Λ−] ⊂ [ν, µ].

Proof. The left inclusion in i) and the right inclusion in ii) are immediate

from the definition of ν and µ. The left inclusion in ii) is obvious from the

inequalities inf Λ+ ≥ inf Λ−, sup Λ+ ≥ sup Λ−. For the right inclusion in i),

we observe that e.g. min{a+, d+} ≤ (a++ d+)/2, λ−(x, y) ≤ (a++ d+)/2

for all x ∈ H1, y ∈ H2, x, y 6= 0, by definition of λ−, and Re
(
W 2(A)\R

)
⊂[

(a−+ d−)/2, (a++ d+)/2
]

by Proposition 1.3.9 ii). �

Remark 1.10.5 The interval [ν, µ] was defined differently in [LLMT05,

(2.4)], not taking into account the accumulation of the non-real points

of W 2(A). It was assumed, but not proved there, that non-real points

of W 2(A) can accumulate at the real axis only within Λ− ∩ Λ+. This

question is still open and hence the definition of ν, µ had to be modified

here to ensure the completeness of the proof of [LLMT05, Theorem 3.1]

(presented as Theorem 1.10.9 below).

In the following we introduce the notions of spectral points of definite

type of J -self-adjoint operators and of J -nonnegative and J -nonpositive

subspaces (see [Lan82, Sections II.4, I.1]).

Definition 1.10.6 Let A ∈ L(H) be J -self-adjoint and let [·, ·] := (J ·, ·).
i) An eigenvector x0 at an eigenvalue λ0 of A is called of J-positive type if

[x0,x0] > 0;

an eigenvalue λ0 of A is called of J -positive type if all corresponding

eigenvectors are of J -positive type.

iii) A spectral point λ0 ∈ σapp(A) ∩ R is called of J -positive type if

‖xn‖ = 1, lim
n→∞

‖(A− λ0)xn‖ = 0 =⇒ lim inf
n→∞

[xn,xn] > 0.
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The definition of eigenvectors, eigenvalues, and spectral points of J -

negative type is analogous.

Definition 1.10.7 A subspace L ⊂ H is called J -nonnegative (J -

positive, uniformly J -positive, respectively) if [x, x] ≥ 0 for all x ∈ L, x 6= 0

(> 0 or ≥ γ ‖x‖2 with some γ > 0, respectively). A J -nonnegative sub-

space L is called maximal J -nonnegative if it is not properly contained in

another J -nonnegative subspace.

If for an interval (α, β) ⊂ R the points of (α, β) ∩ σ(A) are all of J -

positive or all of J -negative type for A, then A has a local spectral function

EA(∆) on (α, β) (see [LMM97, Theorem 3.1]); the spectral function is

defined for all ∆ belonging to the semi-ringM(α, β) generated by all closed,

open or semi-closed intervals whose closure is contained in (α, β).

The subspace L∆(A) := EA(∆)H is called the spectral subspace of A
corresponding to ∆. If ∆ ∈ M(α, β) is so that ∆∩σ(A) 6= ∅ and consists of

points of J -positive type, then the corresponding spectral subspace L∆(A)

is a uniformly J -positive subspace of H (see [Lan82, Remark 1]).

A useful property of J -definite subspaces is that they admit angular

operator representations (see e.g. [Lan82], [Bog74, Theorem II.11.7]).

Remark 1.10.8 A closed subspace L ⊂ H is J -nonnegative if and only

if there is a closed subspace HL
1 ⊂ H1 and a contraction K : HL

1 → H2 with

L =

{(
x

Kx

)
: x ∈ HL

1

}
.

The subspace L is J -positive if and only if K is a strict contraction (i.e.

‖Kx‖ < ‖x‖ for all x ∈ HL
1 , x 6= 0), and L is uniformly J -positive if and

only if K is a uniform contraction on HL
1 (i.e. ‖K‖ < 1); the subspace L is

maximal J -nonnegative if and only if HL
1 = H1.

Now we are ready to classify spectral points of J -self-adjoint block

operator matrices according to their types.

Theorem 1.10.9 Let A be J -self-adjoint and let ν, µ be defined as

in (1.10.2). Then

i) the spectral points of A in (µ,∞) are of

J -positive type if d+ < a+,

J -negative type if a+ < d+;
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ii) the spectral points of A in (−∞, ν) are of

J -negative type if d− < a−,

J -positive type if a− < d−;

iii) A has a local spectral function EA on (−∞, ν) and (µ,∞).

Remark 1.10.10 From Proposition 1.10.3 i) it follows that

a+ = d+ =⇒ σ(A) ∩ (µ,∞) = ∅,
a− = d− =⇒ σ(A) ∩ (−∞, ν) = ∅.

Proof. i), ii) We restrict ourselves to the interval (µ,∞) and to the case

d+ < a+; all other cases are analogous.

Let λ ∈ σ(A) ∩ (µ,∞). Then there exists a sequence (xn)∞1 ⊂ H,

xn = (xn yn)t, such that ‖xn‖2 = ‖xn‖2 + ‖yn‖2 = 1 and

un := (A− λ)xn −→ 0, n→∞. (1.10.3)

Without loss of generality, we assume that limn→∞ ‖xn‖ exists. In

order to prove that λ is of J -positive type, it suffices to show that

limn→∞ ‖xn‖2 > 1/2 since [xn,xn] = ‖xn‖2 − ‖yn‖2 = 2‖xn‖2 − 1.

Evidently, if limn→∞ ‖yn‖ = 0, the claim is trivial. Otherwise, we let

un = (un vn)t, take inner products of the rows in (1.10.3) with xn and yn,

respectively, and arrive at

(Axn, xn)− λ‖xn‖2 + (Byn, xn) = (un, xn), (1.10.4)

−(B∗xn, yn) + (Dyn, yn)− λ‖yn‖2 = (vn, yn). (1.10.5)

If limn→∞ ‖xn‖=0, then (1.10.5) would imply (Dyn, yn)/‖yn‖2→λ, n→∞,

a contradiction to λ > d+. So, in the following, we may assume without

loss of generality that xn, yn 6= 0 and 0 < limn→∞ ‖xn‖ < 1. If we set

an :=
(Axn, xn)

‖xn‖2
, bn :=

(Byn, xn)

‖xn‖ ‖yn‖
, dn :=

(Dyn, yn)

‖yn‖2
,

then (1.10.4), (1.10.5), and (1.10.3) imply that

(
Axn,yn−λ

)(‖xn‖
‖yn‖

)
=

(
an−λ bn

−bn dn−λ

)(‖xn‖
‖yn‖

)
=

(
(un,xn)
‖xn‖

(vn,yn)
‖yn‖

)
−→ 0, n→∞.

Therefore dist
(
λ, σ(Axn,yn)

)
→ 0, n → ∞, by Lemma 1.3.2. Because

λ > µ ≥ max{supΛ−, sup Λ0}, neither points of Λ− nor non-real points of

W 2(A) can accumulate at λ; hence limn→∞ λ+(xn, yn) = λ.

Adding (1.10.4) and the complex conjugate of (1.10.5), we see that
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an‖xn‖2+ dn(1−‖xn‖2)− λ = (un, xn) + (yn, vn) =: εn −→ 0, n→∞.
Since λ > µ ≥ d+ ≥ dn, there exists an n0 ∈ N such that, for n ≥ n0,

0 <
λ− dn + εn

‖xn‖2
= an−dn ≤ a+−d−,

∣∣∣λ−λ+

(
xn

yn

)∣∣∣ < λ− µ
4

. (1.10.6)

Then we have, for all n ≥ n0,
(
‖xn‖2 −

1

2

)(
a+ − d−

)
≥
(
‖xn‖2 −

1

2

)(
an − dn

)
= λ− an + dn

2
+ εn

= λ− 1

2

(
λ+

(
xn

yn

)
+ λ−

(
xn

yn

))
+ εn

≥ λ− µ
2
− 1

2

(
λ− λ+

(
xn

yn

))

≥ λ− µ
4

> 0.

Since a+ > d+ ≥ d−, we obtain the desired inequality limn→∞ ‖xn‖2 > 1/2.

iii) The existence of the local spectral function on (−∞, ν) and on (µ,∞)

follows from ii) (see [LMM97, Theorem 3.1 and Lemma 1.4]). �

Corollary 1.10.11 Let ∆ be an interval with ∆ > µ and let L∆(A) =

EA(∆)H. If d+ < a+, then there exist a subspace H∆
1 ⊂ H1 and a strict

contraction K∆
1 ∈ L

(
H∆

1 ,H2

)
such that

L∆(A) =

{(
x

K∆
1 x

)
: x ∈ H∆

1

}
;

if a+ < d+, then there exist a subspace H∆
2 ⊂ H2 and a strict contraction

K∆
2 ∈ L

(
H∆

2 ,H1

)
such that

L∆(A) =

{(
K∆

2 y

y

)
: y ∈ H∆

2

}
.

Proof. Theorem 1.10.9 shows that L∆(A) = EA(∆)H is uniformly posi-

tive if d+ < a+ and ∆ ∩ σ(A) 6= ∅, and uniformly negative if a+ < d+ and

∆ ∩ σ(A) 6= ∅. Now both claims follow from Remark 1.10.8. �

As in the self-adjoint case (see Theorem 1.8.7), we call the subspacesH∆
1

and H∆
2 ∆-spectral supporting subspaces of A in H1 and H2, respectively;

for the following description in terms of the Schur complements, we restrict

ourselves to the case d+ < a+.

Theorem 1.10.12 Suppose that A is J -self-adjoint. Let ∆ = [α, β] > µ

and let Γ∆ be a simply closed Jordan curve that surrounds ∆, but no point

of σ(A) \∆, and intersects R orthogonally in α and β. Define
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Q∆ := − 1

2πi

∫ ′

Γ∆

S1(z)
−1 dz,

where
∫ ′

denotes the Cauchy principal value at R. Then the range of Q∆

is given by R
(
Q∆

)
= H∆

1 .

Proof. The proof follows the lines of the proof of Theorem 1.8.7 if we use

the local spectral function EA of A according to Theorem 1.10.9, introduce

ÊA(∆) :=
1

2

(
EA(∆) +EA(∆◦)

)
= − 1

2πi

∮ ′

Γ∆

(A− z)−1 dz

instead of P̂∆(A) and use the symmetries e.g. of EA(∆) with respect to the

indefinite inner product [·, ·] (see [LLMT05, Theorem 3.3]). �

The next theorem is the J -self-adjoint analogue of Theorem 1.8.8.

Theorem 1.10.13 Let A be J -self-adjoint with d+ < a+ and let ∆ =

[α, β] > µ be an interval such that α, β ∈ ρ(A). Then

H1 = L(−∞,0)

(
S1(α)

)
uH∆

1 u L(0,∞)

(
S1(β)

)
.

Proof. The proof is similar to the proof of Theorem 1.8.8 if we observe

that, although the Schur complement need not be decreasing in the J -self-

adjoint case, the following weaker statement can be proved: If µ < λ1 < λ2

and
(
S1(λ2)x, x

)
≥ 0 for some x ∈ H1, x 6= 0, then

(
S1(λ1)x, x

)
> 0. For

more details we refer to [LLMT05, Section 4]. �

We conclude this section by investigating the corners of the zones Λ−

and Λ+ of the quadratic numerical range. If a− 6= d− and a+ 6= d+,

respectively, then the outer corners inf Λ− and sup Λ+ are corners of W 2(A)

and hence, by Theorems 1.5.8 and 1.5.2, they belong to σ(A), or even to

σp(A) if inf Λ−= min Λ− and sup Λ+ = maxΛ+, respectively.

In the following theorem, we prove analogous statements for the interior

corner supΛ− of Λ−; the formulation of the analogue for inf Λ+ is obvious.

Theorem 1.10.14 Let A be J -self-adjoint. Suppose that supΛ− > d+

and that there exists a neighbourhood of sup Λ− containing no non-real

points of W 2(A). Then supΛ− ∈ σ(A).

If, in addition, sup Λ− = maxΛ−, then sup Λ− ∈ σp(A). In the latter

case, if supΛ− = λ−(x0, y0) for some x0 ∈ H1, y0 ∈ H2, x0, y0 6= 0, then

there is a γ ∈ C so that (x0 γy0)
t is an eigenvector of A corresponding

to sup Λ−.

Proof. The proof is very similar to the proofs of Theorems 1.5.2 and 1.5.8;

for details we refer the reader to the proof of [LLMT05, Theorem 2.7]. �
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1.11 The block numerical range

The concept of quadratic numerical range for 2 × 2 block operator matri-

ces has an obvious generalization to n × n block operator matrices. For

this so-called block numerical range, we prove results on spectral inclusion,

estimates of the resolvent, and inclusion theorems between block numerical

ranges under refinements of the decomposition of the space (see [TW03]).

Let n ∈ N, let H1, . . . ,Hn be complex Hilbert spaces, and consider

H = H1 ⊕ · · · ⊕ Hn. With respect to this decomposition, every operator

A ∈ L(H) has an n× n block operator matrix representation

A =



A11 · · · A1n

...
...

An1 · · · Ann


 (1.11.1)

with entries Aij ∈ L(Hj ,Hi), i, j = 1, . . . , n. In the following we denote by

SH1⊕···⊕Hn :=SH1× · · · ×SHn=
{
(x1 . . . xn)t∈ H :‖xi‖ = 1, i = 1, 2, . . . , n

}

the product of the unit spheres SHi in Hi; we also writeSn or SH instead of

SH1⊕···⊕Hn if the decomposition H = H1⊕· · ·⊕Hn is clear (note the slight

difference in notation between SH1⊕···⊕Hn and the unit sphere SH1⊕···⊕Hn

in H1 ⊕ · · · ⊕ Hn).

Definition 1.11.1 For x = (x1 . . . xn)t ∈ SH1⊕···⊕Hn we introduce the

n× n matrix

Ax :=




(A11x1, x1) · · · (A1nxn, x1)
...

...

(An1x1, xn) · · · (Annxn, xn)


 ∈Mn(C), (1.11.2)

that is, (Ax)ij :=
(
Aijxj , xi

)
, i, j = 1, . . . , n. Then the set

WH1⊕···⊕Hn(A) :=
⋃

x∈Sn

σp(Ax) (1.11.3)

is called block numerical range of A (with respect to the block opera-

tor matrix representation (1.11.1)). For a fixed decomposition of H, we

also write

Wn(A) = WH1⊕···⊕Hn(A).

Clearly, since σp(Ax) =
{
λ ∈ C : det (Ax−λ) = 0

}
for all x ∈ Sn,

Wn(A) has the equivalent representation

Wn(A) =
{
λ ∈ C : ∃ x ∈ Sn det (Ax − λ) = 0

}
. (1.11.4)
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Remark 1.11.2 For n = 1 the block numerical range is just the usual

numerical range, for n = 2 it is the quadratic numerical range introduced

in Section 1.1. For n = 3, the block numerical range is also called cubic

numerical range and for n = 4 quartic numerical range. If A ∈ Mn(C) is

an n× n matrix, then W n(A) coincides with the set of eigenvalues of A.

Like the numerical range and the quadratic numerical range, the block

numerical range of a bounded block operator matrix A is bounded,

Wn(A) ⊂
{
λ ∈ C : |λ| ≤ ‖A‖

}
,

and closed if dimH <∞. The former follows if we let x = (x1 . . . xn)t ∈ Sn,

z = (z1 . . . zn)t ∈ Cn, ‖z‖ = 1, set yj := zjxj , j = 1, . . . , n, y := (y1 . . . yn)t

so that ‖y‖ = 1, and observe that

‖Axz‖2=

n∑

i=1

∣∣∣
n∑

j=1

(
Aijxj , xi

)
zj

∣∣∣
2

≤
n∑

i=1

∣∣∣
∣∣∣

n∑

j=1

Aijyj

∣∣∣
∣∣∣
2

||xi||2 = ‖Ay‖2≤ ‖A‖2.

If H = H1 ⊕ · · · ⊕ Hn is decomposed into n components, then the cor-

responding block numerical range consists of at most n (connected) com-

ponents; as in the case n = 2, this follows from the fact that the set of all

matrices Ax, x ∈ Sn, is connected and from a continuity argument for the

eigenvalues of matrices (see [Kat95, Theorem II.5.14] and [Wag00]). If, for

example, A is upper or lower block triangular, then

Wn(A) = W (A11) ∪ · · · ∪W (Ann).

This shows that, like the quadratic numerical range, W n(A) need not be

convex; the next example shows that its components need not be so either.

Example 1.11.3 Consider the 4× 4 matrix

A7 =




2 0 1 1

0 −2 1 1

i i 1 0

i i 0 −1




with respect to C4 = C2⊕C⊕C. The corresponding cubic numerical range

has 3 components and none of them is convex (see Fig. 1.8).

Proposition 1.11.4 If A∗ denotes the adjoint of A, then

i) Wn(A∗) =
{
λ ∈ C : λ ∈ Wn(A)

}
=: Wn(A)∗.

ii) A = A∗ =⇒ Wn(A) ⊂ R.
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Figure 1.8 Cubic numerical range W 3(A7) = WC2⊕C⊕C(A7) of A7.

Proof. For assertion i) we observe that (Ax)
∗

= (A∗)x; assertion ii) is

obvious since in this case all matrices Ax are symmetric. �

In Fig. 1.8 the eigenvalues of A7, which are marked by black dots,

are obviously contained in W 3(A7). In order to prove a general spectral

inclusion theorem, we need the following generalization of Lemma 1.3.2.

Lemma 1.11.5 Let M∈Mn(C). If M is invertible, then

‖M−1‖ ≤ ‖M‖
n−1

| detM| . (1.11.5)

For all x ∈ Cn, ‖x‖ = 1, we have

dist
(
0, σ(M)

)
≤ n
√
‖M‖n−1‖Mx‖.

Proof. The first estimate was proved in [Kat60, Lemma 1] (see also [Kat95,

Section I.4.2, (4.12)] and note that Cn is a unitary space). The second

statement is trivial if M is not invertible. If M is invertible and x ∈ Cn,

‖x‖ = 1, then ‖Mx‖ ≥ ‖M−1‖−1 > 0. Denoting by λ1, . . . , λn the eigen-

values of M and using (1.11.5), we obtain
(
dist

(
0, σ(M)

))n
=
( n

min
i=1
|λi|
)n

≤ |λ1 · · ·λn| = | detM|

≤ ‖M‖
n−1

‖M−1‖ ≤ ‖M‖
n−1‖Mx‖. �

The next theorem generalizes the spectral inclusion property of the

numerical range (n= 1, see (1.1.1)) and of the quadratic numerical range

(n=2, see Theorem 1.3.1).
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Theorem 1.11.6 σp(A) ⊂Wn(A), σ(A) ⊂W n(A).

Proof. First let λ ∈ σp(A). Then there exists x = (x1 . . . xn)t ∈ H, x 6= 0,

such that Ax − λx = 0. If we write xi = ‖xi‖ x̂i with x̂i ∈ Hi, ‖x̂i‖ = 1,

i = 1, . . . , n, then x̂ := (x̂1 . . . x̂n)t ∈ Sn, (xi, x̂i) = ‖xi‖, i = 1, . . . , n, and

(
Ax̂ − λ

)


‖x1‖

...

‖xn‖


=




(A11x̂1, x̂1)− λ · · · (A1nx̂n, x̂1)
...

...

(An1x̂1, x̂n) · · · (Annx̂n, x̂n)− λ






‖x1‖

...

‖xn‖




=




(A11x1, x̂1) + · · ·+ (A1nxn, x̂1)− λ(x1, x̂1)
...

(An1x1, x̂n) + · · ·+ (Annxn, x̂n)− λ(xn, x̂n)




=




(∑n
j=1A1jxj − λx1, x̂1

)

...(∑n
j=1 Anjxj − λxn, x̂n

)


 =

(
Ax− λx, x̂

)
= 0.

Hence λ ∈ σp(Ax̂) ⊂Wn(A) by definition (1.11.3).

Now let λ ∈ σ(A). Then we either have λ ∈ σp(A∗)∗ or λ ∈ σapp(A)

(the approximate point spectrum of A, see (1.3.4)). If λ ∈ σp(A∗)∗, then

the inclusion already proved and Proposition 1.11.4 i) yield λ ∈ σp(A∗) ⊂
Wn(A∗) = Wn(A)∗ and hence λ ∈ W n(A). If λ ∈ σapp(A), then there is a

sequence
(
x(ν)

)∞
1
⊂ H, ‖x(ν)‖ = 1, so that Ax(ν)−λx(ν) → 0, ν →∞. If we

write x
(ν)
i =‖x(ν)

i ‖ x̂
(ν)
i with x̂

(ν)
i ∈ Hi, ‖x̂(ν)

i ‖ = 1, i = 1, . . . , n, ν = 1, 2, . . . ,

then x̂(ν) :=
(
x̂

(ν)
1 . . . x̂

(ν)
n

)t∈ Sn and, in a similar way as above, we obtain

(
Ax̂(ν) − λ

)



‖x(ν)
1 ‖
...

‖x(ν)
n ‖


 =

(
Ax(ν) − λx(ν), x̂(ν)

)
−→ 0, ν →∞;

thus we have εν :=
∥∥(Ax̂(ν) − λ

)(
‖x(ν)

1 ‖ . . . ‖x
(ν)
n ‖

)t∥∥ → 0, ν → ∞. Since∥∥(‖x(ν)
1 ‖ . . . ‖x

(ν)
n ‖

)t∥∥ =
∥∥x(ν)

∥∥ = 1, Lemma 1.11.5 implies that

dist
(
λ, σ

(
Ax(ν)

))
= dist

(
0, σ
(
Ax(ν) − λ

))
≤ n
√
‖Ax(ν) − λ‖n−1εν

≤ n

√(
‖A‖+ |λ|

)n−1
εν −→ 0, ν →∞,

and therefore

λ ∈
⋃

ν∈N

σ(Ax(ν) ) ⊂
⋃

x∈Sn

σ(Ax) = Wn(A). �



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

74 Spectral Theory of Block Operator Matrices

Example 1.11.7 As an illustration of Theorem 1.11.6, we consider the

block operator matrices

A8 =




2 i 1 0

i 2 0 1

1 0 −2 i

0 1 i −2


 , A9 =




−2 −1 1 0

−1 −2 0 1

−2 −1 0 −3i

−1 −2 3i 0


 .

Figure 1.9 shows their eigenvalues marked by black dots and their cubic

numerical ranges. Note that the horizontal line in the right picture is part

of the cubic numerical range.

Figure 1.9 Cubic numerical ranges WC⊕C2⊕C(A8), WC⊕C⊕C2(A9), and eigenvalues.

The next theorem generalizes Theorem 1.1.9; it shows that the block

numerical range of a principal minor of an n× n block operator matrix A
is contained in W n(A) if a certain dimension condition holds.

Theorem 1.11.8 Let k ∈ N, 1 ≤ k ≤ n, 1 ≤ i1 < · · · < ik ≤ n, and

denote by P : H1 ⊕ · · · ⊕ Hn → Hi1 ⊕ · · · ⊕ Hik
the projection onto the

components i1, . . . , ik of H.

If there exists an enumeration i′1, . . . , i
′
n−k of the elements of the set

{1, . . . , n} \ {i1, . . . , ik} with dim Hi′j
≥ n−(j−1), j = 1, . . . , n− k, then

WHi1⊕···⊕Hik
(PAP ) ⊂WH1⊕···⊕Hn(A).

Proof. For k = n, the statement is trivial. For k = n − 1 there is

an i ∈ {1, . . . , n} such that {i1, . . . , ik} ∪ {i} = {1, . . . , n}. If we denote

H′
i := H1 ⊕ · · · ⊕ Hi−1 ⊕Hi+1 ⊕ · · · ⊕ Hn and A′

i := PAP , then
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A′
i =




A11 · · · A1,i−1 A1,i+1 · · · A1n

...
...

...
...

Ai−1,1 · · · Ai−1,i−1 Ai−1,i+1 · · · Ai−1,n

Ai+1,1 · · · Ai+1,i−1 Ai+1,i+1 · · · Ai+1,n

...
...

...
...

An1 · · · An,i−1 An,i+1 · · · Ann




.

Now let λ ∈ WH1⊕···⊕Hi−1⊕Hi+1⊕···⊕Hn(A′
i). Then there exists an element

x′ = (x1 . . . xi−1 xi+1 . . . xn)t ∈ SH′
i

with det
(
(A′

i)x′ − λ
)

= 0. Since

dim span
{
Ai1x1, . . . , Ai,i−1xi−1, Ai,i+1xi+1, . . . , Ainxn

}
≤ n− 1 < dimHi

by assumption, there is an xi ∈ Hi, ‖xi‖ = 1, with (Ax)ij = (Aijxj , xi) = 0

for j = 1, . . . , i− 1, i+ 1, . . . , n. Then we have x := (x1 . . . xn)t ∈ SH and

Ax =




(Ax)11 · · · (Ax)1,i−1 (Ax)1i (Ax)1,i+1 · · · (Ax)1n

...
...

...
...

(Ax)i−1,1 · · · (Ax)i−1,i−1 (Ax)i−1,i (Ax)i−1,i+1 · · · (Ax)i−1,n

0 · · · 0 (Ax)ii 0 · · · 0

(Ax)i+1,1 · · · (Ax)i+1,i−1 (Ax)i+1,i (Ax)i+1,i+1 · · · (Ax)i+1,n

...
...

... · · ·
(Ax)n1 · · · (Ax)n,i−1 (Ax)ni (Ax)n,i+1 · · · (Ax)nn




.

Thus det(Ax − λ) =
(
(Ax)ii − λ

)
det
(
(A′

i)x′ − λ
)

= 0 and, consequently,

λ ∈ WH1⊕···⊕Hn(A). The case k < n− 1 follows by induction. �

The particular case k = 1 of Theorem 1.11.8 shows that, under a certain

dimension condition, the numerical ranges of the diagonal entries Aii of A
are contained in the block numerical range of A (compare Theorem 1.1.9

and Corollary 1.1.10 for the case n = 2).

Corollary 1.11.9 Let i0 ∈ N. If there exists an enumeration i′1, . . . , i
′
n−1

of {1, . . . , i0−1, i0 +1, . . . , n} with dim Hi′j
≥ n− (j−1), j = 1, . . . , n−1,

then

W (Ai0i0) ⊂Wn(A);

in particular, if dim Hi ≥ n for i = 1, . . . , n, then

W (Aii) ⊂Wn(A), i = 1, . . . , n.

Corollary 1.11.10 Suppose that dimHi ≥ n, i = 1, . . . , n, and that

Wn(A) = F1 ∪̇ · · · ∪̇ Fn consists of n disjoint components. Then there

exists a permutation π of {1, . . . , n} such that W (Aii) ⊂ Fπ(i), i = 1, . . . , n.
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Proof. Let x1 ∈ SH1 be arbitrary. Then, by the dimension condition,

we can recursively choose xk ∈ SHk
, k = 2, . . . , n, in such a way that

xk ⊥ {Ak1x1, . . . , Ak,k−1xk−1}. Since Wn(A) = F1 ∪̇ · · · ∪̇ Fn, every

matrixAx, x∈SH, has exactly one eigenvalue in each component ofW n(A).

In particular, if we let x := (x1 . . . xn)t ∈ SH, then

Ax =




(A11x1, x1) · · · (A1nxn, x1)
...

. . .
...

0 · · · (Annxn, xn)


 ;

hence there exists a permutation π of {1, . . . , n} with (Aiixi, xi) ∈ Fπ(i) for

i = 1, . . . , n. By Corollary 1.11.9 we haveW (Aii) ⊂Wn(A) for i = 1, . . . , n;

since W (Aii) is convex, the assertion follows. �

The dimension condition in Theorem 1.11.8 cannot be dropped; this can

be seen from the following example.

Example 1.11.11 We reconsider the matrix A5 from Example 1.5.5,

now with the 3 × 3 block decomposition in C ⊕ C2 ⊕ C, and its principal

minor A′
5 given by

A5 =




1 3 + i 2 i

3 + i 1 i 2

−2 i 1 3 + i

i −2 3 + i 1


 , A′

5 =




1 i 2

i 1 3 + i

−2 3 + i 1


 .

Figure 1.10 shows that the quadratic numerical range of A′
5 is not contained

in the cubic numerical range of A5; here n= 3, k= 2, i1 =2, i2 = 3, i′1 =1

and so the dimension condition dim H1 ≥ 3 of Theorem 1.11.8 is violated.

Next we consider the behaviour of the block numerical range under

refinements of the decomposition H1 ⊕ · · · ⊕ Hn of H. Theorem 1.11.13

below is a generalization of the fact that the quadratic numerical range is

contained in the numerical range (see Theorem 1.1.8).

Definition 1.11.12 Let n, ñ ∈ N and H = H1⊕· · ·⊕Hn = H̃1⊕· · ·⊕H̃ñ

with Hilbert spaces H1, . . . ,Hn and H̃1, . . . , H̃ñ. Then H̃1 ⊕ · · · ⊕ H̃ñ is

called a refinement of H1 ⊕ · · · ⊕ Hn if n ≤ ñ and there exist integers

0 = i0 < · · · < in = ñ with Hk = H̃ik−1+1 ⊕ · · · ⊕ H̃ik
for all k = 1, . . . , n.

Theorem 1.11.13 If H̃1⊕· · ·⊕H̃ñ is a refinement of H1⊕· · ·⊕Hn, then

WH̃1⊕···⊕H̃ñ
(A) ⊂WH1⊕···⊕Hn(A),

or, briefly,

W ñ(A) ⊂Wn(A), ñ ≥ n.
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Figure 1.10 WC⊕C2⊕C(A5) and WC2⊕C(A′
5)

Proof. It is sufficient to consider the case ñ = n + 1; the general case

easily follows by induction. If ñ = n+ 1, there exists a k ∈ {1, . . . , n} such

that the refinement H̃1 ⊕ · · · ⊕ H̃ñ of H = H1 ⊕ · · · ⊕ Hn is of the form

H = H1⊕ · · · ⊕Hk−1 ⊕H1
k ⊕H2

k ⊕Hk+1 ⊕ · · · ⊕Hn where Hk = H1
k ⊕H2

k.

With respect to this refined decomposition, A has the representation

A =




A11 · · · A1
1k A2

1k · · · A1n

...
...

...
...

A1
k1 · · · A11

kk A12
kk · · · A1

kn

A2
k1 · · · A21

kk A22
kk · · · A2

kn
...

...
...

...

An1 · · · A1
nk A2

nk · · · Ann




with Ast
kk ∈L(Ht

k,Hs
k), At

ki ∈L(Hi,Ht
k), As

jk ∈L(Hs
k,Hj), k, i, j = 1, . . . , n,

s, t = 1, 2. For the entries Aij ∈ L(Hj ,Hi), i, j = 1, . . . , n, of the represen-

tation (1.11.1) of A with respect to H = H1 ⊕ · · · ⊕ Hn, we have

Akk =

(
A11

kk A12
kk

A21
kk A22

kk

)
, Aki =

(
A1

ki

A2
ki

)
, Ajk =

(
A1

jk A
2
jk

)
.

By Theorem 1.11.6 about the spectral inclusion, we conclude that

WH1⊕···⊕H1
k⊕H2

k⊕···⊕Hn
(A)

=
⋃ {

σ(Ax) : x ∈ SH1⊕···⊕H1
k
⊕H2

k
⊕···⊕Hn

}

⊂
⋃ {

WC⊕···⊕C2⊕···⊕C(Ax) : x∈SH1⊕···⊕H1
k
⊕H2

k
⊕···⊕Hn

}
.
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The theorem is proved if we show that, for x ∈ SH1⊕···⊕H1
k⊕H2

k⊕···⊕Hn
,

WC×···×C2×···×C(Ax) ⊂
⋃ {

σ(Ay) : y ∈ SH1⊕···⊕Hn

}
= WH1⊕···⊕Hn(A).

To this end, let x ∈ SH1⊕···⊕H1
k⊕H2

k⊕···⊕Hn
, x = (x1 . . . x

1
k x

2
k . . . xn)t ∈ H

with ‖x1‖ = · · · = ‖x1
k‖ = ‖x2

k‖ = · · · = ‖xn‖ = 1. Then

Ax =




(A11x1, x1) · · · (A1
1kx

1
k , x1) (A2

1kx
2
k, x1) · · · (A1nxn, x1)

...
...

...
...

(A1
k1x1, x

1
k) · · · (A11

kkx
1
k , x

1
k) (A12

kkx
2
k, x

1
k) · · · (A1

knxn, x
1
k)

(A2
k1x1, x

2
k) · · · (A21

kkx
1
k , x

2
k) (A22

kkx
2
k, x

2
k) · · · (A2

knxn, x
2
k)

...
...

...
...

(An1x1, xn) · · · (A1
nkx

1
k , xn) (A2

nkx
2
k, xn) · · · (Annxn, xn)




=:




B11 · · · B1k · · · B1n

...
...

...

Bk1 · · · Bkk · · · Bkn

...
...

...

Bn1 · · · Bnk · · · Bnn




=: B ∈ L
(
C⊕ · · · ⊕C2 ⊕ · · · ⊕C

)
.

Now let z ∈ SC⊕···⊕C2⊕···⊕C be arbitrary. If we find a y ∈ SH1⊕···⊕Hn with

Bz = Ay , then σ
(
(Ax)z

)
= σ(Bz) = σ(Ay) and hence

WC⊕···⊕C2⊕···⊕C(Ax) =
⋃ {

σ
(
(Ax)z

)
: z ∈ SC⊕···⊕C2⊕···⊕C

}

⊂
⋃ {

σ(Ay) : y ∈ SH1⊕···⊕Hn

}
,

as required. To this end, let z = (z1 . . . zk . . . zn)t ∈ C⊕ · · · ⊕C2 ⊕ · · · ⊕C,

zk =
(
z1

k z
2
k

)t ∈ C2, with |z1|2 = · · · = ‖zk‖2 = · · · = |zn|2 = 1. Then

Bz =




(B11z1, z1) · · · (B1kzk, z1) · · · (B1nzn, z1)
...

...
...

(Bk1z1, zk) · · · (Bkkzk, zk) · · · (Bknzn, zk)
...

...
...

(Bn1z1, zn) · · · (Bnkzk, zn) · · · (Bnnzn, zn)



.

Set

yi := zixi, i = 1, . . . , n, i 6= k, yk := (y1
k y

2
k)t :=

(
z1

kx
1
k z

2
kx

2
k

)
.

Then it is not difficult to check that ‖yi‖ = 1, i = 1, . . . , n, and hence

y := (y1 . . . yk . . . yn)t ∈ SH1⊕···⊕Hn . With this choice of y, we obtain the
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desired equality Bz = Ay. For example, for k = 1, . . . , n, the k-th diagonal

elements (Bz)kk of Bz and (Ay)kk of Ay coincide since

(Bz)kk =

((
(A11

kkx
1
k, x

1
k)z1

k + (A12
kkx

2
k, x

1
k)z2

k

(A21
kkx

1
k, x

2
k)z1

k + (A22
kkx

2
k, x

2
k)z2

k

)
,

(
z1

k

z2
k

))

=
(
(A11

kky
1
k, x

1
k) + (A12

kky
2
k, x

1
k)
)
z1

k +
(
(A21

kky
1
k, x

2
k) + (A22

kky
2
k, x

2
k)
)
z2

k

=
(
A11

kky
1
k +A12

kky
2
k, y

1
k

)
+
(
A21

kky
1
k +A22

kky
2
k, y

2
k

)

=

((
A11

kky
1
k +A12

kky
2
k

A21
kky

1
k +A22

kky
2
k

)
,

(
y1

k

y2
k

))
= (Akkyk, yk) = (Ay)kk ;

the proof for the other entries is similar. �

Example 1.11.14 As an illustration for Theorem 1.11.13, we reconsider

the matrix A3 from Example 1.3.3:

A3 =




0 0 1 0

0 0 0 1

−2 −1 i 5i

−1 −2 −5i i


 . (1.11.6)

Its block numerical ranges with respect to the four successively refined

decompositions C4 = C2⊕C2 = C2⊕C⊕C = C⊕C⊕C⊕ C (the first one

being the numerical range and the last one the spectrum) are displayed in

Fig. 1.11 below.

Remark 1.11.15 In [FH08], K.-H. Förster and N. Hartanto considered

the block numerical range of (entrywise) nonnegative matrices. They devel-

oped a Perron-Frobenius theory for it, thus generalizing corresponding

results for the spectrum and the numerical range.

The estimate for the resolvent of a block operator matrix in terms of

the quadratic numerical range also generalizes to the block numerical range.

For the proof we need the following generalization of Lemma 1.4.2.

Lemma 1.11.16 Let A(·) : Sn → Mn(C) be uniformly bounded from

below, i.e. assume there exists a δ > 0 such that for all x ∈ Sn

‖Axα‖ ≥ δ ‖α‖, α ∈ Cn. (1.11.7)

Then
‖Ay‖ ≥ δ ‖y‖, y ∈ H;

if, in addition, A is boundedly invertible, then ‖A−1‖ ≤ δ−1.
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Figure 1.11 WC4(A3), WC2⊕C2 (A3), WC2⊕C⊕C(A3), and WC⊕C⊕C⊕C(A3).

Proof. Let y = (y1 . . . yn)t ∈ H be arbitrary, write yi = ‖yi‖ ŷi with

ŷi ∈ Hi, ‖ŷi‖ = 1, i = 1, . . . , n, and set α :=
(
‖y1‖ . . . ‖yn‖

)t ∈ Cn.

Then ŷ := (ŷ1 . . . ŷn)t ∈ Sn and hence, by assumption (1.11.7), we have

‖Aŷα‖2 ≥ δ2‖α‖2 = δ2‖y‖2. Together with the equalities

‖Aŷα‖2 =

∥∥∥∥∥∥∥




(A11ŷ1, ŷ1)‖y1‖+ · · ·+ (A1nŷn, ŷ1)‖yn‖
...

(An1ŷ1, ŷn)‖y1‖+ · · ·+ (Annŷn, ŷn)‖yn‖




∥∥∥∥∥∥∥

2

=
n∑

i=1

∣∣∣
( n∑

j=1

Aijyj , ŷi

)∣∣∣
2

≤
n∑

i=1

∥∥∥
n∑

j=1

Aijyj

∥∥∥
2

‖ŷi‖2

=
n∑

i=1

∥∥∥
n∑

j=1

Aijyj

∥∥∥
2

= ‖Ay‖2,

the desired estimate follows. The last claim is obvious. �
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The following theorem generalizes the resolvent estimate in terms of the

numerical range (n = 1, see (1.1.2)) and in terms of the quadratic numerical

range (n = 2, see Theorem 1.4.1).

Theorem 1.11.17 The resolvent of A admits the estimate

∥∥(A− λ)−1
∥∥ ≤

(
‖A‖+ |λ|

)n−1

dist
(
λ,Wn(A)

)n , λ /∈Wn(A). (1.11.8)

More exactly, if F1, . . . ,Fs are the components of W n(A), then there are

integers nj , j = 1, . . . , s, with
∑s

j=1 nj = n such that

∥∥(A− λ)−1
∥∥ ≤ ‖A− λ‖n−1

∏s
j=1 dist

(
λ,Fj

)nj
, λ /∈Wn(A); (1.11.9)

in particular, if W n(A) consists of n components, then

∥∥(A− λ)−1
∥∥ ≤ ‖A− λ‖n−1

∏n
j=1 dist (λ,Fj)

, λ /∈Wn(A).

Proof. Let λ /∈ W n(A). If F1, . . . ,Fs are the components of W n(A),

then there are integers nj , j = 1, . . . , s, with
∑s

j=1 nj = n such that each

matrix Ax, x ∈ Sn, has exactly nj eigenvalues in Fj for all j = 1, . . . , s.

Now let x ∈ Sn and let λ1, . . . , λn be the eigenvalues of Ax. Then there

exists a partition I1
.∪ · · · .∪ Is = {1, . . . , n} so that λi ∈ Fj if and only if

i ∈ Ij . Then nj = #Ij , j = 1, . . . , s, and
∣∣det(Ax−λ)

∣∣ = |λ−λ1| · · · |λ−λn| =
s∏

j=1

∏

i∈Ij

|λ−λi| ≥
s∏

j=1

dist (λ,Fj)
nj > 0

for x ∈ Sn since λ /∈ W n(A); in particular, Ax − λ is invertible. This and

Lemma 1.11.5 now imply that

∥∥(A− λ)−1
x

∥∥ ≤ ‖(A− λ)x‖n−1

| det(Ax − λ)|
≤ ‖A − λ‖n−1

∏s
j=1 dist (λ,Fj)nj

(1.11.10)

for all x ∈ Sn. Since λ /∈ W n(A), we have λ ∈ ρ(A) by Theorem 1.11.6

and hence A − λ is invertible. Using this and (1.11.10), we obtain the

second assertion of the theorem from Lemma 1.11.16. The first and the

third estimate are immediate consequences of the second inequality. �

As for the numerical range and the quadratic numerical range, the esti-

mate of the resolvent yields an upper bound for the length of Jordan chains

at boundary points of the block numerical range (compare Corollary 1.4.8).

Proposition 1.11.18 Let λ0 ∈ σp(A). If λ0 ∈ ∂Wn(A) has the exterior

cone property, then the length of a Jordan chain at λ0 is at most n.
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More exactly, if W n(A) = F1 ∪̇ . . . ∪̇ Fs consists of s disjoint components,

such that λ0 ∈ Fj0 , and the integers nj , j = 1, . . . , s, are as in the proof of

Theorem 1.11.17, then the length of a Jordan chain at λ0 is at most nj0 .

In particular, if W n(A) consists of n components, then the length of a Jor-

dan chain at λ0 is at most one, i.e. there are no associated vectors at λ0.

Proof. The proof is completely analogous to the proof of Corollary 1.4.8

for the quadratic numerical range (see [TW03, Proposition 4.4]). �

Remark 1.11.19 The block diagonalization theorem (see Theorem 1.7.1

and Corollary 1.7.2) was generalized recently to the n×n case by M. Wagen-

hofer (see the PhD thesis [Wag07]). He did not only assume thatW n(A) has

n disjoint components, but that they are separated in some stronger sense.

1.12 Numerical ranges of operator polynomials

A special class of n×n block operator matrices, so-called companion oper-

ators, arises as linearizations of operator polynomials of degree n. Here we

study the relation between the block numerical range of a companion oper-

ator and the numerical range of the corresponding operator polynomial.

Let H0 be a complex Hilbert space, let Ai ∈ L(H0), i = 0, . . . , n−1, and

set A := (A0, . . . , An−1). Consider the operator polynomial PA given by

PA(λ) := λnI + λn−1An−1 + · · ·+ λA1 +A0, λ ∈ C.

The companion operator CA of PA is the n × n block operator matrix in

the Hilbert space H = Hn
0 = H0 ⊕ · · · ⊕ H0 given by

CA :=




0 I · · · · · · 0

... 0 I

...
. . .

. . .

... 0 I

−A0 −A1 · · · −An−2 −An−1




.

It is well-known that the spectral properties of PA and its companion oper-

ator CA are intimately related (see [Mül56], [Mar88, § 12.1]); in particular,

σ
(
PA

)
= σ

(
CA
)

and σp

(
PA

)
= σp

(
CA
)
.

The numerical range of the operator polynomial PA is given by

W (PA) :=
{
λ ∈ C : ∃ f ∈ H, f 6= 0,

(
PA(λ)f, f

)
= 0

}
(see (1.6.1)). It is
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not difficult to check that W (PA) ⊂ W
(
CA
)
; in fact, if

(
PA(λ)f, f

)
= 0,

then
(
(CA− λ)x,x

)
= −λn−1

(
PA(λ)f, f

)
= 0 for x := (f, λf, . . . , λn−1f)t.

The next theorem shows that W (PA) is even contained in the block

numerical range of its companion operator CA:

Theorem 1.12.1 W (PA) ⊂Wn
(
CA
)
.

Proof. Let λ0 ∈ W (PA). Then there exists an x ∈ H0, ‖x‖ = 1, such

that λ0 is a zero of the scalar polynomial
(
PA(λ)x, x

)
= λn + λn−1(An−1x, x) + · · ·+ λ(A1x, x) + (A0x, x) = 0.

The companion operator of the scalar polynomial
(
PA(λ)x, x

)
is the n× n

matrix CA
(x,...,x). Since the zeroes of

(
PA(λ)x, x

)
coincide with the eigenval-

ues of CA
(x,...,x), it follows that λ0 ∈ σp

(
CA
(x,...,x)

)
⊂Wn

(
CA
)
. �

Example 1.12.2 To illustrate Theorem 1.12.1, we reconsider the matrix

A3 in Example 1.3.3. It is the companion operator of the quadratic matrix

polynomial

P3(λ) := λ2I2 + λ

( −i −5i

5i −i

)
+

(
2 1

1 2

)
, λ ∈ C.

Figure 1.12 shows the numerical range of P3 on the left. It is contained

in the quadratic numerical range of A3 with respect to the decomposition

C2 ⊕ C2 on the right.

Figure 1.12 W (P3) and WC2⊕C2 (A3).

Next we show that if H0 is finite-dimensional, H0 = Ck, then, up to

the point 0, the numerical range of PA coincides with a higher degree block

numerical range of its companion operator. To this end, we consider CA

with respect to a refined decomposition of H = Hn
0 = Cnk.
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Theorem 1.12.3 If we consider the companion operator CA with respect

to the decomposition

Cnk =

(n−1)k︷ ︸︸ ︷
C⊕ · · · ⊕C⊕Ck, (1.12.1)

then

WC⊕···⊕C⊕Ck

(
CA
)

= W (n−1)k+1
(
CA
)

=

{
W (PA), n = 1,

W (PA) ∪ {0}, n > 1.

Proof. For n = 1 the assertion is immediate. For n > 1, with respect to

the decomposition (1.12.1), CA has the block operator representation



0 · · · 0 1 · · · 0 0 · · · 0 0 · · · 0 01,k

: : : : : : · · · : : :

0 · · · 0 0 · · · 1 0 · · · 0 0 · · · 0 01,k

0 · · · 0 0 · · · 0 1 · · · 0 0 · · · 0 01,k

: : : : : : · · · : : :

0 · · · 0 0 · · · 0 0 · · · 1 0 · · · 0 01,k

...
...

...
. . .

...
...

0 · · · 0 0 · · · 0 0 · · · 0 1 · · · 0 01,k

: : : : : : · · · : : :

0 · · · 0 0 · · · 0 0 · · · 0 0 · · · 1 01,k

0 · · · 0 0 · · · 0 0 · · · 0 0 · · · 0 e1
: : : : : : · · · : : :

0 · · · 0 0 · · · 0 0 · · · 0 0 · · · 0 ek

−A(1)
0 · · ·−A

(k)
0 −A

(1)
1 · · ·−A

(k)
1 −A

(1)
2 · · ·−A

(k)
2 · · · −A(1)

n−2· · ·−A
(k)
n−2−An−1




.

Here 01,k = (0 · · · 0) ∈ L(Ck,C) is the zero vector, ej = (0 · · · 1 · · · 0) ∈
L(Ck,C) is the j-th row unit vector, j = 1, . . . , k, and

A
(j)
i =




a
(i)
1j
...

a
(i)
kj


 ∈ L(C,Ck)

is the j-th column of Ai =
(
a
(i)
st

)k
s,t=1

, i = 0, . . . , n−1, j = 1, . . . , k. Now let

x :=
(
x

(1)
0 . . . x

(k)
0 . . . x

(1)
n−2 . . . x

(k)
n−2 (ξ1 . . . ξk)

)t ∈ C⊕ · · · ⊕C⊕ Ck

with
∣∣x(1)

0

∣∣ = · · · =
∣∣x(k)

n−2

∣∣ = ‖ξ‖ = 1 where ξ := (ξ1 . . . ξk)t. By similar

manipulations of determinants as in the proof of the previous theorem, one

can show that, for λ 6= 0,

det
(
CA

x − λ
)

= (−1)nλ(n−1)(k−1)
(
PA(λ)ξ, ξ

)
.
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This implies W (n−1)k+1
(
CA
)
\{0} = W (PA)\{0}. Finally, it is not difficult

to see that 0 ∈ W (n−1)k+1
(
CA
)

for n > 1. �

Example 1.12.4 As an example for Theorem 1.12.3, we consider the

quadratic matrix polynomial (compare [LMZ98])

P11(λ) := λ2I2 + λ

(
0 2.8i

−2.8i 0

)
+

(
2 1

1 2

)
, λ ∈ C,

with its companion operator A11 decomposed as

A11 =




0 0 1 0

0 0 0 1

−2 −1 0 −2.8i

−1 −2 2.8i 0


 .

In Fig. 1.13 the cubic numerical range of A11 with respect to this decompo-

sition and the numerical range of the operator polynomial P11 are displayed.

A closer look shows that the numerical range of P11 on the right does not

contain the point 0, whereas the cubic numerical range on the left does.

Figure 1.13 WC⊕C⊕C2(A11) and W (P11).

Remark 1.12.5 In [Lin03] H. Linden applied the quadratic numerical

range to derive enclosures for the zeroes of monic polynomials in C of degree

n≥3. He enclosed the quadratic numerical range of the companion matrix

CA with respect to the decompositions Cn= Cn−1⊕ C and Cn= Cn−2⊕ C2

(and thus the zeroes) in two circles of equal radius. Examples show that the

enclosures are tighter than those obtained from the numerical range of CA.
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1.13 Gershgorin’s theorem for block operator matrices

Gershgorin’s circle theorem is a valuable tool to enclose the spectrum of

matrices (see [Ger31], [Bra58], [Var04]). Its generalization to partitioned

matrices and bounded block operator matrices (see [FV62], [Sal99]) is

straightforward. In general, there is no inclusion between the quadratic

or block numerical range and the Gershgorin sets; depending on the par-

ticular situation, one or the other may give a better spectral enclosure.

However, the quadratic or, more generally, block numerical range has the

advantage of not using norms of inverses.

The following Gershgorin theorem for bounded block operator matrices

is due to H. Salas (see [Sal99]). Its proof generalizes Householder’s proof

of Gershgorin’s theorem in the matrix case; it may even be generalized to

unbounded diagonally dominant block operator matrices.

Theorem 1.13.1 Let n ∈ N, let H1, . . . ,Hn be complex Hilbert spaces,

H = H1 ⊕ · · · ⊕ Hn, and let A ∈ L(H),

A =



A11 · · · A1n

...
...

An1 · · · Ann




with Aij ∈ L(Hj ,Hi), i, j = 1, . . . , n. If we define

Gi := σ(Aii) ∪
{
λ ∈ ρ(Aii) :

∥∥(Aii − λ)−1
∥∥−1 ≤

n∑

j=1
j 6=i

∥∥Aij

∥∥
}

(1.13.1)

for i = 1, . . . , n, then

σ(A) ⊂
n⋃

i=1

Gi.

Proof. Suppose that λ /∈ ⋃n
i=1 σ(Aii). Then we can write

A− λ =



A11−λ 0

. . .

0 Ann−λ



(
I +M(λ)

)
(1.13.2)

where

M(λ) :=




0 (A11−λ)−1A12 · · · (A11−λ)−1A1n

(A22−λ)−1A21 0 (A22−λ)−1A2n

...
. . .

...

(Ann−λ)−1An1 · · · · · · 0



.
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If
∥∥(Aii−λ)−1

∥∥−1
>
∑n

j=1
j 6=i

∥∥Aij

∥∥ for i = 1, . . . , n, then ‖M(λ)‖ < 1. Hence

both factors in (1.13.2) are boundedly invertible and so λ ∈ ρ(A). �

Remark 1.13.2 For a self-adjoint diagonal entry Aii, the norms of the

inverses in (1.13.1) are known explicitly and we have

Gi = σ(Aii) ∪
{
λ ∈ ρ(Aii) : dist

(
λ, σ(Aii)

)
≤

n∑

j=1
j 6=i

∥∥Aij

∥∥
}

;

for non-self-adjoint Aii, only the estimate in terms of the numerical range

is available and thus, in general, we only have the inclusion

Gi ⊂ σ(Aii) ∪
{
λ ∈ ρ(Aii) : dist

(
λ,W (Aii)

)
≤

n∑

j=1
j 6=i

∥∥Aij

∥∥
}
.

In the remaining part of this section we consider the case n = 2. For

a 2 × 2 block operator matrix A, the spectrum of A can be described in

terms of the spectra of the Schur complements as (see Proposition 1.6.2)

σ(A) \ σ(Aii) = σ(Si), i = 1, 2. (1.13.3)

This description and a spectral enclosure for the Schur complements allows

us to tighten the spectral enclosure (1.13.1) by the Gershgorin sets:

Proposition 1.13.3 Let n = 2 and define

N1 := σ(A11)∪
{
λ∈ρ(A11)∩ ρ(A22) :

∥∥(A11−λ)−1A12(A22−λ)−1A21

∥∥≥1
}
,

N2 := σ(A22)∪
{
λ∈ρ(A11)∩ ρ(A22) :

∥∥(A22−λ)−1A21(A11−λ)−1A12

∥∥≥1
}
.

Then

σ(A) ⊂
(
σ(A11)∪σ(S1)

)
∪
(
σ(A22)∪σ(S2)

)
⊂ N1∪ N2 ⊂ G1∪ G2. (1.13.4)

Proof. The first inclusion in (1.13.4) is obvious from (1.13.3). For the

second inclusion, we observe that we have λ /∈ N1 ∪ N2 if and only if

λ ∈ ρ(A11) ∩ ρ(A22) and the two inequalities
∥∥(A11 − λ)−1A12(A22 − λ)−1A21

∥∥ < 1, (1.13.5)
∥∥(A22 − λ)−1A21(A11 − λ)−1A12

∥∥ < 1 (1.13.6)

hold. Since, for λ ∈ ρ(A11) ∩ ρ(A22), we can write

S1(λ) = (A11 − λ)
(
I − (A11 − λ)−1A12(A22 − λ)−1A21

)
,

S2(λ) = (A22 − λ)
(
I − (A22 − λ)−1A21(A11 − λ)−1A12

)
,
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we conclude that λ /∈ N1 ∪ N2 implies λ ∈ ρ(S1) ∩ ρ(S2). Because Si is

defined on C \ σ(Aii), we have ρ(Si) ∪̇σ(Si) = C \ σ(Aii), i = 1, 2. Hence

λ ∈ ρ(S1)∩ ρ(S2) is equivalent to λ /∈
(
σ(A11)∪σ(S1)

)
∪
(
σ(A22)∪ σ(S2)

)
.

For the third inclusion in (1.13.4), we note that λ /∈ G1 ∪ G2 if and only

if λ /∈ σ(A11) ∪ σ(A22) and the two inequalities
∥∥(A11 − λ)−1

∥∥ ‖A12‖ < 1,
∥∥(A22 − λ)−1

∥∥ ‖A21‖ < 1

hold; the latter imply the two inequalities (1.13.5), (1.13.6). Therefore

λ /∈ G1 ∪ G2 implies λ /∈ N1 ∪N2. �

To conclude this section, we compare the spectral enclosures by the

Gershgorin sets to those by the quadratic numerical range for self-adjoint

and J -self-adjoint 2 × 2 block operator matrices. In particular, we con-

sider situations where the quadratic numerical range yields estimates of

the spectrum that are independent of the size of the off-diagonal entries.

Remark 1.13.4 Let n = 2, A11 = A∗
11, A22 = A∗

22, and suppose that

either A21 = A∗
12 or A21 = −A∗

12.

i) The Gershgorin type Theorem 1.13.1 yields the inclusion

σ(A) ⊂
{
λ ∈ C : dist

(
λ, σ(A11) ∪ σ(A22)

)
≤ ‖A12‖

}
.

ii) If dist
(
σ(A11), σ(A22)

)
> 0 and A21 = A∗

12, then Theorem 1.3.7 i),

which uses the quadratic numerical range, gives the tighter inclusion

σ(A) ⊂
{
λ ∈ C : dist

(
λ, σ(A11) ∪ σ(A22)

)
≤ ‖δA12‖

}
,

where

δA12 = ‖A12‖ tan

(
1

2
arctan

(
2‖A12‖

dist
(
σ(A11), σ(A22)

)
))

< ‖A12‖;

if, in addition, maxσ(A22) < minσ(A11), then, by Theorem 1.3.6 ii),

σ(A) ∩
(
maxσ(A22),minσ(A11)

)
= ∅

independently of the size of ‖A12‖.
iii) If A21 = −A∗

12, then Proposition 1.3.9 i) shows that

Reσ(A)⊂
[
min

{
min σ(A11),minσ(A22)

}
,max

{
maxσ(A11),maxσ(A22)

}]

independently of the size of ‖A12‖.

If the spectra of the diagonal elements are not disjoint, then the Gersh-

gorin enclosure in Remark 1.13.4 i) still applies, but the estimates in

Remark 1.13.4 ii) do not. The following example shows that, in some cases,
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a change of the decomposition of the space leads to a block operator matrix

with diagonal elements having disjoint spectra.

Example 1.13.5 Let H = H1 ⊕ H1, and let A11 = A∗
11, A22 = A11,

A21 = A∗
12 be such that σ(A11) = σ1 ∪̇σ2 with σi 6= ∅, i = 1, 2, and

dist (σ1, σ2) > 2 ‖A12‖. Then the two Gershgorin sets G1,G2 coincide and

consist of two components,

G1 = G2 = Σ1 ∪̇Σ2, Σi :=
{
λ ∈ C : dist (λ, σi) ≤ ‖A12‖

}
, i = 1, 2,

whereas the quadratic numerical range with respect to the given decompo-

sition H = H1 ⊕H1 consists of a single component by Corollary 1.1.10 ii).

The inclusion by the quadratic numerical range may be improved by

using another decomposition of H. Since σ(A11) = σ1 ∪̇σ2, there exist

invariant subspaces H1
1, H2

1 of A11 such that

σ
(
A11

∣∣
H1

1

)
= σ1, σ

(
A11

∣∣
H2

1

)
= σ2.

We consider the new decomposition H = H̃1 ⊕ H̃2 with H̃i = Hi
1 ⊕ Hi

1

for i = 1, 2. By a standard perturbation argument for self-adjoint opera-

tors (see [Kat95, Theorem V.4.10]), the assumption dist (σ1, σ2) > 2 ‖A12‖
implies that the new diagonal elements Ãii, i = 1, 2, have separated spectra

(they are contained e.g. in the two disjoint components Σi of the Gersh-

gorin sets). Hence Remark 1.13.4 ii) applies to the block operator matrix

obtained with respect to this new decomposition.
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Chapter 2

Unbounded Block Operator Matrices

Unbounded block operator matrices provide an efficient way to describe

coupled systems of partial differential equations of mixed order and type.

Hence information about the spectral properties of block operator matri-

ces is of major interest. We distinguish three classes of block operator

matrices, depending on the position of the dominating operators: diago-

nally dominant, off-diagonally dominant, and upper dominant. The main

results concern the localization and structure of the spectrum, variational

principles and estimates for eigenvalues in gaps of the spectrum, criteria

for block diagonalizability as well as existence and uniqueness of solutions

of Riccati equations.

2.1 Relative boundedness and relative compactness

In this chapter the perturbation theory of unbounded linear operators plays

a crucial role. Here we provide some general results on relatively bounded

and relatively compact perturbations. More specific perturbation results

are stated within the sections where they are used.

Let E,F be Banach spaces. A linear operator T from E to F with

domain D(T ) is called closed if its graph G(T ) :=
{
(x, Tx) : x∈D(T )

}
is a

closed subspace of E×F and closable if the closure G(T ) of its graph is a

graph; in this case, the operator T with G(T )=G
(
T
)

is called the closure

of T . If T is closed and S is a closable linear operator with domain D(S)

such that S=T , then D(S) is called core of T (see [Kat95, Section III.5]).

Note that a bounded linear operator T is closed if and only if its domain

D(T ) is closed; in particular, an everywhere defined bounded linear operator

is closed. Conversely, the closed graph theorem says that an everywhere

defined closed linear operator is bounded (see [Kat95, Theorem III.5.20]).

91
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Definition 2.1.1 Let T be a closable linear operator in a Banach spaceE.

The resolvent set and the spectrum of T are defined as

ρ(T ) :=
{
λ ∈ C : T − λ is injective, (T − λ)−1 ∈ L(E)

}
,

σ(T ) := C \ ρ(T ),

and the point spectrum, continuous spectrum, and residual spectrum as

σp(T ) :=
{
λ ∈ C : T − λ is not injective

}
,

σc(T ) :=
{
λ ∈ C : T − λ is injective, R(T − λ) = E, R(T − λ) 6= E

}
,

σr(T ) :=
{
λ ∈ C : T − λ is injective, R(T − λ) 6= E

}
.

Note that ρ(T ) 6= ∅ implies that T is closed; in fact, if λ ∈ ρ(T ), then

(T−λ)−1 is closed and hence so is T−λ. Then, by the closed graph theorem,

ρ(T ) =
{
λ ∈ C : T − λ is bijective

}

and hence σ(T ) = σp(T ) ∪̇σc(T ) ∪̇σr(T ) (see [EE87, Section I.1]).

Definition 2.1.2 Let E, F, G be Banach spaces and let T, S be linear

operators from E to F and from E to G, respectively.

i) S is called relatively bounded with respect to T (or T -bounded ) if

D(T ) ⊂ D(S) and there exist constants aS , bS ≥ 0 such that

‖Sx‖ ≤ aS‖x‖+ bS‖Tx‖, x ∈ D(T ). (2.1.1)

The infimum δS of all bS so that (2.1.1) holds for some aS ≥ 0 is called

relative bound of S with respect to T (or T -bound of S, see [Kat95,

Section IV.1.1]).

ii) S is called relatively compact with respect to T (or T -compact) if

D(T ) ⊂ D(S) and, for every bounded sequence (xn)∞1 ⊂ D(T ) such

that (Txn)∞1 ⊂ F is bounded, the sequence (Sxn)∞1 ⊂ G contains a

convergent subsequence (see [Kat95, Section IV.1.3]).

Remark 2.1.3 The following observations are useful:

i) If T is closed and S is closable, then D(T ) ⊂ D(S) already implies that

S is T -bounded (see [Kat95, Remark IV.1.5]).

ii) The inequality (2.1.1) is equivalent to

‖Sx‖2 ≤ a′ 2S ‖x‖2 + b′ 2S ‖Tx‖2, x ∈ D(T ), (2.1.2)

with a′S , b
′
S≥0; moreover, (2.1.1) holds with bS<δ for some δ>0 if and

only if (2.1.2) holds with b′S<δ (see [Kat95, Section V.4.1, (4.1), (4.2)]).

This follows from the simple fact that, for arbitrary γ > 0,
(
ξ1 + ξ2

)2 ≤
(
1 + γ−1

)
ξ21 + (1 + γ) ξ22 , ξ1, ξ2 ∈ R. (2.1.3)
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In general, the sum of closable or closed operators is not closable or

closed, respectively. However, closability and closedness are stable under

relatively bounded perturbations with relative bound < 1. For the stability

of bounded invertibility, an additional condition is required.

Theorem 2.1.4 Let E, F be Banach spaces, let T, S be linear operators

from E to F , and let S be T -bounded with T -bound < 1.

i) T+S is closable if and only if so is T ; then D
(
T+S

)
=D

(
T
)
. In partic-

ular, T+S is closed if and only if so is T (see [Kat95, Theorem IV.1.1]).

ii) T +S is boundedly invertible if so is T and the constants aS, bS in

inequality (2.1.1) satisfy
aS‖T−1‖+ bS < 1

(see [Kat95, Theorem IV.1.16]).

Corollary 2.1.5 Let E, F be Banach spaces and let T, S be linear oper-

ators from E to F . Suppose there exists a ray Θρ,ϕ := {reiϕ : r ≥ ρ} with

ρ ≥ 0, ϕ ∈ (−π, π] and a constant M ≥ 0 such that Θρ,ϕ ⊂ ρ(T ) and

∥∥(T − λ)−1
∥∥ ≤ M

|λ| , λ ∈ Θρ,ϕ. (2.1.4)

If S is T -bounded with T -bound < 1/(M + 1), then there exists an R ≥ ρ

such that ΘR,ϕ ⊂ ρ(T + S).

Proof. Let λ ∈ Θρ,ϕ. There exist aS , bS ≥ 0, bS < 1/(M + 1), such that

‖Sx‖ ≤ aS‖x‖+ bS‖Tx‖ ≤
(
aS + bS|λ|

)
‖x‖+ bS‖(T − λ)x‖, x ∈ D(T ).

Theorem 2.1.4 ii), applied to T − λ and S, shows that λ ∈ ρ(T + S) if
(
aS + bS |λ|

) ∥∥(T − λ)−1
∥∥+ bS < 1.

Due to assumption (2.1.4), this inequality is satisfied if

aS
M

|λ| + (1 +M) bS < 1.

The latter holds if |λ| ≥ R with R ≥ ρ such that R >
aSM

1− (1 +M)bS
. �

Lemma 2.1.6 If S is T -bounded with T -bound δ < 1, then S is (T +S)-

bounded with (T + S)-bound ≤ δ/(1− δ).
Proof. By assumption, there exist aS , bS ≥ 0, δ ≤ bS < 1, such that

‖Sx‖ ≤ aS‖x‖+ bS‖Tx‖ ≤ aS‖x‖+ bS‖(T + S)x‖+ bS‖Sx‖, x ∈ D(T ).

Since bS < 1, it follows that

‖Sx‖ ≤ aS

1− bS
‖x‖+

bS
1− bS

‖(T + S)x‖, x ∈ D(T ). �
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If T is closed, then DT =
(
D(T ), ‖ · ‖T

)
with the graph norm ‖x‖T :=

‖x‖ + ‖Tx‖, x ∈ D(T ), is a Banach space. Obviously, S is T -bounded if

and only if S is a bounded operator from DT to G, and S is T -compact if

and only if S is compact from DT to G. Hence every relatively compact

operator is relatively bounded; in fact, much more can be said.

Proposition 2.1.7 Let E, F be reflexive Banach spaces, let T, S be lin-

ear operators from E to F such that T or S is closable. If S is T -compact,

then S is T -bounded with T -bound 0 (see [EE87, Corollary III.7.7]).

Lemma 2.1.8 Let E, F, G be Banach spaces and let T, S be linear oper-

ators from E to F and from E to G, respectively.

i) If T = T0 + T1, T1 is T0-bounded with T0-bound < 1, and S is T0-

compact, then S is T -compact.

ii) Let S = S0 +S1 be T -bounded. If S1 is S0-bounded with S0-bound < 1,

then S0 is T -bounded; if S1 is S0-compact, E, G are reflexive, and S0

or S1 is closable, then S0 is T -bounded and S1 is T -compact.

Proof. i) Let (xn)∞1 ⊂ D(T ) be a sequence such that (xn)∞1 and (Txn)∞1
are bounded. By Lemma 2.1.6, T1 is T -bounded; hence (T1xn)∞1 is bounded

and so is (T0xn)∞1 = (Txn−T1xn)∞1 . Since S is T0-compact, it follows that

there exists a subsequence (xnk
)∞1 ⊂ (xn)∞1 such that (Sxnk

)∞1 converges.

ii) By Lemma 2.1.6, the first assumption implies that S1 is S-bounded;

since S is, in turn, T -bounded, it follows that S1 is T -bounded and hence

so is S0 = S − S1. Now let S1 be S0-compact and let (xn)∞1 ⊂ D(T ) be a

sequence such that (xn)∞1 and (Txn)∞1 are bounded. By Proposition 2.1.7,

S1 is S0-bounded with S0-bound 0. Due to the first claim in ii), S0 is

T -bounded and so (S0xn)∞1 is bounded. Because S1 is S0-compact, there

exists a subsequence (xnk
)∞1 ⊂(xn)∞1 so that (S1xnk

)∞1 converges. �

Relatively compact perturbations have some useful properties, e.g. in

view of adjoints (T+S)∗ of densely defined sums of unbounded operators

or in view of the essential spectrum. First we need the notion of Fredholm

operators (see [GGK90, Chapter XVII.2] and [EE87, Chapter IX.1, k = 3]).

Definition 2.1.9 A closed linear operator T in a Banach space E is called

Fredholm if for its kernel kerT and its range R(T )

n(T ) := dim kerT <∞, d(T ) := dim
(
E/R(T )

)
<∞;

in this case ind(T ) := n(T ) − d(T ) is called the index of T . The essential

spectrum of T is defined as

σess(T ) := {λ ∈ C : T − λ is not Fredholm}.
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Note that the condition d(T ) <∞ automatically implies that the range

of a Fredholm operator is closed (see [GGK90, Corollary XI.2.3]).

For non-self-adjoint linear operators, there are several other definitions

for the essential spectrum (see e.g. [EE87, Section IX.1, k = 1, 2, 4, 5]). The

definition used here yields the following information about the complement

σ(T ) \ σess(T ).

Theorem 2.1.10 Let T be a linear operator, ρ(T ) 6= ∅, and Ω an open

connected subset of C\σess(T ). If Ω∩ ρ(T ) 6= ∅, then σ(T )∩Ω is discrete,

i.e. consists of countably many isolated eigenvalues of finite algebraic multi-

plicity with no accumulation point in Ω (see [GGK90, Theorem XVII.2.1]).

For the adjoint of a sum of unbounded operators, in general, only the

inclusion (T +S)∗ ⊃ T ∗+ S∗ holds. If S is bounded, equality prevails. A

more general result is due to R.W. Beals (see also [Gol66, Corollary V.3.9]):

Proposition 2.1.11 Let E, F be Banach or Hilbert spaces and let T, S

be densely defined linear operators from E to F . If T is Fredholm, S is

T -compact, and S∗ is T ∗-compact, then (T + S)∗ = T ∗+ S∗ (see [Bea64]).

Remark 2.1.12 If S is T -compact, then S∗ need not be T ∗-compact. In

fact, it may happen that D(T ∗)∩D(S∗) = {0} even if T is the inverse of a

positive definite compact operator in a Hilbert space (see [Bea64]).

It is a classical result of Weyl that relatively compact perturbations of

a self-adjoint operator do not alter the essential spectrum (see [Wey09]).

Here we use the following two generalizations for closed linear operators (see
[EE87, Theorem IX.2.1, k = 3] and [Kat95, Theorem IV.5.35, footnote 1]).

Theorem 2.1.13 Let E be a Banach space. If T is a closed linear oper-

ator in E and S is a T -compact operator in E, then

σess(T + S) = σess(T ),

and ind(T − λ) = ind(T + S − λ) for λ /∈ σess(T ).

Remark 2.1.14 Theorem 2.1.13 also holds if one uses the definitions of

the essential spectrum from [EE87, Section IX.1] for k = 1, 2, 4, but not for

k = 5; in this case, additional hypotheses are required.

A weaker criterion for the stability of the essential spectrum is the com-

pactness of the difference of the resolvents.

Theorem 2.1.15 Let E be a Banach space and let T , T0 be closed linear

operators in E with ρ(T ) ∩ ρ(T0) 6= ∅. If, for some λ0 ∈ ρ(T ) ∩ ρ(T0), the

difference (T − λ0)
−1 − (T0 − λ0)

−1 is compact, then
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σess(T ) = σess(T0),

and ind(T − λ) = ind(T0 − λ) for λ /∈ σess(T ).

Proof. Let λ∈C\{λ0}. The proof of this theorem is based on the relation

T − λ = (λ− λ0)(T − λ0)
(
(λ− λ0)

−1 − (T − λ0)
−1
)
,

and an analogous formula for T0. By the spectral mapping theorem for the

essential spectrum (see [EE87, Theorem IX.2.3, k = 3]) and the compact-

ness assumption, we have

λ ∈ σess(T ) ⇐⇒ (λ− λ0)
−1 ∈ σess

(
(T − λ0)

−1) = σess

(
(T0 − λ0)

−1)

⇐⇒ λ ∈ σess(T0).

Since λ0 ∈ ρ(T )∩ρ(T0), the operators T−λ0 and T0−λ0 are Fredholm with

index 0. Then, for λ /∈ σess(T ), the index stability theorem (see [GGK90,

Theorem XVII.3.1]) yields that

ind(T − λ) = ind
(
(T − λ0)

−1 − (λ− λ0)
−1
)

= ind
(
(T0 − λ0)

−1 − (λ− λ0)
−1
)

= ind(T0 − λ). �

Remark 2.1.16 The assumption of Theorem 2.1.13 implies the one in

Theorem 2.1.15. In fact, if S is T -compact and λ0 ∈ ρ(T )∩ ρ(T +S), then

S(T − λ0)
−1 is compact (see [Wei00, Satz 9.12]) and hence, by the second

resolvent identity, so is

(T + S − λ0)
−1 − (T − λ0)

−1 = −(T + S − λ0)
−1S (T − λ0)

−1.

Domain inclusions, in general, only imply relative boundedness (see

Remark 2.1.3 i)). If the unperturbed operator has some additional proper-

ties which allow to define fractional powers, much more can be said.

Definition 2.1.17 For ω ∈ [0, π) we define the sector

Σω :=
{
reiφ : r ≥ 0, |φ| ≤ ω

}
⊂ C. (2.1.5)

A densely defined linear operator T in a Banach space E is called sectorial

if there exists an ω ∈ [0, π) such that

(i) C \ Σω ⊂ ρ(T ),

(ii) supλ∈C\Σω

∥∥(T − λ)−1
∥∥ <∞,

and T is called m-accretive if ω ≤ π/2. The infimum of all such ω is called

(sectoriality) angle of T (see e.g. [KW04, Section 9], [Kre71, Chapter I.5.8]).

A sectorial operator T is always closed as ρ(T ) 6= ∅. A Neumann series

argument yields the following equivalent characterization of sectoriality.
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Remark 2.1.18 The operator T is sectorial if and only if

(i′) (−∞, 0) ⊂ ρ(T ),

(ii′) there exists an M ≥ 0 such that
∥∥(T − λ)−1

∥∥ < M

|λ| , λ ∈ (−∞, 0),

and T is m-accretive if and only if (i′) and (ii′) with M=1 hold; in this case,
∥∥(T − z)−1

∥∥ < 1

|Re z| , Re z < 0. (2.1.6)

For a sectorial operator T , the fractional powers T γ , 0 ≤ γ ≤ 1, are

defined (see e.g. [KW04, Section 15], [Kre71, Chapter I.5.8], [Paz83, Sec-

tion 2.6]); like T itself, they are all densely defined closed linear operators.

Proposition 2.1.19 Let E, F be Banach spaces, S a closable linear oper-

ator from E to F , and T a sectorial operator in E. If there is a γ ∈ (0, 1)

with D(T γ) ⊂ D(S), then S is T -bounded with T -bound 0.

Proof. Since T γ is closed and S is closable, the inclusion D(T γ) ⊂ D(S)

implies that S is T γ-bounded. Due to the log-convexity property of the

mapping α 7→ ‖Tαx‖, there is a C > 0 such that, for every ε > 0,

‖T γx‖ ≤ C
(
ε−γ‖x‖+ ε1−γ‖Tx‖

)
, x ∈ D(T ) ⊂ D(T γ) (2.1.7)

(see [KW04, Theorem 15.14a)]). This and γ<1 imply that T γ is T -bounded

with T -bound 0. Together with the first statement, the claim follows. �

For a non-sectorial operator T in a Hilbert space, Proposition 2.1.19

applies to the sectorial operator |T | and yields:

Corollary 2.1.20 Let E, F be Hilbert spaces, S a closable linear operator

from E to F , and T a densely defined closed linear operator in E. If there

is a γ ∈ (0, 1) with D(|T |γ) ⊂ D(S), then S is T -bounded with T -bound 0.

Proof. If (Eλ)λ∈R is the spectral function of T , then the spectral theorem

and Hölder’s inequality show that, for x ∈ D(T ),

‖T γx‖2 =

∫ ∞

0

λ2γ d(Eλx, x) ≤
(∫ ∞

0

d(Eλx, x)

)1−γ(∫ ∞

0

λ2d(Eλx, x)

)γ

=‖x‖2(1−γ) ‖Tx‖2γ.

Now let ε > 0 be arbitrary. Applying Young’s inequality, we arrive at

‖x‖1−γ‖Tx‖γ=
(
γ

γ
1−γ

εγ
‖x‖
)1−γ(

ε1−γ

γ
‖Tx‖

)γ
≤ (1−γ)γ

γ
1−γ

εγ
‖x‖+ ε1−γ‖Tx‖

≤ ε−γ‖x‖+ ε1−γ‖Tx‖. �
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Remark 2.1.21 If T is a nonnegative operator in a Hilbert space E,

then the inequality (2.1.7) holds with C = 1.

For the study of exponentially dichotomous block operator matrices (see

Section 2.7), we need a number of variations of the notion of accretivity;

here we may specialize to linear operators in Hilbert spaces.

Definition 2.1.22 Let E be a Hilbert space with scalar product (·, ·) and

let T be a linear operator in E. Denote the numerical range of T by

W (T ) :=
{
(Tx, x) : x ∈ D(T ), ‖x‖ = 1

}
. (2.1.8)

Then the operator T is called accretive (see [EE87, Definition III.6.1]) if

(i) W (T ) ⊂ Σπ/2 = {z ∈ C : Re z ≥ 0};
it is called strictly accretive if the inequality Re z ≥ 0 in (i) is replaced by

the strict inequality Re z > 0, and uniformly accretive if, instead of (i),

(i′) W (T ) ⊂ α+ Σπ/2 = {z ∈ C : Re z ≥ α} for some α > 0.

The operator T is called regularly accretive (see [Gom88]) if, instead of (i),

(i′′) W (T ) ⊂ Σω for some ω ∈ [0, π/2),

it is called regularly quasi-accretive (or regularly accretive with vertex α) if

T + α is regularly accretive for some α ∈ R.

As in the bounded case, the numerical rangeW (T ) is convex (see [Sto32,

Theorem 4.7]) and σp(T ) ⊂ W (T ). For the inclusion of the spectrum, an

additional condition is required: If T is closed, then σ(T ) ⊂ W (T ) holds

if every component of C \W (T ) contains a point λ0 ∈ ρ(T ) (see [Kat95,

Section V.3.2]); then, as in the bounded case, the resolvent satisfies the

norm estimate
∥∥(T − λ)−1

∥∥ ≤ 1

dist
(
λ,W (T )

) , λ /∈W (T ).

Remark 2.1.23 If T is accretive and (−∞, 0) ∩ ρ(T ) 6= ∅, then T is m-

accretive (see [Kat95, Section V.3.10]) and the above resolvent estimate

coincides with (2.1.6). Using this additional property, we define strictly m-

accretive, uniformly m-accretive, regularly m-accretive, and regularly quasi-

m-accretive operators. One can show that T is m-accretive if and only if it

is maximal accretive, i.e. T has no proper accretive extension (see [Phi59]).

Obviously, T is regularly m-accretive if and only if it is sectorial with

angle < π/2; note that such operators are referred to as m-sectorial with

vertex 0 by T. Kato (see [Kat95, Section V.3.10]).
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2.2 Closedness and closability of block operator matrices

If the entries of a block operator matrix are densely defined and closable,

this need not be true for the block operator matrix. Moreover, if a block

operator matrix is closable, its closure need not have a block operator

matrix representation anymore. In the following, we identify classes of

closable block operator matrices and we describe their closures.

Let H1, H2 be Banach spaces. In the product space H := H1 ⊕H2 we

consider an unbounded block operator matrix

A =

(
A B

C D

)
(2.2.1)

where A : H1 → H1, B : H2 → H1, C : H1 → H2, and D : H2 → H2 are

closable operators with dense domains D(A),D(C)⊂H1, D(B),D(D)⊂H2.

We always suppose that A with its natural domain

D(A) = D1⊕D2 :=
(
D(A) ∩ D(C)

)
⊕
(
D(B) ∩ D(D)

)
(2.2.2)

is also densely defined. Note that, unlike bounded operators, unbounded

linear operators, in general, do not admit a matrix representation (2.2.1)

with respect to a given decomposition H = H1 ⊕H2.

If either the entries A and D or the entries B and C are bounded, then

A with its domain (2.2.2) is closable as the sum of a closable and a bounded

operator; if, in addition, the unbounded entries are closed, then A is closed.

We use the following classification of unbounded block operator matrices

in terms of the positions of the dominating entries (see [Tre00], [Tre08]).

Definition 2.2.1 The block operator matrix A in (2.2.1) is called

i) diagonally dominant if C is A-bounded and B is D-bounded,

ii) off-diagonally dominant if A is C-bounded and D is B-bounded,

iii) upper dominant if C is A-bounded and D is B-bounded,

iv) lower dominant if A is C-bounded and B is D-bounded.

The lower dominant case does not need extra consideration; it is equiva-

lent to the upper dominant case if the two space components are exchanged.

In all cases above, the domain of the block operator matrix A is deter-

mined by the domains of the dominating entries,

D(A) =





D(A) ⊕D(D) if A is diagonally dominant,

D(C) ⊕D(B) if A is off-diagonally dominant,

D(A) ⊕D(B) if A is upper dominant;

(2.2.3)

hence A is automatically densely defined since so are its entries.
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If at least one of the entries in each column is closed, then the type of

dominance may be read off from domain inclusions (see Remark 2.1.3 i)).

Remark 2.2.2 The block operator matrix A is

i) diagonally dominant if A,D are closed, D(A)⊂D(C), D(D)⊂D(B),

ii) off-diagonally dominant if B,C are closed, D(C)⊂D(A), D(B)⊂D(D),

iii) upper dominant if A,B are closed, D(A)⊂D(C), D(B)⊂D(D).

In order to guarantee that A is closable or closed, we need more refined

assumptions on the strength of the entries with respect to each other. First

we consider the diagonally dominant and the off-diagonally dominant case

(see [Tre08, Section 2]).

Definition 2.2.3 Let δ ≥ 0. The block operator matrix A is called

i) diagonally dominant of order δ if C is A-bounded with A-bound δC ,

B is D-bounded with D-bound δB , and δ = max {δB, δC},
ii) off-diagonally dominant of order δ if A is C-bounded with C-bound δA,

D is B-bounded with B-bound δD, and δ = max {δA, δD}.

Remark 2.2.4 If H1 = H2, then the block operator matrix A is off-

diagonally dominant (of order δ) if and only if

GA :=

(
0 I

I 0

)(
A B

C D

)
=

(
C D

A B

)
(2.2.4)

is diagonally dominant (of order δ); in this particular situation, the follow-

ing statements for the off-diagonally dominant case may be deduced from

the corresponding statements for the diagonally dominant case.

Proposition 2.2.5 Define the block operator matrices

T :=

(
A 0

0 D

)
, S :=

(
0 B

C 0

)
. (2.2.5)

i) If A is diagonally dominant of order δ, then S is T -bounded with

T -bound δ.

ii) If A is off-diagonally dominant of order δ, then T is S-bounded with

S-bound δ.

Proof. We prove i); the proof of ii) is similar. Let ε > 0 be arbi-

trary. By the assumptions and Remark 2.1.3 ii), there exist constants

a′B , a
′
C , b

′
B , b

′
C ≥ 0 such that δB ≤ b′B < δB + ε, δC ≤ b′C < δC + ε and

‖Bg‖2 ≤ a′ 2B ‖g‖2 + b′ 2B ‖Dg‖2, g ∈ D(D), (2.2.6)

‖Cf‖2 ≤ a′ 2C ‖f‖2 + b′ 2C ‖Af‖2, f ∈ D(A). (2.2.7)
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Hence we obtain, for (f g)t ∈ D(A) ⊕D(D),
∥∥∥∥
(

0 B

C 0

)(
f

g

)∥∥∥∥
2

= ‖Bg‖2 + ‖Cf‖2

≤ a′ 2B ‖g‖2 + b′ 2B ‖Dg‖2 + a′ 2C ‖f‖2 + b′ 2C ‖Af‖2

≤
(
max {a′B , a′C}

)2
∥∥∥∥
(
f

g

)∥∥∥∥
2

+
(
max {b′B, b′C}

)2
∥∥∥∥
(
A 0

0 D

)(
f

g

)∥∥∥∥
2

.

Since max {b′B, b′C} < max {δB + ε, δC + ε} = δ+ ε, this shows that S is T -

bounded with T -bound <δ. That the T -bound indeed equals δ follows by

contradiction if we first set f=0 and then g=0 in the above inequality. �

An immediate consequence of Proposition 2.2.5 and Lemma 2.1.6 is:

Corollary 2.2.6 If, in Proposition 2.2.5 i) or ii), the order of dominance

δ is < 1, then S or T , respectively, is A-bounded with A-bound ≤ δ/(1−δ).
Theorem 2.2.7 The block operator matrix A is closable if

i) A is diagonally dominant of order < 1 with closure given by

A =

(
A B

C D

)
;

if, in addition, A and D are closed, then A is closed.

ii) A is off-diagonally dominant of order < 1 with closure given by

A =

(
A B

C D

)
;

if, in addition, B and C are closed, then A is closed.

Proof. All claims follow from Proposition 2.2.5, Theorem 2.1.4 i), and

from the formulae(
A 0

0 D

)
=

(
A 0

0 D

)
,

(
0 B

C 0

)
=

(
0 B

C 0

)
. �

In the above theorem the assumptions are symmetric for the two

columns of the block operator matrix. In fact, a stronger dominance in

one column may compensate for a weaker one in the other column.

Theorem 2.2.8 The block operator matrix A is closable if

i) A is diagonally dominant and, for the relative bounds δC of C, δB of B,

δ2C
(
1 + δ2B

)
< 1 or δ2B

(
1 + δ2C

)
< 1;

if, in addition, A and D are closed, then A is closed.
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ii) A is off-diagonally dominant and, for the relative bounds δA of A and

δD of D,
δ2A
(
1 + δ2D

)
< 1 or δ2D

(
1 + δ2A

)
< 1;

if, in addition, B and C are closed, then A is closed.

Proof. We prove i); the proof of ii) is analogous. Let e.g. δ2
C(1+δ2B) < 1.

Then δC < 1 and δBδC < 1. We consider the block operator matrices

T :=

(
A B

0 D

)
, S :=

(
0 0

C 0

)
.

First we prove that T is closable. Suppose that
(
(xn yn)t

)∞
1
⊂ D(A)⊕D(D)

is a sequence such that (xn yn)t → (0 0)t, n→∞, and

T
(
xn

yn

)
=

(
Axn +Byn

Dyn

)
−→

(
v

w

)
, n→∞,

with some v ∈ H1, w ∈ H2. Since D is closable, this shows that w = 0. The

assumption that B is D-bounded implies that there exist aB , bB ≥ 0 with

‖Byn‖ ≤ aB‖yn‖+ bB‖Dyn‖ → 0, n→∞.
Hence Byn → 0 and Axn → v, n→ ∞. Then v = 0 because A is closable,

which completes the proof that T is closable. In a similar way, one can

show that T is closed if A and D are closed.

By Theorem 2.1.4 i), it suffices to prove that S is T -bounded with T -

bound < 1. Choose ε > 0 so that (δC +ε)2(1 + (δB +ε)2) < 1 and let the

constants a′B , a
′
C , b′B , b

′
C ≥ 0 with δB ≤ b′B < δB + ε, δC ≤ b′C < δC + ε be

as in (2.2.6), (2.2.7); in particular, we have b′ 2C

(
1+b′2B

)
< 1. For (f g)t ∈

D(A) ⊕D(D) and arbitrary γ > 0, we obtain, using the inequality (2.1.3),
∥∥∥∥
(

0 0

C 0

)(
f

g

)∥∥∥∥
2

= ‖Cf‖2

≤ a′ 2C ‖f‖2+b′ 2C

(∥∥Af+Bg
∥∥+
∥∥Bg

∥∥)2

≤ a′ 2C ‖f‖2+(1+γ−1)b′ 2C

∥∥Af +Bg
∥∥2

+(1+γ)b′2C
∥∥Bg

∥∥2

≤ a′ 2C ‖f‖2+(1+γ)a′2B b
′ 2
C ‖g‖2+(1+γ−1)b′ 2C

∥∥Af+Bg
∥∥2+(1+γ)b′2B b

′ 2
C

∥∥Dg
∥∥2

≤ max
{
a′2C, (1+γ)a′2Bb

′2
C

}∥∥∥∥
(
f

g

)∥∥∥∥
2

+ b′2C max
{
1+γ−1, (1+γ)b′2B

}∥∥∥∥
(
A B

0 D

)(
f

g

)∥∥∥∥
2

.

There exists a γ > 0 with b′ 2C max
{
1+γ−1, (1+γ)b′2B

}
< 1 if and only if

b′ 2C

1− b′ 2C

<
1− b′ 2B b

′ 2
C

b′ 2B b
′ 2
C

;

the latter is satisfied as the equivalent condition b′2C
(
1+b′2B

)
<1 holds. �
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Corollary 2.2.9 The block operator matrix A is closable if

i) C is A-bounded, B is D-bounded and at least one of them has relative

bound 0; if, in addition, A and D are closed, then A is closed.

ii) A is C-bounded, D is B-bounded and at least one of them has relative

bound 0; if, in addition, B and C are closed, then A is closed.

Remark 2.2.10 The assumptions of Corollary 2.2.9 are satisfied if either

A is diagonally dominant and one of the off-diagonal elements is bounded or

if A is off-diagonally dominant and one of the diagonal elements is bounded.

Proposition 2.1.19 and Corollary 2.1.20 together with Corollary 2.2.9

yield some useful criteria for a block operator matrix to be closable or

closed; here we restrict ourselves to closedness and to the Hilbert space case.

Corollary 2.2.11 The block operator matrix A is closed if A and D are

closed and one of the following holds:

i) D(A) ⊂ D(C) and D(|D|γ) ⊂ D(B) for some γ ∈ (0, 1),

i′) D(D) ⊂ D(B) and D(|A|γ) ⊂ D(C) for some γ ∈ (0, 1),

or if B and C are closed and one of the following holds:

ii) D(C) ⊂ D(A) and D(|B|γ) ⊂ D(D) for some γ ∈ (0, 1),

ii′) D(B) ⊂ D(D) and D(|C|γ) ⊂ D(A) for some γ ∈ (0, 1).

Proof. If i) holds, then C is A-bounded and B is D-bounded with D-

bound 0 by Corollary 2.1.20. Hence A is closed by Corollary 2.2.9 i). The

proof for the other cases is analogous. �

Under weaker assumptions than in the previous theorems, the closure of

a block operator matrix need not be a block operator matrix. This means

that, in general, the domain of the closure is non-diagonal (see [Nag90],
[Nag89]), i.e. it does not have the form D̃1 ⊕ D̃2 with D̃1 ⊂ H1, D̃2 ⊂ H2.

In the following, we characterize the closablility of block operator matri-

ces and describe their closures in terms of the Schur complements.

Definition 2.2.12 The operator functions S1 and S2 defined by

S1(λ) := A− λ−B(D − λ)−1C, λ ∈ ρ(D), (2.2.8)

S2(λ) := D − λ− C(A− λ)−1B, λ ∈ ρ(A), (2.2.9)

are called Schur complements of A.

The values S1(λ) and S2(λ) are linear operators in H1 and H2, respec-

tively. In contrast to the bounded case (see Definition 1.6.1), they need not

be bounded and their domains D
(
S1(λ)

)
and D

(
S2(λ)

)
may vary with λ.
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Remark 2.2.13 We have

D
(
S1(λ)

)
= D(A) ∩ D(C) = D1 if D(D) ⊂ D(B),

D
(
S2(λ)

)
= D(B) ∩ D(D) = D2 if D(A) ⊂ D(C),

independently of λ ∈ ρ(D) and λ ∈ ρ(A), respectively; in particular,

D
(
S1(λ)

)
=

{ D(A) if A is diagonally dominant,

D(C) if A is lower dominant,

D
(
S2(λ)

)
=

{ D(D) if A is diagonally dominant,

D(B) if A is upper dominant.

The next theorem was proved in [ALMS94, Theorem 1.1, Proposi-

tion 3.1] for upper dominant block operator matrices; in the more general

form presented here, it was established in [Shk95, Theorem 1.1].

The Frobenius-Schur factorizations (2.2.10), (2.2.12) below generalize

the corresponding formulae in the bounded case (see (1.6.2), (1.6.3)); later

we also use them to relate the spectrum of the block operator matrix to

the spectra of its Schur complements.

Theorem 2.2.14 Suppose that D(A) ⊂ D(C), ρ(A) 6= ∅, and that, for

some (and hence for all ) µ ∈ ρ(A), the operator (A − µ)−1B is bounded

on D(B). Then A is closable (closed, respectively) if and only if S2(µ) is

closable (closed, respectively) for some (and hence for all ) µ ∈ ρ(A); in this

case, the closure A is given by

A = µ+

(
I 0

C(A− µ)−1 I

)(
A− µ 0

0 S2(µ)

)(
I (A− µ)−1B

0 I

)
, (2.2.10)

independently of µ ∈ ρ(A), that is,

D
(
A
)

=

{(
x

y

)
∈H1⊕H2 : x+ (A− µ)−1B y ∈ D(A), y ∈ D

(
S2(µ)

)}
,

A
(
x

y

)
=

(
(A− µ)

(
x+ (A− µ)−1B y

)
+ µx

C
(
x+ (A− µ)−1B y

)
+
(
S2(µ) + µ

)
y

)
.

Proof. First we note that the assumptions on (A− µ)−1B and on S2(µ)

do not depend on the choice of µ ∈ ρ(A). In fact, for µ, µ0 ∈ ρ(A), the

differences (A−µ0)
−1B− (A−µ)−1B and S2(µ0)−S2(µ), respectively, are

bounded since, by the resolvent identity for A,

(A− µ0)
−1B − (A− µ)−1B = (µ0 − µ)(A − µ0)

−1(A− µ)−1B,

S2(µ0)− S2(µ) = −(µ0 − µ)
(
I + C(A− µ0)

−1(A− µ)−1B
)
.
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By direct computation, we see that

A− µ=

(
I 0

C(A− µ)−1 I

)(
A− µ 0

0 S2(µ)

)(
I (A− µ)−1B

0 I

)
. (2.2.11)

Note that in (2.2.11) we can replace (A − µ)−1B = (A− µ)−1B
∣∣
D(B)

by

(A− µ)−1B since the domain of the middle factor is equal to

D(A) ⊕D
(
S2(µ)

)
= D(A)⊕

(
D(B) ∩ D(D)

)
⊂ D(A) ⊕D(B).

Then the first and last factor in (2.2.11) are bounded and boundedly invert-

ible in H1⊕H2. Hence A−µ is closable (closed, respectively) if and only if

so is the middle factor in (2.2.11); since ρ(A) 6= ∅ implies that A is closed,

the latter holds if and only if S2(µ) is closable (closed, respectively). In this

case, the closure of the product of the three operator matrices is obtained

by taking the closure of the middle factor. This proves (2.2.10). Since A
does not depend on µ, the right hand side of (2.2.10) does not either. �

Remark 2.2.15 If H1, H2 are Hilbert spaces, then (A − µ)−1B is

bounded on D(B) if and only if D(A∗) ⊂ D(B∗).

Proof. We follow the proof of [ALMS94, Proposition 3.1]. If D(A∗) ⊂
D(B∗), then (A − µ)−1B ⊂

(
B∗(A∗− µ)−1

)∗
is bounded by the closed

graph theorem. So the densely defined operator (A−µ)−1B is closable and

(A− µ)−1B =
(
B∗(A∗− µ)−1

)∗
. Conversely, if (A − µ)−1B is bounded on

the dense set D(B), then (A− µ)−1B is everywhere defined and bounded;

hence so is
(
B∗(A∗− µ)−1

)∗⊃(A− µ)−1B which yields D(A∗) ⊂ D(B∗). �

An example for the subtle difference between closed and closable block

operator matrices was given in [ADFG00, Section 6] where accretive block

operator matrices were considered. Block operator matrices of this form

also occur in stability problems in hydrodynamics; there information about

the closure is needed so that results for contractive semigroups can be

applied (see [AHKM03, Remark 3.12, Theorem 3.15]).

Example 2.2.16 Suppose that A and D are uniformly positive self-

adjoint operators in H1 and H2, respectively, A ≥ α > 0 and D ≥ δ > 0,

and B is a densely defined closable operator from H2 to H1. If A and B

are unbounded with D(A1/2) ⊂ D(B∗) and D is bounded, then

A =

(
A B

−B∗ D

)

is closable, but not closed; this follows from Theorem 2.2.14 and from

Remark 2.2.15 since B∗A−1B is bounded on the dense set D(B) so that
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S2(0) = D −B∗A−1B $ D −B∗A−1B = S2(0)

is bounded on D(B) and thus closable, but not closed. If, however, D is

unbounded and D(D)⊂D(B), then A is closed by Corollary 2.2.11 i′). Since

Re (Ax,x) = Re (Ax, x) + Re (Dy, y) ≥ max{α, δ}‖x‖2

for x = (x y)t ∈ D(A)⊕
(
D(B)∩D(D)

)
, A is uniformly m-accretive if D is

unbounded and D(D) ⊂ D(B), but not if D is bounded; in this case, only

the closure A, which is given by (2.2.10), is uniformly m-accretive.

Remark 2.2.17 General criteria for unbounded block operator matrices

to be accretive and regularly accretive were derived in [Arl02] (there, like

in [Kat95], the notion sectorial is used for regularly accretive). In addition,

m-accretive and regularly m-accretive extensions are parametrized in terms

of the Schur complements and their derivatives.

The following analogue of Theorem 2.2.14 in terms of the first Schur

complement is proved in a completely analogous way.

Theorem 2.2.18 Suppose that D(D) ⊂ D(B), ρ(D) 6= ∅, and that, for

some (and hence for all ) µ ∈ ρ(D), the operator (D − µ)−1C is bounded

on D(C). Then A is closable (closed, respectively) if and only if S1(µ) is

closable (closed, respectively) for some (and hence for all ) µ ∈ ρ(D); in

this case, the closure A is given by

A = µ+

(
I B(D − µ)−1

0 I

)(
S1(µ) 0

0 D − µ

)(
I 0

(D − µ)−1C I

)
, (2.2.12)

independently of µ ∈ ρ(D), that is,

D
(
A
)

=

{(
x

y

)
∈H1⊕H2 : x ∈ D

(
S1(µ)

)
, (D − µ)−1C x+ y ∈ D(D)

}
,

A
(
x

y

)
=

((
S1(µ) + µ

)
x+B

(
(D − µ)−1C x+ y

)

(D − µ)
(
(D − µ)−1C x+ y

)
+ µ y

)
.

Remark 2.2.19 If H1, H2 are Hilbert spaces, then (D − µ)−1C is

bounded on D(C) if and only if D(D∗) ⊂ D(C∗).

Apart from the Schur complements, there is another pair of operator

functions that reflect the spectral properties of a block operator matrix.

These so-called quadratic complements may be used, in particular, if neither

D(A) ⊂ D(C) nor D(D) ⊂ D(B); in this case, the domains of the Schur

complements are, in general, not independent of λ.
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Definition 2.2.20 Suppose that either C or B is boundedly invertible.

Then the quadratic operator polynomials T1 and T2 defined by

T1(λ) := C − (D − λ)B−1(A− λ) if B is boundedly invertible, (2.2.13)

T2(λ) := B − (A− λ)C−1(D − λ) if C is boundedly invertible, (2.2.14)

for λ ∈ C are called quadratic complements of A.

The values T1(λ) and T2(λ) are linear operators from H1 to H2 and

from H2 to H1, respectively; their domains D
(
T1(λ)

)
and D

(
T2(λ)

)
may,

in general, depend on λ.

Remark 2.2.21 We have

D
(
T1(λ)

)
= D(A) ∩ D(C) = D1 if D(B) ⊂ D(D),

D
(
T2(λ)

)
= D(B) ∩ D(D) = D2 if D(C) ⊂ D(A),

independently of λ ∈ C; in particular, if A is off-diagonally dominant,

D
(
T1(λ)

)
= D(C), D

(
T2(λ)

)
= D(B).

In the special case H1 = H2, there is a certain relation between qua-

dratic complements and Schur complements.

Remark 2.2.22 If H1 = H2, then, with G as in (2.2.4), we have

G(A− λ) =

(
0 I

I 0

)(
A− λ B

C D − λ

)
=

(
C D − λ

A− λ B

)
=: Aλ.

Thus, the quadratic complements T1(λ), T2(λ) may be identified with the

first and second, respectively, Schur complement of Aλ evaluated at 0; in

this case, the following results using the quadratic complements may be

deduced from the corresponding results using the Schur complements.

Theorem 2.2.23 Suppose that D(C) ⊂ D(A), C is boundedly invert-

ible, and that C−1D is bounded on D(D). Then A is closable (closed,

respectively) if and only if T2(µ) is closable (closed, respectively) for some

(and hence for all ) µ ∈ C; in this case, the closure A is given by

A = µ+

(
I (A− µ)C−1

0 I

)(
0 T2(µ)

C 0

)(
I C−1(D − µ)

0 I

)
, (2.2.15)

independently of µ ∈ C, that is,

D
(
A
)

=

{(
x

y

)
∈H1⊕H2 : x+ C−1(D − µ) y ∈ D(C), y ∈ D

(
T2(µ)

)}
,

A
(
x

y

)
=

(
(A− µ)

(
x+ C−1(D − µ) y

)
+ µx+ T2(µ) y

C
(
x+ C−1(D − µ) y

)
+ µ y

)
.
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Proof. Obviously, for every µ ∈ C,

T2(µ) = B −AC−1D + µ
(
AC−1 + C−1D

)
− µ2C−1,

the coefficients of µ and µ2 being bounded operators due to the assumptions.

Hence the closability of T2(µ) does not depend on the choice of µ ∈ C. By

direct computation, we find that

A− µ =

(
I (A− µ)C−1

0 I

)(
0 T2(µ)

C 0

)(
I C−1(D − µ)

0 I

)
. (2.2.16)

Note that in (2.2.16) we can replace C−1(D − µ) = C−1(D − µ)
∣∣
D(D)

by

C−1(D − µ) since the domain of the middle factor is equal to

D(C)⊕D
(
T2(µ)

)
= D(C) ⊕

(
D(B) ∩ D(D)

)
⊂ D(C)⊕D(D).

Then the first and last factor in (2.2.16) are bounded and boundedly invert-

ible. Hence A−µ is closable if and only if so is the middle factor in (2.2.16);

since C is boundedly invertible and thus closed, the latter holds if and only

if T2(µ) is closable. In this case, the closure is obtained by taking the clo-

sure of the middle factor. This proves (2.2.15). Since A does not depend

on µ, the same is true for the right hand side of (2.2.15). �

Remark 2.2.24 If H1, H2 are Hilbert spaces, then C−1(D − µ) is

bounded on D(D) if and only if D(C∗) ⊂ D(D∗).

If B is boundedly invertible, the following analogue of Theorem 2.2.23

can be proved.

Theorem 2.2.25 Suppose that D(B) ⊂ D(D), B is boundedly invert-

ible, and that B−1A is bounded on D(A). Then A is closable (closed,

respectively) if and only if T1(µ) is closable (closed, respectively) for some

(and hence for all ) µ ∈ C; in this case, the closure A is given by

A = µ+

(
I 0

(D − µ)B−1 I

)(
0 B

T1(µ) 0

)(
I 0

B−1(A− µ) I

)
, (2.2.17)

independently of µ ∈ C, that is,

D
(
A
)

=

{(
x

y

)
∈H1⊕H2 : x ∈ D

(
T1(µ)

)
, B−1(A− µ)x+ y ∈ D(B)

}
,

A
(
x

y

)
=

(
B
(
B−1(A− µ)x+ y

)
+ µx

(D − µ)
(
B−1(A− µ)x+ y

)
+ T1(µ) x+ µ y

)
.

Remark 2.2.26 If H1, H2 are Hilbert spaces, then B−1(A − µ) is

bounded on D(A) if and only if D(B∗) ⊂ D(A∗).
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In the diagonally dominant and off-diagonally dominant case, the closed-

ness of the Schur complements and of the quadratic complements can be

related to the closedness criteria given in Theorems 2.2.7 and 2.2.8. Here

aA, aB , aC , aD and bA, bB , bC , bD denote the constants in the inequalities

for the respective relative boundedness properties (see (2.1.1)).

Corollary 2.2.27 The block operator matrix A is closed if one of the

following assumptions holds:

i) A is diagonally dominant, ρ(A) 6= ∅, D is closed, (A−µ)−1B is bounded

on D(B) for some µ ∈ ρ(A), and
(
(aC + |µ| bC)‖(A− µ)−1‖+ bC

)
bB < 1; (2.2.18)

ii) A is diagonally dominant, ρ(D) 6= ∅, A is closed, (D−µ)−1C is bounded

on D(C) for some µ ∈ ρ(D), and
(
(aB + |µ| bB)‖(D − µ)−1‖+ bB

)
bC < 1; (2.2.19)

iii) A is off-diagonally dominant, C is boundedly invertible, B is closed,

C−1D is bounded on D(D), and
(
aA‖C−1‖+ bA

)
bD < 1;

iv) A is off-diagonally dominant, B is boundedly invertible, C is closed,

B−1A is bounded on D(A), and
(
aD‖B−1‖+ bD

)
bA < 1.

Proof. i) In Theorem 2.2.14 the diagonally dominant operatorA is closed

if (A− µ)−1B is bounded on D(B) and S2(µ) is closed for some µ ∈ ρ(A).

Since C is A-bounded and B isD-bounded, there are aC , bC , aB , bB≥0 with

‖C(A− µ)−1Bx‖ ≤ (aC + |µ| bC)‖(A− µ)−1Bx‖+ bC‖Bx‖
≤
(
(aC + |µ| bC)‖(A− µ)−1‖+ bC

)(
bB‖x‖+ bB‖Dx‖

)

for x ∈ D(D). Now S2(µ) = D−µ−C(A−µ)−1B is closed if C(A−µ)−1B

is D-bounded with D-bound < 1, which is satisfied if (2.2.18) holds.

The proof of ii) and for the off-diagonally dominant case is similar. �

Remark 2.2.28 The above criteria compare to those derived in Theo-

rems 2.2.7 and 2.2.8 as follows; we restrict ourselves to the diagonally dom-

inant case and let δC denote the A-bound of C and δB the D-bound of B.

i) If max{δC , δB} < 1, then Theorem 2.2.7 i) shows that A is closed

without any further assumptions.
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ii) The weaker condition δBδC < 1 is necessary for Corollary 2.2.27 i) or ii)

as well as for Theorem 2.2.8 i); in the latter, the sufficient conditions

δ2C
(
1 + δ2B

)
< 1 or δ2B

(
1 + δ2C

)
< 1 do not require any assumptions

linking A to B or C to D.

The results of Theorems 2.2.14, 2.2.18, 2.2.23, and 2.2.25 should also be

compared with the following results established in [Eng96, Proposition 2.2,

Theorem 2.15] in view of applications to systems of evolution equations.

Under the assumptions therein, more direct factorizations than in the pre-

vious theorems can be used. However, in general, not the closure but only

a closed extension of the block operator matrix A is obtained.

Remark 2.2.29 The block operator matrix A is closable if:

i) A is diagonally dominant, A, D are boundedly invertible, A−1B, D−1C

are bounded on D(B) and D(C), respectively; a closed extension of A is

D
(
Ã
)
=

{(
x

y

)
∈H1⊕H2 : x+A−1By ∈ D(A), D−1Cx+y ∈ D(D)

}
,

Ã
(
x

y

)
=

(
A
(
x+A−1By

)

D
(
D−1Cx+ y

)
)
,

ii) A is off-diagonally dominant, B, C are boundedly invertible, B−1A,

C−1D are bounded on D(A) and D(D), respectively; a closed extension

of A is

D
(
Ã
)
=

{(
x

y

)
∈H1⊕H2 : B−1Ax+y ∈ D(B), x+C−1Dy ∈ D(C)

}
,

Ã
(
x

y

)
=

(
B
(
B−1Ax+ y

)

C
(
x+ C−1Dy

)
)
.

Proof. i) Since A and D are boundedly invertible, we can write
(
A B

C D

)
=

(
A 0

0 D

)(
I A−1B

D−1C I

)
. (2.2.20)

By assumption, the first factor is closed and A−1B, D−1C have bounded

everywhere defined closures. Thus

Ã :=

(
A 0

0 D

)(
I A−1B

D−1C I

)
,

is a closed extension of the right hand side of (2.2.20) and hence of A. The

proof of ii) is analogous. �
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Remark 2.2.29 is a special case of [Eng96, Proposition 2.2, Theo-

rem 2.15]; for i) we choose X= [D(A)], Y = [D(D)], K= A−1B, L= D−1C

therein, for ii) we choose X= [D(C)], Y = [D(B)], G = C−1D, H = B−1A.

Note that, in general, Remark 2.2.29 only yields a closed extension Ã
of A, not the closure as in Theorems 2.2.14, 2.2.18, 2.2.23, and 2.2.25.

This is due to the following difference between the factorization (2.2.20)

and the factorizations (2.2.10), (2.2.15), respectively: In the latter, both

outer factors are bounded and boundedly invertible, whereas in the former

the first factor is boundedly invertible, but not bounded; so, in general,

the closure of the right hand side cannot be obtained simply by taking the

closure of the second factor.

2.3 Spectrum and resolvent

In this section we relate the spectrum of an unbounded block operator

matrix A to the spectra of its Schur complements and of its quadratic com-

plements. Furthermore, we give representations of the resolvent in terms of

the Schur complements and of the quadratic complements. These relations

are based on the factorizations for A−λ established in the previous section.

First we need the definitions of the various parts of the spectrum for

operator functions (compare Section 1.6 for the bounded case) and a lemma

on the spectra of equivalent linear operators and operator functions.

Definition 2.3.1 Let E,F be Banach spaces, let Ω ⊂ C be open, and

let S be an operator function on Ω whose values S(λ) are closed linear

operators from E to F . We define the resolvent set and spectrum of S by

ρ(S) :=
{
λ ∈ Ω : 0 ∈ ρ

(
S(λ)

)}
,

σ(S) :=
{
λ ∈ Ω : 0 ∈ σ

(
S(λ)

)}
= Ω \ ρ(S);

analogously, we define the point spectrum, continuous spectrum, and resid-

ual spectrum of S. The numerical range of S is defined as

W (S) :=
{
λ ∈ Ω : 0 ∈W

(
S(λ)

)}
.

Note that for the particular case S(λ) = T −λ, λ ∈ C, with a closed lin-

ear operator T the above definitions coincide with those for the operator T

(see Definition 2.1.1 and (2.1.8)).

Lemma 2.3.2 Let E,F,G, and H be Banach spaces, let Ω ⊂ C be open,

and let S, T be operator functions on Ω whose values S(λ), T (λ) are closed

linear operators from E to F and from G to H, respectively. If S and T
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are equivalent on Ω, i.e. for every λ ∈ Ω there exist bounded and boundedly

invertible operators W1(λ) : H → F and W2(λ) : E → G so that

T (λ) = W1(λ)S(λ)W2(λ), λ ∈ Ω, (2.3.1)
then

σ(T ) = σ(S), σp(T ) = σp(S), σc(T ) = σc(S), σr(T ) = σr(S).

Proof. According to the assumptions on W1 and W2, it is sufficient to

prove the inclusions in one direction. First we note that (2.3.1) is an opera-

tor equality; in particular, D
(
T (λ)

)
=
{
x ∈ E : W2(λ) ∈ D

(
S(λ)

)}
. Then,

if λ ∈ σp(T ) with eigenvector x ∈ D
(
T (λ)

)
, then λ ∈ σp(S) with eigen-

vector W2(λ)x ∈ D
(
S(λ)

)
. For the inclusions of the continuous and the

residual spectrum, we observe that, due to the assumptions on W1 and W2,

R
(
W1(λ)S(λ)W2(λ)

)
= W1(λ)R

(
S(λ)

)
,

R
(
W1(λ)S(λ)W2(λ)

)
= W1(λ)R

(
S(λ)

)
. �

The characterization of the spectra of unbounded block operator matri-

ces by means of their Schur complements seems to have been first used in
[Nag89] for the diagonally dominant case; in the upper dominant case, it

was also used in [ALMS94] and in subsequent papers to obtain information

about the essential spectrum (see Section 2.5).

Theorem 2.3.3 If the block operator matrix A satisfies

i) D(A) ⊂ D(C), ρ(A) 6= ∅, and, for some (and hence for all ) µ ∈ ρ(A),

(A − µ)−1B is bounded on D(B) and S2(µ) = D − µ − C(A − µ)−1B

is closable, then

σ
(
A
)
\ σ(A) = σ

(
S2

)
, σp

(
A
)
\ σ(A) = σp

(
S2

)
,

σc

(
A
)
\ σ(A) = σc

(
S2

)
, σr

(
A
)
\ σ(A) = σr

(
S2

)
,

and, for λ ∈ ρ
(
S2

)
= ρ
(
A
)
∩ ρ(A) ⊂ ρ

(
A
)
,

(
A − λ

)−1

=

(
I −(A−λ)−1B

0 I

)(
(A−λ)−1 0

0 S2(λ)
−1

)(
I 0

−C(A−λ)−1 I

)

=

(
(A−λ)−1+(A−λ)−1B S2(λ)

−1
C(A−λ)−1 −(A−λ)−1B S2(λ)

−1

−S2(λ)
−1
C(A−λ)−1 S2(λ)

−1

)
,

ii) D(D) ⊂ D(B), ρ(D) 6= ∅, and, for some (and hence for all ) µ ∈ ρ(D),

(D − µ)−1C is bounded on D(C) and S1(µ) = A − µ− B(D − µ)−1C

is closable, then
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σ
(
A
)
\ σ(D) = σ

(
S1

)
, σp

(
A
)
\ σ(D) = σp

(
S1

)
,

σc

(
A
)
\ σ(D) = σc

(
S1

)
, σr

(
A
)
\ σ(D) = σr

(
S1

)
,

and, for λ ∈ ρ
(
S1

)
= ρ
(
A
)
∩ ρ(D) ⊂ ρ

(
A
)
,

(
A − λ

)−1

=

(
I 0

−(D−λ)−1C I

)(
S1(λ)

−1
0

0 (D−λ)−1

)(
I −B(D−λ)−1

0 I

)

=

(
S1(λ)

−1 −S1(λ)
−1
B(D−λ)−1

−(D−λ)−1C S1(λ)
−1

(D−λ)−1+(D−λ)−1C S1(λ)
−1
B(D−λ)−1

)
.

Proof. By the assumptions, the block operator matrix A satisfies the

conditions required for Theorems 2.2.14 and 2.2.18, respectively. All claims

in i) and ii) follow from the Frobenius-Schur factorizations (2.2.10) and

(2.2.12), respectively, therein together with Lemma 2.3.2. �

For diagonally dominant block operator matrices, the resolvent sets and

hence the spectra of the Schur complements can be characterized in terms

of the entries of the block operator matrix as follows.

Proposition 2.3.4 Suppose that A is diagonally dominant and closed.

If ρ(A) ∩ ρ(D) 6= ∅, then

ρ(S1) ∩ ρ(A) =
{
µ ∈ ρ(A) ∩ ρ(D) : 1 ∈ ρ

(
B(D − µ)−1C(A− µ)−1

)}
,

ρ(S2) ∩ ρ(D) =
{
µ ∈ ρ(A) ∩ ρ(D) : 1 ∈ ρ

(
C(A− µ)−1B(D − µ)−1

)}
;

moreover, ρ(S1) ∩ ρ(A), ρ(S2) ∩ ρ(D) are open.

Proof. We prove the claims for S1; the proof for S2 is analogous. Since

S1 is defined on ρ(D), we have ρ(S1) ⊂ ρ(D). For µ ∈ ρ(A) ∩ ρ(D), we

can write

S1(µ) = M(µ)(A− µ), M(µ) := I −B(D − µ)−1C(A− µ)−1.

The operators A, D are closed because ρ(A), ρ(D) 6= ∅. Since A is diago-

nally dominant, the operators B(D − µ)−1, C(A − µ)−1 are everywhere

defined and bounded (see Remark 2.2.2 i)), thus closed, and hence so

is M(µ). Clearly, if M(µ) is boundedly invertible, then so is S1(µ). Vice

versa, if µ ∈ ρ(S1), then M(µ) is bijective. Since M(µ) is closed, it is thus

boundedly invertible by the closed graph theorem.

To prove that ρ(S1)∩ρ(A) is open, let µ0 ∈ ρ(S1)∩ρ(A) ⊂ ρ(A)∩ρ(D).

Then M(µ0) is boundedly invertible. Choose ε > 0 such that {µ ∈ C :

|µ−µ0| ≤ ε} ⊂ ρ(A) ∩ ρ(D). Then, for µ∈C, |µ−µ0| ≤ ε, we have
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∥∥M(µ0)−M(µ)
∥∥ =

∥∥(B(D−µ0)
−1−B(D−µ)−1

)
C(A−µ0)

−1

+B(D−µ)−1
(
C(A−µ0)

−1−C(A−µ)−1
)∥∥

≤ |µ− µ0|
(
‖B(D−µ0)

−1‖ ‖(D−µ)−1‖ ‖C(A−µ0)
−1‖

+ ‖B(D−µ)−1‖ ‖C(A−µ0)
−1‖ ‖(A−µ)−1‖

)

≤ |µ− µ0|Cε

with some constant Cε > 0. Here we have used the fact that the mappings

λ 7→ (A−λ)−1, λ 7→ (D−λ)−1, and hence λ 7→ B(D−λ)−1 are holomorphic

on ρ(A) ∩ ρ(D) with values in L(H1), L(H2), and L(H2,H1), respectively;

in the last case, this follows from the relation

B(D−λ)−1 = B(D−µ0)
−1+(λ−µ0)B(D−µ0)

−1(D−λ)−1, λ ∈ ρ(D).

For µ∈C, |µ−µ0| < min{ε, 1/Cε}, a Neumann series argument implies that

M(µ) is boundedly invertible and hence µ ∈ ρ(S1) ∩ ρ(A). �

The following corollary is immediate from Theorem 2.3.3 i) and Proposi-

tion 2.3.4; it was first proved in [Nag89, Lemma 2.1], [Nag97, Theorem 2.4].

Corollary 2.3.5 Suppose that A is diagonally dominant and closed.

Then, for λ ∈ ρ(A) ∩ ρ(D), the following are equivalent:

i) λ ∈ ρ(A),

ii) 1 ∈ ρ
(
B(D − λ)−1C(A− λ)−1

)
,

iii) 1 ∈ ρ
(
C(A− λ)−1B(D − λ)−1

)
.

Next we use Theorems 2.2.14 and 2.3.3 i) to establish a criterion for

symmetric block operator matrices in a Hilbert space to be essentially self-

adjoint, i.e. A = A∗
; the formulation of the analogous result obtained from

Theorems 2.2.18 and 2.3.3 ii) is left to the reader.

Proposition 2.3.6 Suppose that H1,H2 are Hilbert spaces, A, D are

self-adjoint, and C = B∗. If D(|A|1/2) ⊂ D(B∗) and D(B) ∩ D(D) is a

core of D, then A is essentially self-adjoint and

D
(
A
)

=

{(
x

y

)
∈ H : x+ (A− µ)−1B y ∈ D(A), y ∈ D(D)

}
,

A
(
x

y

)
=

(
(A− µ)

(
x+ (A− µ)−1B y

)
+ µx

B∗x+Dy

)
,

where µ ∈ ρ(A) is arbitrary; in particular, D
(
A
)
⊂ D(|A|1/2)⊕D(D).

Proof. First we show that the assumptions of Theorem 2.3.3 i) are sat-

isfied. Since D(A) = D(|A|) ⊂ D(|A|1/2), we have D(A) ⊂ D(B∗) = D(C).
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Further, D(|A|1/2) ⊂ D(B∗) implies that, for every µ ∈ ρ(A), the oper-

ator B∗(A − µ)−1/2 is bounded and everywhere defined and the opera-

tor (A − µ)−1/2B ⊂
(
B∗(A − µ)−1/2

)∗
is bounded and densely defined

with closure (A− µ)−1/2B =
(
B∗(A − µ)−1/2

)∗
. Thus (A − µ)−1B =

(A − µ)−1/2(A − µ)−1/2B is bounded on D(B), and B∗(A − µ)−1B =

B∗(A−µ)−1/2(A−µ)−1/2B is closable, being bounded on the dense set D(B).

Obviously, A is symmetric. In order to show that A is essentially self-

adjoint, it suffices to prove that there exist µ1, µ2 ∈ C \ R, Imµ1 > 0,

Imµ2 < 0, such that µ1, µ2 ∈ ρ
(
S2

)
and hence µ1, µ2 ∈ ρ

(
A
)

by Theo-

rem 2.3.3 i). Since D(B) ∩ D(D) is a core of D, we have, for µ ∈ C \ R,

S2(µ) = D− µ−B∗(A− µ)−1B = (D− µ)
(
I − (D− µ)−1B∗(A− µ)−1B

)
.

Now choose µ1, µ2 ∈ C \ R, Imµ1 > 0, Imµ2 < 0, such that

|Imµi| >
∥∥B∗(A− µ)−1B

∥∥, i = 1, 2.

Then a Neumann series argument shows that µ1, µ2 ∈ ρ
(
S2

)
.

The formula for D
(
A
)

follows from Theorem 2.2.14 if we observe that

D
(
S2(µ)

)
= D(D) for every µ ∈ ρ(A). Since the operator (A − µ)−1B

in (2.2.10) is bounded and densely defined with closure (A− µ)−1B =

(A− µ)−1/2(A− µ)−1/2B = (A − µ)−1/2(A− µ)−1/2B, we conclude that

D
(
A
)
⊂ D(|A|1/2) ⊕ D(D) ⊂ D(B∗) ⊕ D(D). Now the representation of

A is a direct consequence of Theorem 2.2.14. �

The quadratic complements may also be used to describe the spectrum

and the resolvent of block operator matrices.

Theorem 2.3.7 If the block operator matrix A satisfies

i) D(C) ⊂ D(A), C is boundedly invertible, C−1D is bounded on D(D),

and, for some (and hence for all ) µ ∈ C, T2(µ) = B−(A−µ)C−1(D−µ)

is closable, then

σ
(
A
)

= σ
(
T2

)
, σp

(
A
)

= σp

(
T2

)
,

σc

(
A
)

= σc

(
T2

)
, σr

(
A
)

= σr

(
T2

)
,

and, for λ ∈ ρ
(
A
)

= ρ
(
T2

)
,

(
A − λ

)−1

=

(
I −C−1(D−λ)
0 I

)(
0 C−1

T2(λ)
−1

0

)(
I −(A− λ)C−1

0 I

)

=

(
−C−1(D−λ)T2(λ)

−1
C−1+ C−1(D−λ)T2(λ)

−1
(A− λ)C−1

T2(λ)
−1 −T2(λ)

−1
(A− λ)C−1

)
,
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ii) D(B) ⊂ D(D), B is boundedly invertible, B−1A is bounded on D(A),

and, for some (and hence for all ) µ ∈ C, T1(µ) = C−(D−µ)B−1(A−µ)

is closable, then

σ
(
A
)

= σ
(
T1

)
, σp

(
A
)

= σp

(
T1

)
,

σc

(
A
)

= σc

(
T1

)
, σr

(
A
)

= σr

(
T1

)
,

and, for λ ∈ ρ
(
A
)

= ρ
(
T1

)
,

(
A − λ

)−1

=

(
I 0

−B−1(A− λ) I

)(
0 T1(λ)

−1

B−1 0

)(
I 0

−(D−λ)B−1 I

)

=

(
−T1(λ)

−1
(D−λ)B−1 T1(λ)

−1

B−1+B−1(A− λ)T1(λ)
−1

(D−λ)B−1 −B−1(A− λ) T1(λ)
−1

)
.

Proof. By the assumptions, A satisfies the conditions of Theorems 2.2.23

and 2.2.25, respectively. Thus all claims follow from the factorizations

(2.2.15) and (2.2.17), respectively, therein together with Lemma 2.3.2. �

The following characterization of the spectrum of an off-diagonally dom-

inant block operator matrix is analogous to Corollary 2.3.5.

Corollary 2.3.8 Suppose that A is off-diagonally dominant and closed,

and that B, C are boundedly invertible. Then the following are equivalent:

i) λ ∈ ρ(A),

ii) 1 ∈ ρ
(
(A− λ)C−1(D − λ)B−1

)
,

iii) 1 ∈ ρ
(
(D − λ)B−1(A− λ)C−1

)
.

2.4 The essential spectrum

The essential spectrum is not as widely known as other parts of the spec-

trum, in particular, eigenvalues. Nevertheless, information about it is indis-

pensable in applications for various reasons: the stability of a physical sys-

tem is guaranteed only if the whole spectrum lies in a half-plane, and, near

the essential spectrum, numerical calculations of eigenvalues become diffi-

cult. Since the essential spectrum itself is hardly accessible by numerical

methods, it has to be tackled analytically.

If the essential spectrum of a closed linear operator is empty and its

resolvent set is non-empty, then the spectrum consists only of isolated eigen-

values of finite algebraic multiplicity which accumulate at most at∞. This
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is a typical situation for regular differential operators. For regular matrix

differential operators, however, the essential spectrum need not be empty;

a simple example is given in Example 2.4.3 below.

In this section we establish some abstract results that allow us to deter-

mine the essential spectrum of block operator matrices. The first method

relies on perturbation arguments; the second method uses the previous fac-

torization results which relate the essential spectrum of a block operator

matrix to that of its Schur complements or quadratic complements.

The following perturbation theorem was first proved in [MT94] for diag-

onally dominant block operator matrices.

Theorem 2.4.1 Let Ai : H1 → H1, Bi : H2 → H1, Ci : H1 → H2, and

Di : H2 → H2, i = 0, 1, be unbounded closable operators such that

D(A0) ⊂ D(A1), D(B0) ⊂ D(B1), D(C0) ⊂ D(C1), D(D0) ⊂ D(D1),

and define the block operator matrices

A0 :=

(
A0 B0

C0 D0

)
, A1 :=

(
A1 B1

C1 D1

)
.

Suppose that either

i) C0 is A0-bounded with A0-bound δC0 and B0 is D0-bounded with

D0-bound δB0 such that δB0δC0 < 1,

ii) A1, C1 are A0-compact and B1, D1 are D0-compact,

or that

iii) A0 is C0-bounded with C0-bound δA0 and D0 is B0-bounded with

B0-bound δD0 such that δA0δD0 < 1,

iv) A1, C1 are C0-compact and B1, D1 are B0-compact.

Then A1 is A0-compact; if A0 is closed, then A := A0 +A1 is closed and

σess(A0 +A1) = σess(A0).

Proof. We consider the second case where iii) and iv) hold and A is off-

diagonally dominant; the proof for the first case where A is diagonally dom-

inant is completely analogous and may be found in [MT94, Theorem 2.2].

Let (fn)∞1 ⊂ D(A0) = D(C0) ⊕ D(B0), fn = (fn gn)t, be such that

(fn)∞1 , (A0fn)∞1 are bounded. Then we have, for n ∈ N,

A0fn +B0gn = hn,

C0fn +D0gn = kn
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with bounded sequences (hn)∞1 ⊂ H1, (kn)∞1 ⊂ H2. Choose ε > 0 so that

(δA0+ε)(δD0+ε)< 1. By assumption iii), there exist constants aA0 , aD0 ,

bA0 , bD0≥0 with δA0 ≤ bA0 < δA0 + ε, δD0 ≤ bD0 < δD0 + ε and

‖A0f‖ ≤ aA0‖f‖+ bA0‖C0f‖, f ∈ D(C0),

‖D0g‖ ≤ aD0‖g‖+ bD0‖B0g‖, g ∈ D(B0).

We conclude that, for n ∈ N,

‖B0gn‖ ≤‖hn‖+ ‖A0fn‖
≤‖hn‖+ aA0‖fn‖+bA0‖C0fn‖
≤‖hn‖+ aA0‖fn‖+bA0

(
‖kn‖+ ‖D0gn‖

)

≤‖hn‖+ aA0‖fn‖+bA0‖kn‖+aD0bA0‖gn‖+bA0bD0‖B0gn‖.
Since bA0bD0 < 1, it follows that

‖B0gn‖ ≤
‖hn‖+ aA0‖fn‖+ bA0‖kn‖+ aD0bA0‖gn‖

1−bA0bD0

and hence (B0gn)∞1 ⊂ H1 is a bounded sequence. Analogously, one can

prove that (C0fn)∞1 ⊂ H2 is bounded. Since A1, C1 are C0-compact and

B1, D1 are B0-compact, there exist subsequences (fnk
)∞k=1 and (gnk

)∞k=1

such that (A1fnk
)∞k=1, (C1fnk

)∞k=1, (B1gnk
)∞k=1, and (D1gnk

)∞k=1 are con-

vergent. Consequently, for the subsequence (fnk
)∞k=1 with fnk

:= (fnk
gnk

)t,

the sequence (A1fnk
)∞k=1 ⊂ H1 ⊕H2 with elements

A1fnk
=

(
A1fnk

+B1gnk

C1fnk
+D1gnk

)
, k ∈ N,

converges as well. This proves that A1 is A0-compact. The last statement

follows from Theorem 2.1.13. �

Remark 2.4.2 The assumptions i) and iii) of Theorem 2.4.1 are satisfied

if the following conditions i′) and iii′), respectively, hold:

i′) A0, D0 are closed and either D(C0) ⊂ D(A0) and B0 is bounded or

D(B0)⊂D(D0) and C0 is bounded;

iii′) B0, C0 are closed and either D(A0) ⊂ D(C0) and D0 is bounded or

D(D0)⊂D(B0) and A0 is bounded.

Then, in each case, one of the relative bounds is 0 and soA0 is automatically

closed by Corollary 2.2.9. In the particular case B0 = 0 or C0 = 0 of i′),

the block operator matrix A0 is upper or lower block triangular and hence

σess(A0 +A1) = σess(A0) = σess(A0) ∪ σess(D0).
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As a first simple illustration of the above perturbation results, we

consider block operator matrices that arise as linearizations of λ-rational

Sturm-Liouville problems, which exhibit a so-called “floating singularity”

(see [Bog85], [LMM90], [AL95]).

Example 2.4.3 Let q∈L1(0, 1) and w, u∈L∞[0, 1]. In the Hilbert space

L2(0, 1), we consider the spectral problem
(
−D2 + q − λ− w

u− λ

)
y = 0, y(0) = y(1) = 0, (2.4.1)

where D = d/dx is the derivative with respect to the variable x ∈ [0, 1].

Depending on information about the sign of the function w, there are differ-

ent ways of transforming (2.4.1) into a spectral problem for a block operator

matrix. We can write

w = w1w2,





w1 =
√
w, w2 =

√
w if w ≥ 0,

w1 =
√
|w|, w2 = −

√
|w| if w ≤ 0,

w1 = 1, w2 = w in any case.

According to this factorization, we set

y1 := y, y2 :=
w2

u− λy.

Then (2.4.1) is equivalent to the spectral problem
(
−D2 + q w1

w2 u

)(
y1
y2

)
= λ

(
y1
y2

)
, y1(0) = y1(1) = 0, (2.4.2)

in L2(0, 1)⊕ L2(0, 1). Here the block operator matrix A with entries

A := −D2 + q, D(A) :=
{
y1 ∈ W 2

2 (0, 1) : y1(0) = y1(1) = 0
}
,

B := w1 · , C := w2 · , D(B) := D(C) := L2(0, 1),

D := u · , D(D) := L2(0, 1),

can be decomposed as

A =

( −D2 + q w1

0 u

)
+

(
0 0

w2 0

)
=: A0 +A1.

Without loss of generality, we may assume that 0 /∈ R(u) (the essential

range of the function u); otherwise we shift the spectral parameter corre-

spondingly. Then the above decomposition of A satisfies all assumptions

of Theorem 2.4.1 (see Remark 2.4.2). In fact, the operator A0 = −D2 + q

with Dirichlet boundary conditions on [0, 1] has compact resolvent since

q ∈ L1(0, 1) implies that q is relatively form-bounded with form-bound 0

with respect to −D2 (see [BS87, Section 10.5.4], [RS78, Theorem XIII.68]);
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thus the bounded multiplication operator w2 · is relatively compact with

respect to A0; moreover, w1 · is relatively bounded with respect to the

boundedly invertible multiplication operator u · . Now Remark 2.4.2 yields

that the essential spectrum of A (i.e. that of (2.4.2)) is given by

σess(A) = σess(A0) = σess(u ·) = R(u);

in particular, if u is continuous on [0, 1], then σess(A) = u
(
[0, 1]

)
.

Note that, in fact, the original λ-rational spectral problem (2.4.1) is the

spectral problem for the first Schur complement S1 of the block operator

matrix A. In [LMM90] and all subsequent papers, the formula for the

essential spectrum was obtained using the second Schur complement S2

(see also Remark 2.4.11), not by the simple perturbation argument above.

Remark 2.4.4 The above result and its proof carry over if one replaces

−D2 by an arbitrary elliptic differential operator of order 2m on a bounded

region Ω ⊂ Rn of class Cm with suitable boundary conditions so that the

resolvent is compact and if q, w, u are bounded functions on Ω (see [FM91]).

An example for the off-diagonally dominant case is furnished by Dirac

operators in R3, which describe the behaviour of a quantum mechanical

particle of spin 1/2 (see [Tha92] and Section 3.3.1).

Example 2.4.5 Denote bym and e the mass and the charge, respectively,

of a relativistic spin 1/2 particle, by c the velocity of light, by ~ the Planck

constant, and by ~σ = (σ1, σ2, σ3) the vector of the Pauli spin matrices

σ1 :=

(
0 1

1 0

)
, σ2 :=

(
0 −i

i 0

)
, σ3 :=

(
1 0

0 −1

)
.

Let φ : R3 → R be a scalar potential and ~A = (a1, a2, a3) : R3 → R3

a vector potential generating an electric field ~E = ∇φ and a magnetic

field ~B = rot ~A, respectively. Then the Dirac operator in R3 with electro-

magnetic potential is the block operator matrix (see [Tha92, (4.14)])

HΦ =

(
mc2 + eφ c~σ ·

(
−i~∇− e

c
~A
)

c ~σ ·
(
−i~∇− e

c
~A
)

−mc2 + eφ

)
(2.4.3)

in L2(R3)4 =L2(R3)2⊕L2(R3)2. For φ = 0, ~A = 0, the free Dirac operator

Hfree =

(
mc2 c ~σ ·

(
−i~∇

)

c ~σ ·
(
−i~∇

)
−mc2

)
, (2.4.4)

is self-adjoint onD(Hfree) = H1(R3)4 = H1(R3)2⊕H1(R3)2, whereH1(R3)

is the first order Sobolev space. According to Theorem 2.4.1, we decompose
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HΦ=

(
mc2 c ~σ ·

(
−i~∇− e

c
~A
)

c ~σ ·
(
−i~∇− e

c
~A
)

−mc2

)
+

(
eφ 0

0 eφ

)
=: H0+V.

The Dirac operator HΦ is self-adjoint on D(H0) = H1( ~A)⊕H1( ~A) with

H1( ~A) :=
{
y ∈ L2(R3)2 :

(
i~ ∂ν +

e

c
aν

)
y ∈ L2(R3)2, ν = 1, 2, 3

}

if the potential V · = eφ · is
(
c ~σ·
(
−i~∇− e

c
~A
))

-bounded with relative bound

< 1. Then assumption iii) of Theorem 2.4.1 holds with δA0 = δD0 = 0 as

A0 = mc2, D0 = −mc2 are both bounded (see Remark 2.4.2). If the

potential V · = eφ · is
(
c ~σ ·

(
−i~∇ − e

c
~A
))

-compact, then assumption iv)

of Theorem 2.4.1 holds and we obtain, using the properties of the Pauli

matrices ~σ (see [Tha92, (5.79)])

σess(HΦ)=σess(H0)=
{
λ∈R : λ2−(mc2)2∈σess

(
c2
(
−i~∇−e

c
~A
)2−ec ~σ· ~B

)}
.

The relative compactness assumption on V and hence the relative bound-

edness assumption is satisfied if, for example,

~A ∈ L2,loc(R3)3,
∥∥ ~A
∥∥ ∈ L∞(R3),

∥∥ ~B
∥∥ ∈ L3/2(R

3), V ∈ L3(R3)

(see [EL99, Theorems 2.2, 2.4, Corollary 2.3]). Moreover, if V ∈ L3(R3)

and either ~A ∈ C∞(R3)3 and
∣∣ ~B(x)

∣∣→ 0, |x| → ∞, or ~A ∈ L2,loc(R3)3 and∥∥ ~B
∥∥ ∈ L2(R3), then

σess(HΦ) = σess(H0) = σess(Hfree) = (−∞,−mc2] ∪ [mc2,∞) (2.4.5)

(see [EL99, p. 190] and compare [Tha92, Section 4.3.4]); in particular, this

holds for ~A = 0 and V ∈ L3(R3).

In the remaining part of this section, we use the factorizations (2.2.10),

(2.2.12) and (2.2.15), (2.2.17) in order to express the essential spectrum

of a block operator matrix in terms of the essential spectra of the Schur

complements S1, S2 and of the quadratic complements T1, T2.

In the following, if E,F are Banach spaces and S is an operator function

defined on some subset Ω ⊂ C such that S(λ) are linear operators from E

to F , we introduce the essential spectrum of S as

σess(S) :=
{
λ ∈ Ω : 0 ∈ σess

(
S(λ)

)}
. (2.4.6)

Since Fredholm operators are closed, λ ∈ σess(S) if S(λ) is not closed. If

S(λ) is a closable for all λ ∈ Ω, we define the operator function S by

S(λ) := S(λ), λ ∈ Ω.
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Theorem 2.4.6 Suppose that D(A) ⊂ D(C) and ρ(A) 6= ∅. If, for some

(and hence for all ) µ ∈ ρ(A),

i) (A− µ)−1B is bounded on D(B),

ii) S2(µ) = D − µ− C(A − µ)−1B is closable,

then
σess

(
A
)
\ σ(A) = σess

(
S2

)
.

Proof. In the factorization (2.2.10), the first and last factor are bounded

and boundedly invertible and A− λ is bijective for λ /∈ σ(A). Thus A− λ
is Fredholm if and only if so is S2(λ) by [GGK90, Theorem XVII.3.1]. �

If D(D) ⊂ D(B), then the essential spectrum of A may be described in

terms of the first Schur complement; the corresponding analogue of Theo-

rem 2.4.6 is formulated below. If A is diagonally dominant, we may choose

the Schur complement whose essential spectrum is easier to calculate.

Theorem 2.4.7 Suppose that D(D) ⊂ D(B) and ρ(D) 6= ∅. If, for some

(and hence for all ) µ ∈ ρ(D),

i) (D − µ)−1C is bounded on D(C),

ii) S1(µ) = A− µ− B(D − µ)−1C is closable,

then
σess

(
A
)
\ σ(D) = σess

(
S1

)
.

Under certain compactness assumptions, the description of the essential

spectrum of a block operator matrix A can be further improved. The

following result generalizes a corresponding result in [Kon98, Theorem 1]

for self-adjoint block operator matrices; the proof relies on the fact that the

difference of the resolvents of A and of the block diagonal matrix

A1,µ0 :=

(
A 0

0 D − C(A − µ0)−1B

)
=

(
A 0

0 S2(µ0) + µ0

)
(2.4.7)

for an arbitrary fixed µ0 ∈ ρ(A) is compact.

Theorem 2.4.8 Let D(A)⊂D(C), ρ(A)∩ρ(D) 6=∅, and let D(B)∩D(D)

be a core of D. If, for some (and hence for all ) µ ∈ ρ(A) ∩ ρ(D),

i) (A− µ)−1B and C(A − µ)−1B are bounded on D(B),

ii) (D − µ)−1C(A− µ)−1 and (A− µ)−1B(D − µ)−1 are compact,

then, for every µ0 ∈ ρ(A) with ρ
(
A
)
∩ ρ(A) ∩ ρ

(
D − C(A− µ0)−1B

)
6= ∅,

the difference of the resolvents
(
A−λ

)−1
and

(
A1,µ0−λ

)−1
is compact for

λ ∈ ρ
(
A
)
∩ ρ(A) ∩ ρ

(
D − C(A− µ0)−1B

)
; in particular,

σess

(
A
)

= σess(A) ∪ σess

(
D − C(A− µ0)−1B

)
.
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Proof. Since ρ(A)∩ρ(D) 6= ∅, the operators A and D are closed. By the

second condition in i), S2(µ) is closable for every µ ∈ ρ(A) and

S2(µ) = D − µ− C(A− µ)−1B (2.4.8)

because D(B)∩D(D) is a core of D. Together with the first condition in i),

Theorem 2.2.14 shows that the block operator matrix A is closable. Now let

µ0∈ρ(A) and λ∈C be so that λ∈ρ
(
A
)
∩ρ(A)∩ρ

(
D−C(A−µ0)−1B

)
6= ∅.

Using the formula for the resolvent of A in Theorem 2.3.3 i), we obtain that
(
A − λ

)−1−
(
A1,µ0 − λ

)−1

=

(
(A−λ)−1B S2(λ)

−1
C(A−λ)−1 −(A−λ)−1B S2(λ)

−1

−S2(λ)
−1
C(A−λ)−1 S2(λ)

−1−
(
S2(µ0) + µ0 − λ

)−1

)
.

It remains to be shown that all entries of this block operator matrix are

compact. For the left lower corner, we observe that, by (2.4.8),

S2(λ)
−1
C(A−λ)−1

= (D − λ)−1C(A− λ)−1+
(
S2(λ)

−1 − (D − λ)−1
)
C(A−λ)−1

= (D − λ)−1C(A− λ)−1+ S2(λ)
−1(

D − λ− S2(λ)
)
(D − λ)−1C(A−λ)−1

= (D − λ)−1C(A− λ)−1+ S2(λ)
−1
C(A− λ)−1B (D − λ)−1C(A−λ)−1

which is compact by the second condition in i) and the first condition in

ii). Analogously, one can show that the right upper corner is compact using

the second condition in ii). This and the fact that C(A−λ)−1 is bounded

because of D(A) ⊂ D(C) imply that also the left upper corner is compact.

For the right lower corner, (2.4.8) and the resolvent identity for A show that

S2(λ)
−1−

(
S2(µ0) + µ0 − λ

)−1

= S2(λ)
−1(

S2(µ0) + µ0 − λ− S2(λ)
)(
S2(µ0) + µ0 − λ

)−1

= S2(λ)
−1(

C(A− λ)−1B − C(A− µ0)−1B
)(
S2(µ0) + µ0 − λ

)−1

= (λ− µ0)S2(λ)
−1
C(A − λ)−1(A− µ0)−1B

(
S2(µ0) + µ0 − λ

)−1

which is compact since it is the product of bounded operators and the
compact operator S2(λ)

−1
C(A−λ)−1. �

The following analogue of Theorem 2.4.8 in terms of the first Schur

complement can be obtained by comparing the resolvent of A with the

resolvent of the block diagonal matrix (see (2.4.7))

A2,µ0 :=

(
A−B(D − µ0)−1C 0

0 D

)
=

(
S1(µ0) + µ0 0

0 D

)
,

where µ0 ∈ ρ(D) is arbitrary, but fixed.
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Theorem 2.4.9 Let D(D)⊂D(B), ρ(A)∩ρ(D) 6=∅, and let D(A)∩D(C)

be a core of A. If, for some (and hence for all ) µ ∈ ρ(A) ∩ ρ(D),

i) (D − µ)−1C and B(D − µ)−1C are bounded on D(C),

ii) (A− µ)−1B(D − µ)−1 and (D − µ)−1C(A− µ)−1 are compact,

then, for every µ0 ∈ ρ(D) with ρ
(
A
)
∩ ρ(D) ∩ ρ

(
A−B(D − µ0)−1C

)
6= ∅,

the difference of the resolvents (A −λ)−1 and (A2,µ0 −λ)−1 is compact for

λ ∈ ρ
(
A
)
∩ ρ(D) ∩ ρ

(
A−B(D − µ0)−1C

)
; in particular,

σess

(
A
)

= σess(D) ∪ σess

(
A−B(D − µ0)−1C

)
.

Remark 2.4.10 Theorem 2.4.8 was first proved in [ALMS94, Theorem

2.2] in the special case that the block operator matrix is upper dominant,

A has compact resolvent, and C(A− µ)−2B is compact for some µ ∈ ρ(A),

and, shortly after, in [Shk95, Theorem 2] for closable block operator matri-

ces with D(A) ⊂ D(C) under the slightly more general assumption that

C(A− µ)−1 and (A− µ)−1B are compact for some µ ∈ ρ(A) (note that, if

either C or B is bijective, this again implies that A has compact resolvent).

In both cases, it was shown that the difference of the corresponding block

operator matrices A and A1,µ0 is compact.

Example 2.4.11 Theorem 2.4.8 applies to various matrix differential

operators. Let, for example, Ω ⊂ Rn be a domain and consider

A =

( −∆ + q −∇ b+ w1

c div + w2 u

)
=

(
A B

C D

)
(2.4.9)

in L2(Ω)⊕L2(Ω). For simplicity, we assume the coefficients q : Ω→Mn(C)

and b, c, w1, w2, u : Ω→ C to be sufficiently smooth. Note that if b, c 6≡ 0,

then the order of A equals the sum of the orders of B and C; otherwise

the order of A is strictly greater. In the particular case b ≡ c ≡ 1 and

q ≡ w1 ≡ w2 ≡ u ≡ 0, the operator (2.4.9) is related to the so-called

linearized Navier-Stokes operator or Stokes operator (see e.g. [LL87]).

First we consider bounded Ω ⊂ Rn. If n = 1 and Dirichlet boundary

conditions are imposed in the first component, then A = −D2 + q is a

Sturm-Liouville operator with compact resolvent and thus σess(A)=∅. It is

easy to check that conditions i) and ii) of Theorem 2.4.8 are satisfied. If we

choose µ0∈ρ(A) arbitrary, e.g. µ0 = 0 if q > 0, then Theorem 2.4.8 yields

σess

(
A
)

= σess

(
D − C(A− µ0)−1B

)
= σess (u− b c) = (u− b c)

(
Ω
)
;

in particular, if b ≡ c ≡ 0, this reproves the result of Example 2.4.3. Higher

order ordinary matrix differential operators in L2(Ω)k⊕L2(Ω)l were treated
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in [ALMS94, Theorem 4.5]. For n>1, an analogous result (with σess(A) 6=∅)
may be found in [Kon02, Theorem 2].

Now let Ω ⊂ Rn be unbounded. The case n = 1, I = [0,∞) (or R) was

considered as an example in [Shk95]; there it was proved that if q, b, c, w1,

and w2 tend to 0 for |x|→∞ (so that σess(A) = [0,∞)), then

σess

(
A
)

= [0,∞) ∪ σess (u− b c) = [0,∞) ∪ (u− b c) (Ω);

the conditions on the coefficients were weakened in [KM02, Proposition 4.1]

for the self-adjoint case c = b, w2 = w1 where it was assumed that u is

bounded from below and q as well as
(
|b|2 + |w1|2

)
/(|u|+ 1) tend to 0 for

|x| → ∞. Similar conditions were used in the case n > 1 for Ω = Rn in the

previous papers [Kon97, Proposition 2], [Kon98, Theorem 2]. The case of

higher order self-adjoint partial matrix differential operators for which the

order of A = (−∆)l + q is 2l and the order of B (and hence of C = B∗)

is strictly less than l was studied in [Kon97, Proposition 1]; then, under

certain assumptions on the coefficients, σess

(
A
)

= [0,∞)∪u(Rn) (compare
[Lut04, Theorem 6] for the case n = 1 and multiplication operators B, C).

Remark 2.4.12 Matrix differential operators (2.4.9) with b ≡ c ≡ 0 in

L2(R)⊕L2(R) with periodic boundary conditions were studied in [HSV00],
[HSV02]. As in the classical case of periodic Sturm-Liouville operators, the

essential spectrum of A is the union of the spectra of all matrix differential

operators Aθ, θ ∈ [0, 2π), that arise when A is considered in L2(0, 1) ⊕
L2(0, 1) with boundary conditions y1(1) = eiθy1(0), y′1(1) = eiθy′1(0) in the

first component. The above example shows that σess(Aθ) = u([0, 1]) =

u(R). Together with results on the discrete spectrum of Aθ, it was shown

that σess(A) consists of two sequences of bands, an infinite sequence to the

right of u(R) tending to ∞ and a finite or infinite sequence accumulating

from the left at the lower end point of u(R) (see [HSV00, Theorem 1]).

For self-adjoint block operator matrices, the assumptions of Theo-

rem 2.4.8 were considerably weakened in [Kon98, Theorem 1] by requiring

that only the difference of the resolvents of A and A1,µ0 is compact. In the

following we formulate this result as a special case of Theorem 2.4.8.

Corollary 2.4.13 Suppose that A and D are self-adjoint, C = B∗, and

D(B) ∩ D(D) is a core of D. If

i′) D(|A|1/2) ⊂ D(B∗),

ii′) (D − µ)−1B∗(A− µ)−1 is compact for some µ ∈ C \ R,

then, for every µ0 ∈ ρ(A), the difference of the resolvents
(
A − λ

)−1
and
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(
A1,µ0 − λ

)−1
is compact for λ ∈ C \ R; in particular,

σess

(
A
)

= σess(A) ∪ σess

(
D −B∗(A− µ0)−1B

)
.

Proof. By the assumptions, C \ R ⊂ ρ(A) ∩ ρ(D) and A is essen-

tially self-adjoint by Proposition 2.3.6. In the proof of the latter, it

has also been shown that assumption i′) implies assumption i) of Theo-

rem 2.4.8. Assumption ii′) implies assumption ii) of Theorem 2.4.8 because

(A−µ)−1B(D−µ)−1 ⊂
(
(D−µ)−1B∗(A−µ)−1

)∗
for µ ∈ C\R. Moreover,

D − B∗(A− µ0)−1B is self-adjoint, being a bounded perturbation of the

self-adjoint operatorD. Hence C\R ⊂ ρ
(
A
)
∩ρ(A)∩ρ

(
D−C(A− µ0)−1B

)
.

Now the claims follow from Theorem 2.4.8. �

Remark 2.4.14 In [AK05, Theorem 4.3] the above result was further

extended to show that if, in addition to the assumptions i′) and ii′), one

supposes that (D − µ)−1B∗(A − µ)−1 is a Hilbert-Schmidt operator, then

the local wave operators W±
∆ (A ,Aµ0) exist and are complete, and for the

absolutely continuous spectrum σac

(
A
)

of A one has

σac

(
A
)
∩∆ =

(
σac(A) ∪ σac

(
D −B∗(A− µ0)−1B

))
∩∆

where ∆ := R \
(
σess(A) ∪ σess

(
D − B∗(A− µ0)−1B

))
(see [Kat95, Sec-

tion X.4] for the corresponding definitions). In order to prove this, it was

shown that the difference of the corresponding resolvents is of trace class

and hence a resolvent version of the Kato-Rosenblum theorem (see [Kat95,

Theorem 4.12]) applies; the special case b≡ c≡ 0, w1 =w2 =
√
w of Exam-

ple 2.4.11 was treated before in [ALL01, Proposition 2.1, Corollary 2.1]. For

matrix differential operators (2.4.9) in L2(Rn) ⊕ L2(Rn), more results on

the absence of singular continuous spectrum and eigenvalue accumulation

were proved in [Kon96], [Kon98] using Mourre’s commutator method.

In order to simplify the calculation of the essential spectrum of the

Schur complement in Theorem 2.4.8, the following theorem is useful. Under

certain relative compactness assumptions, it allows us to split off terms of

the entries of the block operator matrix.

Theorem 2.4.15 Let A be self-adjoint, A ≥ α > 0, ρ(A) ∩ ρ(D) 6= ∅, let

D(B) ∩ D(D) be a core of D, and let θ ∈ [0, 1] be such that

D
(
Aθ
)
⊂ D(C), D

(
A1−θ

)
⊂ D(B∗). (2.4.10)

Further, suppose that

A = A0 +A1, B = B0 +B1, C = C0 + C1, D = D0 +D1
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are such that

i) A1 is A0-compact and A0 ≥ α0 > 0,

ii) B1 is B0-compact, B∗
1 is B∗

0-compact, and B0 is Fredholm,

iii) C1 is C0-compact, D1 is D0-compact,

iv) (A0 − µ0)
−θA1(A0 −µ0)

−(1−θ) is compact for some µ0 ∈ ρ(A)∩ ρ(A0).

Then

σess

(
D − C(A − µ0)−1B

)
= σess

(
D0 − C0(A0 − µ0)−1B0

)
.

Proof. Assumption (2.4.10) implies that the operators C(A− µ0)
−θ,

B∗(A−µ0)
−(1−θ) are bounded and hence so is the operator C(A−µ0)

−1B =

C(A − µ0)
−θ(A − µ0)

−(1−θ)B and its closure C(A− µ0)−1B. In order to

see that C0(A0 − µ0)
−1B0 is bounded on D(B0), we write

C0(A0 − µ0)
−1B0 = C0(A0 − µ0)

−θ(A0 − µ0)
−(1−θ)B0

and observe that

C0(A0−µ0)
−θ =

(
C0(A−µ0)

−θ
)(

(A− µ0)
θ(A0 − µ0)

−θ
)
,

B∗
0(A0−µ0)

−(1−θ) =
(
B∗

0 (A−µ0)
−(1−θ)

)(
(A− µ0)

1−θ(A0 − µ0)
−(1−θ)

)

are bounded. In fact, here the first factors are bounded because of (2.4.10)

and D(B0) =D(B), D(C0) =D(C); the second factors are bounded since

A and A0 are uniformly positive self-adjoint operators with D(A) = D(A0)

and thus D(Aθ
0) = D(Aθ) by Heinz’ inequality (see [Kre71, Theorem 7.1]).

The claim follows from Theorem 2.1.13 if we show that the difference

D − C(A− µ0)−1B −
(
D0 − C0(A0 − µ0)−1B0

)
(2.4.11)

= D1+ C0(A0−µ0)−1A1(A−µ0)−1B0− C1(A−µ0)−1B− C0(A−µ0)−1B1

is
(
D − C(A − µ0)−1B

)
-compact. Since C(A− µ0)−1B is bounded, it is

sufficient to prove that all four terms on the right hand side of (2.4.11)

are D-compact. The operator D1 is D-compact by assumption iii) and

Lemma 2.1.8 ii). The third term is compact since

C1(A− µ0)
−1B = C1(A− µ0)

−θ(A− µ0)
−(1−θ)B,

C1(A−µ0)
−θ, (A−µ0)

−(1−θ)B are bounded due to the inclusions (2.4.10)

and D(C) ⊂D(C1), and C1(A−µ0)
−θ is compact by assumption iii) and

Lemma 2.1.8 ii). The fourth term is compact since so is its adjoint
(
C0(A−µ0)

−1B1

)∗
=
(
(A− µ0)

−(1−θ)B1

)∗(
C0(A− µ0)

−θ
)∗

;

to see this we note that C0(A−µ0)
−θ is bounded because D(Aθ) ⊂ D(C) =

D(C0) by (2.4.10) and assumption iii) and that
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(
(A− µ0)

−(1−θ)B1

)∗
= B∗

1(A− µ0)
−(1−θ)

is compact by (2.4.10), assumption ii), and Lemma 2.1.8 ii). In order to

show that the second term is compact, we write

C0(A0−µ0)
−1A1(A−µ0)

−1B0

=
(
C0(A0−µ0)

−θ
)(

(A0−µ0)
−(1−θ)A1(A−µ0)

−θ
)(

(A−µ0)
−(1−θ)B0

)
.

It has been shown above that the first pair of factors on the right hand side

is bounded. The middle group of factors is compact by assumption iv).

The last pair of factors is bounded since
(
(A−µ0)

−(1−θ)B0

)∗
= B∗

0(A−µ0)
−(1−θ)

and B∗
0 is A1−θ-bounded due to the second domain inclusion in (2.4.10),

assumption ii), and Lemma 2.1.8 ii). �

Next we describe the essential spectrum of block operator matrices in

terms of their quadratic complements.

Theorem 2.4.16 Let D(C) ⊂ D(A) and let C be boundedly invertible. If

i) C−1D is bounded on D(D),

ii) T2(µ)=B−(A−µ)C−1(D−µ) is closable for some (and thus all ) µ∈C,

then
σess

(
A
)

= σess

(
T2

)
.

Proof. In the factorization (2.2.15) the first and the last factor are

bounded and boundedly invertible and C is bijective. Thus A−λ is Fred-

holm if and only if so is T2(λ) by [GGK90, Theorem XVII.3.1]. �

The following analogue of Theorem 2.4.16 for boundedly invertible B

can be proved in the same way; note that if B and C are invertible, Theo-

rem 2.4.16 as well as Theorem 2.4.17 below may be applied.

Theorem 2.4.17 Let D(B) ⊂ D(D) and let B be boundedly invertible. If

i) B−1A is bounded on D(A),

ii) T1(µ)= C−(D−µ)B−1(A−µ) is closable for some (and thus all ) µ∈C,

then

σess

(
A
)

= σess

(
T1

)
.

Applications of the above results are given in Chapter 3 to determine

the essential spectra of block operator matrices arising in magnetohydrody-

namics (see Theorem 3.1.3) and in fluid mechanics (see Proposition 3.2.2,

Proposition 3.2.3, and Theorem 3.2.4).
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2.5 Spectral inclusion

In this section we present a new method to localize the spectrum of

unbounded block operator matrices. As in the bounded case, we intro-

duce the concept of quadratic numerical range which refines the classical

notion of the numerical range of a linear operator. In particular, we show

that the quadratic numerical range has the spectral inclusion property for

diagonally dominant and off-diagonally dominant block operator matrices

of order 0.

The definition of the quadratic numerical range for bounded linear oper-

ators (see Definition 1.1.1) generalizes as follows to unbounded block oper-

ator matrices A of the form (2.2.1) with dense domain D(A),

A =

(
A B

C D

)
, D(A) = D1 ⊕D2 =

(
D(A) ∩ D(C)

)
⊕
(
D(B) ∩ D(D)

)
.

Definition 2.5.1 For f ∈D1, g∈D2, ‖f‖=‖g‖=1, define the 2×2-matrix

Af,g :=

(
(Af, f) (Bg, f)

(Cf, g) (Dg, g)

)
∈M2(C). (2.5.1)

Then the set

W 2(A) :=
⋃

f∈D1,g∈D2,

‖f‖=‖g‖=1

σp(Af,g) (2.5.2)

is called the quadratic numerical range of the unbounded block operator

matrix A (with respect to the block operator representation (2.2.1)).

Remark 2.5.2 The equivalent descriptions of the quadratic numerical

range in the bounded case given in Proposition 1.1.3 and Corollary 1.1.4

as well as the elementary properties stated in Proposition 1.1.7 generalize

directly to the unbounded case; the only modification in the definitions,

statements and/or proofs is that the conditions f ∈SH1 and g∈SH2 have

to be replaced by f ∈D1, ‖f‖ = 1, and g∈D2, ‖g‖ = 1, respectively.

As in the bounded case, the quadratic numerical range of an unbounded

block operator matrix consists of at most two components which need not

be convex. However, in the unbounded case, both components may be

unbounded subsets of the complex plane; e.g. if A is an unbounded positive

operator, a := infW (A) > 0, and

A =

(
A 0

0 −A

)
,

then W 2(A) = W (A) ∪W (−A) = (−∞,−a] ∪ [a,∞).
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The inclusion of the quadratic numerical range in the numerical range

(see Theorem 1.1.8) and the inclusion of the numerical ranges of the diago-

nal elements in the quadratic numerical range (see Theorem 1.1.9) continue

to hold for unbounded block operator matrices:

Theorem 2.5.3 For an unbounded block operator matrix A, we have

W 2(A) ⊂W (A).

Proof. The proof is completely analogous to the proof of Theorem 1.1.8

if we take f ∈ D1, g ∈ D2, ‖f‖ = ‖g‖ = 1. �

Theorem 2.5.4 Let A be an unbounded block operator matrix. Then

i) dimH2 ≥ 2 =⇒ W (A) ⊂W 2(A),

ii) dimH1 ≥ 2 =⇒ W (D) ⊂W 2(A).

Proof. We prove i); the proof of ii) is analogous. Let dimH2 ≥ 2. Since

D2 is dense in H2, for each f ∈ D1, ‖f‖ = 1, there exists an element

g ∈ D2, ‖g‖ = 1, such that (Cf, g) = 0. To see this, let e1, e2 ∈ D2, ‖e1‖ =

‖e2‖ = 1, be linearly independent. If (Cf, e1) = 0 or (Cf, e2) = 0, we can

take g = e1 or g = e2, respectively. If (Cf, e1) 6= 0 and (Cf, e2) 6= 0, there

exist non-zero constants α1, α2 ∈ C such that for g̃ = α1e1 + α2e2 we have

(Cf, g̃) = α1(Cf, e1) + α2(Cf, e2) = 0; in this case we choose g := g̃/‖g̃‖.
With this choice of g we obtain, as in the proof of Theorem 1.1.9,

Af,g =

(
(Af, f) (Bg, f)

0 (Dg, g)

)
;

hence (Af, f) ∈W 2(A), and W (A) ⊂W 2(A) follows. �

The following results generalize Corollary 1.1.10 and Proposition 1.1.12

from the bounded case.

Corollary 2.5.5 Suppose that A is an unbounded block operator matrix

and that dimH1 ≥ 2 and dimH2 ≥ 2.

i) If W 2(A) consists of two disjoint components, W 2(A) = F1 ∪̇ F2, they

can be enumerated such that

W (A) ⊂ F1, W (D) ⊂ F2.

ii) If W (A) ∩W (D) 6= ∅, then W 2(A) consists of one component.

Proof. Assertions i) and ii) are immediate from Theorem 2.5.4 if we

observe that W (A) and W (D) are convex and hence connected even if A

and D are unbounded (see [Sto32, Theorem 4.7]). �
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Proposition 2.5.6 If W (A) ∩W (D) = ∅, B,C are bounded, and

2
√
‖B‖ ‖C‖ < dist

(
W (A),W (D)

)
,

then W 2(A) consists of two disjoint components.

Proof. The proof is completely analogous to the proof of Proposi-

tion 1.1.12 if we observe that the convex sets W (A) and W (D) can be

separated by a line having distance dist
(
W (A),W (D)

)
/2 to both sets. �

To generalize the inclusion of the numerical ranges of the Schur comple-

ments (see Theorem 1.6.3) to the unbounded case, we restrict ourselves to

the cases D(A)⊂D(C) or D(D)⊂D(B); otherwise, S1(λ) or S2(λ), respec-

tively, need not have dense λ-independent domains (see Definition 2.2.12).

Lemma 2.5.7 For f ∈ D1, g ∈ D2, f, g 6= 0, and λ ∈ C, we define

∆(f, g;λ) := det

(
(Af, f)− λ(f, f) (Bg, f)

(Cf, g) (Dg, g)− λ(g, g)

)
.

i) If D(D) ⊂ D(B) and f ∈ D1 = D
(
S1(λ)

)
, f 6= 0, with Cf 6= 0, then

∆
(
f, (D − λ)−1Cf ;λ

)
=
(
S1(λ)f, f

) (
Cf, (D − λ)−1Cf

)
. (2.5.3)

ii) If D(A) ⊂ D(C) and g ∈ D2 = D
(
S2(λ)

)
, g 6= 0, with Bg 6= 0, then

∆
(
(A− λ)−1Bg, g;λ

)
=
(
S2(λ)g, g

) (
Bg, (A− λ)−1Bg

)
. (2.5.4)

Proof. The claims are immediate from the definition of ∆(f, g;λ) with

g := (D−λ)−1Cf 6= 0 and f := (A−λ)−1Bg 6= 0, respectively, therein. �

Theorem 2.5.8 Let A be an unbounded block operator matrix.

i) If D(D) ⊂ D(B), then W (S1) ⊂W 2(A).

ii) If D(A) ⊂ D(C), then W (S2) ⊂W 2(A).

iii) If A is diagonally dominant, then W (S1) ∪W (S2) ⊂W 2(A).

Proof. Claim i) is obtained from formula (2.5.3) in the same way as in

the proof of Theorem 1.6.3 for the bounded case; analogously, ii) follows

from (2.5.4). Claim iii) is immediate from i) and ii). �

Next we establish the spectral inclusion property of the quadratic

numerical range for unbounded block operator matrices (see Theorem 1.3.1

for the bounded case). The inclusion of the point spectrum holds without

further assumptions:

Theorem 2.5.9 For an unbounded block operator matrix A, we have

σp(A) ⊂W 2(A).
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Proof. The inclusion can be proved in the same way as in the bounded

case (see Theorem 1.3.1 and its proof), the only difference being that

(f g)t ∈ D1 ⊕D2. �

The approximate point spectrum of an unbounded linear operator T in

a Hilbert space (see the definition in (1.3.4)) is contained in the closure of

the numerical range, σapp(T ) ⊂W (T ); in fact, for λ ∈ σapp(T ), there exists

a sequence (xn)∞1 ⊂D(T ), ‖xn‖=1, with (T −λ)xn → 0, n→∞, and thus
∣∣((T − λ)xn, xn

)∣∣ ≤
∥∥(T − λ)xn

∥∥ −→ 0, n→∞.
We prove the analogue of this inclusion for the quadratic numerical

range for diagonally dominant and for off-diagonally dominant block oper-

ator matrices of order 0 (see [Tre08, Theorem 4.2]).

Theorem 2.5.10 If A is diagonally dominant of order 0, then

σapp(A) ⊂W 2(A).

Proof. Let λ0 ∈ σapp(A). Then there is a sequence (fn)∞1 =
(
(fn gn)t

)∞
1

⊂ D(A)⊕D(D), ‖fn‖2 +‖gn‖2 = 1, such that (A−λ0)fn → 0, n→∞, i.e.

(A− λ0)fn +Bgn =: hn −→ 0,

Cfn + (D − λ0)gn =: kn −→ 0,
n→∞. (2.5.5)

Since the dominance order of A is 0 and hence < 1, the operator

S =

(
0 B

C 0

)

is A-bounded by Corollary 2.2.5. Thus (A − λ0)fn → 0, n → ∞, implies

that (Sfn)∞1 and hence also
(
Bgn

)∞
1

and
(
Cfn

)∞
1

are bounded. Then,

by (2.5.5),
(
(A− λ0)fn

)∞
1

and
(
(D − λ0)gn

)∞
1

are bounded as well.

Now choose f̂n ∈ D(A), ĝn ∈ D(D) with ‖f̂n‖ = ‖ĝn‖ = 1, fn = ‖fn‖f̂n

and gn = ‖gn‖ĝn for n ∈ N, and consider

∆
(
f̂n, ĝn;λ

)
= det

(
(Af̂n, f̂n)− λ (Bĝn, f̂n)

(Cf̂n, ĝn) (Dĝn, ĝn)− λ

)
, λ ∈ C.

Assume first that lim infn→∞ ‖fn‖ > 0 and lim infn→∞ ‖gn‖ > 0, with-

out loss of generality ‖fn‖, ‖gn‖ > 0, n ∈ N. By (2.5.5), we have

(Af̂n, f̂n)− λ0 =
1

‖fn‖
(
(hn, f̂n)− ‖gn‖(Bĝn, f̂n)

)
,

(Cf̂n, ĝn) =
1

‖fn‖
(
(kn, ĝn)− ‖gn‖

(
(Dĝn, ĝn)− λ0

))
,

and thus
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∆
(
f̂n, ĝn;λ0

)
= det




1

‖fn‖
(hn, f̂n) (Bĝn, f̂n)

1

‖fn‖
(kn, ĝn) (Dĝn, ĝn)− λ0


 . (2.5.6)

The elements of the first column tend to 0 and the sequences with elements

Bĝn = Bgn/‖gn‖ and (D− λ0)ĝn = (D− λ0)gn/‖gn‖ are bounded. Hence

∆
(
f̂n, ĝn;λ0

)
−→ 0, n→∞.

As ∆
(
f̂n, ĝn; ·

)
is a monic quadratic polynomial, we can write

∆
(
f̂n, ĝn;λ

)
=
(
λ− λ1

n

)(
λ− λ2

n

)
, n ∈ N, (2.5.7)

where λ1
n, λ

2
n are the solutions of the quadratic equation ∆

(
f̂n, ĝn;λ

)
= 0

and hence λ1
n, λ

2
n ∈W 2(A). From (2.5.6) and (2.5.7) it follows that λ1

n→λ0

or λ2
n→λ0, n→∞, and thus λ0 ∈W 2(A).

Next we consider the case that lim infn→∞ ‖gn‖ = 0. Then we have

lim infn→∞ ‖fn‖ > 0 since ‖fn‖2+ ‖gn‖2 = 1. Without loss of generality,

we assume that limn→∞ gn = 0 and ‖fn‖ > γ, n ∈ N, for some γ ∈ (0, 1].

First suppose that dimH2 ≥ 2. We show that Bgn → 0, n → ∞. For

this let ε > 0 be arbitrary. Since
(
(D − λ0)gn

)∞
1

is bounded, there exists

an M > 0 such that ‖(D − λ0)gn‖ < M, n ∈ N. Since A is diagonally

dominant of order 0, the operator B is D-bounded with D-bound 0 and

hence there exist constants a′B , bB ≥ 0 such that bB < ε/(2M) and

‖Bgn‖ ≤ a′B‖gn‖+ bB‖(D − λ0)gn‖, n ∈ N.

If we choose N ∈ N such that ‖gn‖ < ε/(2a′B), n ≥ N , it follows that

‖Bgn‖ < ε for n ≥ N . The fact that Bgn → 0, n → ∞, and the first

relation in (2.5.5) show that (A− λ0)fn → 0, n→∞ and so λ0 ∈ σapp(A).

Together with Theorem 2.5.4, we obtain

λ0 ∈ σapp(A) ⊂ σ(A) ⊂W (A) ⊂W 2(A).

If dimH2 = 1, B and D are bounded operators. Then gn → 0 implies

that Bgn → 0, (D − λ0)gn → 0, n → ∞, and, with f̂n, ĝn chosen as

above, (A − λ0)f̂n→ 0, Cf̂n→ 0, n → ∞, by (2.5.5) and because we have∥∥f̂n

∥∥−1 ≤ γ−1, n ∈ N. The boundedness of B and D also implies that

(Bĝn)∞1 ,
(
(D − λ0)ĝn

)∞
1

are bounded. Therefore

∆
(
f̂n, ĝn;λ0

)
= det

(
(Af̂n, f̂n)− λ0 (Bĝn, f̂n)

(Cf̂n, ĝn) (Dĝn, ĝn)− λ0

)
−→ 0, n→∞.

Now, in the same way as above, it follows that λ0 ∈W 2(A).
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The case lim infn→∞ ‖fn‖ = 0 is treated analogously if we use that C

is A-bounded with A-bound 0. �

The next corollary is a direct consequence of Theorem 2.5.10 if we note

that boundedness and relative compactness both imply relative bounded-

ness with relative bound 0 (see [EE87, Corollary III.7.7], Proposition 2.1.7).

Corollary 2.5.11 If B is bounded or D-compact and if C is bounded or

A-compact, then

σapp(A) ⊂W 2(A).

Theorem 2.5.10 and Corollary 2.5.11 generalize [LT98, Theorem 2.1]

where it was assumed that A and D are closed and B and C are bounded

and so, in particular, A is closed. In this case, by the closed graph theorem,

the approximate point spectrum σapp(A) is the complement of the set r(A)

of points of regular type which is defined as

r(A) :=
{
λ ∈ C : ∃Cλ > 0 ‖(A− λ)x‖ ≥ Cλ‖x‖, x ∈ D(T )

}
.

The inclusion of the approximate point spectrum for off-diagonally dom-

inant block operator matrices was considered only recently (see [Tre08,

Theorem 4.4]).

Theorem 2.5.12 If A is off-diagonally dominant of order 0 and B, C

are boundedly invertible, then

σapp(A) ⊂W 2(A).

Proof. The first part of the proof is analogous to the proof of Theo-

rem 2.5.10, now with fn, f̂n ∈ D(C) and gn, ĝn ∈ D(B); we continue to use

the same notation. In fact, by Corollary 2.2.5, the operator

T =

(
A 0

0 D

)

is A-bounded. Thus, in the same way as in the proof of Theorem 2.5.10,

we can show that λ0 ∈ σapp(A) implies that all sequences
(
(A − λ0)fn

)∞
1

,(
Bgn

)∞
1

,
(
Cfn

)∞
1

,
(
(D−λ0)gn

)∞
1

are bounded, ∆
(
f̂n, ĝn;λ0

)
→ 0, n→∞,

and hence λ0 ∈W 2(A) if lim infn→∞ ‖fn‖ > 0 and lim infn→∞ ‖gn‖ > 0.

It remains to consider the case lim infn→∞ ‖gn‖ = 0, without loss of

generality limn→∞ gn = 0 and ‖fn‖ > γ, n ∈ N, with some γ ∈ (0, 1]; the

case lim infn→∞ ‖fn‖ = 0 is analogous.

If dimH2 = 1, the proof is the same as the respective part of the proof

of Theorem 2.5.10. If dimH2 ≥ 2, we prove that (Dgn)∞1 tends to 0; since

C is boundedly invertible, this and the second relation in (2.5.5) yield
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fn = −C−1(D − λ0)gn + C−1kn −→ 0, n→∞,
a contradiction to ‖fn‖ > γ > 0, n ∈ N. Let ε > 0 be arbitrary. Since(
Bgn

)∞
1

is bounded, there exists an M > 0 such that ‖Bgn‖ < M, n ∈ N.

Since A is off-diagonally dominant of order 0, the operator D is B-bounded

with B-bound 0 and hence there exist constants aD, bD ≥ 0 such that

bD < ε/(2M) and

‖Dgn‖ ≤ aD‖gn‖+ bD‖Bgn‖, n ∈ N.

If we choose N ∈ N such that ‖gn‖ < ε/(2aD), n ≥ N , it follows that

‖Dgn‖ < ε for n ≥ N . �

Corollary 2.5.13 If A is bounded or C-compact, D is bounded or B-

compact, and if B, C are boundedly invertible, then

σapp(A) ⊂W 2(A).

The following example shows that Theorem 2.5.12 and Corollary 2.5.13

do not hold without the assumption that B and C are boundedly invertible.

Example 2.5.14 Let A = C = D = 0 and let B be a bijective (and

hence closed) linear operator with dense domain D(B) $ H2. Then the

block operator matrix

A =

(
0 B

0 0

)
, D(A) = H1 ⊕D(B),

is closed and off-diagonally dominant with W 2(A) = {0}. If λ ∈ C \ {0},
then A − λ is injective, the range R(A − λ) = H1 ⊕ D(B) $ H1 ⊕ H2 is

dense and hence λ0 ∈ σc(A) ⊂ σapp(A); if λ = 0, then A−λ is not injective

and hence λ0 ∈ σp(A) ⊂ σapp(A). Thus σapp(A) = C is not contained in

W 2(A) = {0}.
For a closed linear operator T , the spectral inclusion σ(T ) ⊂ W (T ) in

the numerical range holds if every component of C\W (T ) contains a point

µ ∈ ρ(T ), or, equivalently, a point µ such that the range R(T −µ) = H (see
[Kat95, Theorem V.3.2]). The analogue for the quadratic numerical range

is as follows.

Theorem 2.5.15 Let A be closed and either diagonally dominant of

order 0 or off-diagonally dominant of order 0 with B, C boundedly invert-

ible in the latter case. If Ω is a component of C \W 2(A) that contains

a point µ ∈ ρ(A), then Ω ⊂ ρ(A); in particular, if every component of

C \W 2(A) contains a point µ ∈ ρ(A), then

σ(A) ⊂W 2(A).
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Proof. For λ ∈ r(A), the range R(A − λ) is closed and the mapping

λ 7→ dimR(A − λ)⊥ is constant on every component of r(A) (see e.g.

[Kat95, Theorem V.3.2]). Thus, by Theorem 2.5.10 or 2.5.12, respectively,

the same is true on each component of C \W 2(A) ⊂ C \ σapp(A) = r(A).

By assumption, it follows that R(A − λ) = H for all λ ∈ C \W 2(A), that

is, C \W 2(A) ⊂ ρ(A). �

Since the closure A of a closable block operator matrix A need not be a

block operator matrix, the quadratic numerical range of A is, in general, not

defined. However, due to the next lemma, the closure W 2(A) of the qua-

dratic numerical range still provides an enclosure for σp

(
A
)

and σapp

(
A
)
.

Lemma 2.5.16 Let T be a closable linear operator in a Banach space E

with closure T . Then

σp

(
T
)
⊂ σapp(T ), σapp

(
T
)

= σapp(T ).

Proof. If λ ∈ σp

(
T
)
, then there exists an x ∈ D

(
T
)
, x 6= 0, such that(

T − λ
)
x = 0. By definition of the closure, there is a sequence (xn)∞1 ⊂

D(T ) with xn → x, without loss of generality ‖xn‖ ≥ γ for some γ > 0,

and (T − λ)xn →
(
T − λ

)
x = 0, n→∞. This shows that λ ∈ σapp(T ).

The inclusion σapp(T ) ⊂ σapp

(
T
)

is obvious. Vice versa, if λ∈σapp

(
T
)
,

then there exists a sequence (xn)∞1 ⊂ D
(
T
)

with ‖xn‖ = 1, n ∈ N, and(
T − λ

)
xn → 0, n →∞. Let ε > 0 be arbitrary such that ε < 3|λ|/2. By

definition of the closure, for every n ∈ N there exists an element yn ∈ D(T )

such that ‖yn−xn‖ < ε/(3|λ|) and
∥∥Tyn−Txn‖ < ε/3. Choose n0 ∈ N so

that
∥∥(T − λ

)
xn

∥∥ < ε/3 for n ≥ n0. Then, for n ≥ n0,

‖(T − λ)yn‖ ≤
∥∥Tyn − Txn‖+ |λ| ‖yn − xn‖+

∥∥(T − λ
)
xn

∥∥ < ε.

Since ε < 3|λ|/2, we have ‖yn‖ ≥ ‖xn‖ − ‖xn − yn‖ ≥ 1/2 for all n ∈ N.

This shows that λ ∈ σapp(T ). �

Corollary 2.5.17 Let A be a closable block operator matrix with clo-

sure A. If the quadratic numerical range of A satisfies the spectral inclusion

σp(A) ⊂W 2(A) and σapp(A) ⊂W 2(A), then

σp

(
A
)
⊂W 2(A), σapp

(
A
)
⊂W 2(A).

In the following we consider unbounded block operator matrices with

certain additional structures. First we study block operator matrices such

that C=B∗ and A, −D are uniformly accretive (see Theorem 1.2.1 for the

bounded case), i.e. there are constants α, δ > 0 with

ReW (D) ≤ −δ < 0 < α ≤ ReW (A).
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The next theorem shows that this gap between the diagonal entries A and

D is retained as a spectral gap for the whole block operator matrix A, even

in the off-diagonally dominant case where B∗ and B are stronger than A

and D, respectively (see [Tre08, Theorem 5.2]).

Theorem 2.5.18 Let A be a closable block operator matrix of the form

A =

(
A B

B∗ D

)

and define the sector Σω :=
{
reiφ : r ≥ 0, |φ| ≤ ω

}
for ω ∈ [0, π). If there

exist α, δ > 0 and angles ϕ, ϑ ∈ [0, π/2] such that

W (D) ⊂
{
z ∈ −Σϕ : Re z ≤ −δ

}
, W (A) ⊂

{
z ∈ Σϑ : Re z ≥ α

}
,

then, with θ := max{ϕ, ϑ},
σp

(
A
)
⊂
{
z ∈ −Σθ : Re z ≤ −δ

}
∪
{
z ∈ Σθ : Re z ≥ α

}
.

Suppose, in addition, that A is either diagonally dominant or off-diagonally

dominant of order 0 and, in the latter case, B is boundedly invertible. If

there exists a point µ∈ ρ(A) ∩ ρ(D) ∩ {z ∈C : −δ < Re z < α}, then A is

closed and

σ(A) ⊂
{
z ∈ −Σθ : Re z ≤ −δ

}
∪
{
z ∈ Σθ : Re z ≥ α

}
.

C+C−

W (D)

−δ
W (A)

α

ϑϕ

Figure 2.1 Assumptions on A and D in Theorem 2.5.18.

Proof. By Lemma 1.2.2, the assumptions imply that

W 2(A) ⊂
{
z ∈ −Σθ : Re z ≤ −δ

}
∪
{
z ∈ Σθ : Re z ≥ α

}
=: Ξ. (2.5.8)

By Theorem 2.5.10 and Corollary 2.5.17, we have σp

(
A
)
⊂W 2(A) ⊂ Ξ. For

the inclusion of the spectrum, we first note that in the off-diagonally dom-

inant case, B∗ is boundedly invertible since so is B. That A is closed and

σ(A) ⊂W 2(A) follows from Theorems 2.5.12, 2.5.15, and Corollary 2.5.17
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if we show that C \Ξ contains a point µ ∈ ρ(A); in fact, we will show that

iR ∩ ρ(A) 6= ∅. To prove this, we consider the block operator matrices

T :=

(
A 0

0 D

)
, S :=

(
0 B

B∗ 0

)
.

Due to the assumptions onA, D, we have σ(A) ⊂W (A), σ(D) ⊂W (D) and

∥∥(T − iµ)−1
∥∥ ≤ (cos θ)−1

|µ| , µ ∈ R \ {0}.

If B is boundedly invertible, it is closed and hence S is self-adjoint (see the

subsequent Proposition 2.6.3) so that

∥∥(S − iµ)−1
∥∥ ≤ 1

|µ| , µ ∈ R \ {0}.

If A is diagonally dominant of order 0, then S is T -bounded with T -

bound 0; if A is off-diagonally dominant of order 0, then T is S-bounded

with S-bound 0 (see Proposition 2.2.5). In both cases, the assumptions of

Corollary 2.1.5 are satisfied and so {iµ : |µ| ≥ R} ⊂ ρ(T + S) = ρ(A) for

some R > 0. �

Remark 2.5.19 If A is self-adjoint, clearly, a point µ ∈ ρ(A) ∩ ρ(D)∩
{z ∈ C :−δ<Re z<α} exists; in this case, σ(A)⊂Λ−(A) ∪̇Λ+(A)⊂R and

Λ−(A) ⊂
{
z ∈ R : Re z ≤ −δ

}
, Λ+(A) ⊂

{
z ∈ R : Re z ≥ α

}
.

This spectral inclusion was first proved by J. Weidmann (see [Wei80,

Theorem 7.25]) using the spectral theorem; in [AL95, Theorem 2.1], a

shorter proof was given by showing that for λ∈ (−δ, α) the inverse of the

first Schur complement S1(λ) and thus the resolvent (A−λ)−1 exist (see

Theorem 2.3.3).

In the following example we use the above theorem to estimate the small-

est eigenvalue in modulus of Dirac operators on certain compact manifolds

with warped product metric (see [KT03]). Examples of such manifolds are

manifolds with S1-symmetry, in the simplest case ellipsoids. For a one-

dimensional basis (like for an ellipsoid), such estimates may be obtained

by Sturm-Liouville techniques (see e.g. [Kra00], [Kra01]); for higher dimen-

sional bases, Theorem 2.5.18 provides an eigenvalue estimate that can be

read off elegantly from the diagonal entries (see [KT03, Theorem 7.2]).

Example 2.5.20 We consider the Dirac operator DM on a closed Rie-

mannian spin manifold M with warped product metric. These manifolds

are complete Riemannian spin manifolds and hence DM is an essentially
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self-adjoint operator acting on the space of spinors ΓΣM, i.e. on sections of

a certain 2[ dimM
2 ]-dimensional complex vector bundle, the so-called spinor

bundle ΣM → M. Since the manifold M is closed, the Dirac operator

DM has discrete spectrum. The kernel is not a topological but a conformal

invariant and only few estimates are known for the first positive eigenvalue.

Note that, if the dimension of M is even, then σ(DM) is symmetric to 0.

For details on Dirac operators on manifolds we refer to [LM89] and [Fri00].

The manifold M with its warped product metric is defined as follows.

Let (Bm, gB), (Fk, gF) be closed Riemannian spin manifolds of dimensions

m and k, respectively. For a positive C∞-function f : Bm → R+ we denote

by M := Bm ×f Fk := (Bm × Fk, gB + f2gF) the warped product of Bm

and Fk with the product spin structure. In the following we always write

B, F , and B×f F to shorten the notation. To introduce the Dirac operator

on M, one has to distinguish the cases m even, m odd and k even, and

m, k odd. For simplicity, we restrict ourselves to the case m even; for the

other cases, we refer the reader to [KLT04, Example 4.12].

For a manifold X we denote by ΣX the spinor bundle over X and by

πX : M → X the projection of M onto X . Then, for the spinor bundles

onM, we have ΣM
∼= π∗

BΣB ⊗ π∗
FΣF . For an even-dimensional spin mani-

fold X , there is a natural splitting ΣX = Σ+
X ⊕ Σ−

X . With respect to this

decomposition, the Dirac operator DX which exchanges the positive and

negative spinors has the form

DX =

(
0 D+

X

D−
X 0

)
.

The warped product structure of the manifoldM allows us to write the

Dirac operator DM as a direct sum of off-diagonally dominant block opera-

tor matrices. To this end, we decompose the space of spinors overM along

the eigenspaces of the Dirac operator on the fibre F . More exactly, for

every eigenvalue Λ ∈ σp(DF ), let EΛ → B be the vector bundle with

fibre EΛ,b := E
(

Λ
f(b) , Df(b)F

)
trivialised by (

π∗
FeΛ,1

fk/2 , . . . ,
π∗
FeΛ,r(Λ)

fk/2 ) where

(eΛ,1, . . . , eΛ,r(Λ)) is an orthonormal basis of the eigenspace E(Λ, DF)

and r(Λ) is the multiplicity of Λ. For Λ ∈ σp(DF ) we define WΛ :=

ΓB(ΣB ⊗ EΛ) = ΓB

(
ΣB ⊗Cr(Λ)

)
. Then the space of spinors decomposes as

ΓM(ΣM) =
⊕

Λ∈σp(DF )

WΛ;

a spinor Ψ ∈ ΓM(ΣM) is called a spinor of weight Λ if Ψ ∈ WΛ.

For the corresponding decomposition of the Dirac operator on M, we

fix Λ∈σp(DF) and define the Hilbert spaces
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H1,Λ := L2
(
Σ+

B ⊗Cr(Λ)
)
, H2,Λ := L2

(
Σ−

B ⊗Cr(Λ)
)
, HΛ := H1,Λ⊕H2,Λ.

We introduce the bounded self-adjoint operators Ai,Λ in Hi,Λ, i = 1, 2, by

Ai,Λ : Hi,Λ → Hi,Λ, Ai,ΛΨi =
Λ

f
Ψi,

and the closed operator BΛ from H2,Λ into H1,Λ by

D(BΛ) =
{
Ψ2 ∈ H2,Λ : Ψ2 ∈W 1,2

(
Σ−

B ⊗ Cr(Λ)
)}
,

BΛ = DB =

(
0 D+

B

D−
B 0

)
. (2.5.9)

Then the Dirac operator DM on the manifoldM can be written as

DM =
⊕

Λ∈σp(DF )

AΛ, AΛ :=

(
A1,Λ BΛ

B∗
Λ −A2,Λ

)
; (2.5.10)

an eigenvalue λ of DM is called an eigenvalue of weight Λ if there is an

eigenspinor Ψ associated with λ that belongs to WΛ. Since BΛ is closed

and A1,Λ, A2,Λ are bounded, the block operator matrices AΛ in HΛ with

domain D(AΛ) = W 1,2
(
Σ+

B ⊗Cr(Λ)
)
⊕W 1,2

(
Σ−

B ⊗Cr(Λ)
)

are off-diagonally

dominant and self-adjoint (see the subsequent Theorem 2.6.6 iii)).

Suppose that 0 /∈ σp(DF ). Then every operatorAΛ satisfies the assump-

tions of Theorem 2.5.18 since, for Ψ1 ∈ D(A1,Λ),

(
A1,ΛΨ1,Ψ1

)
L2

= Λ

∫

B

∣∣∣∣
Ψ1

f

∣∣∣∣
2

dB ≥ Λ

fmax
‖Ψ1‖2L2

,

and analogously for A2,Λ. Hence, Theorem 2.5.18 yields the inclusions

σp(AΛ) ⊂
(
−∞,− Λ

fmax

]
∪
[

Λ

fmax
,∞
)

(2.5.11)

and thus

σp

(
DM

)
=

⋃

Λ∈σp(DF )

σp(AΛ) ⊂ (−∞,−α] ∪ [α,∞)

where

α := min
Λ∈σp(DF )

{
|λ| : λ ∈ σp(AΛ)

}
≥ min

{ |Λ|
fmax

: Λ ∈ σp(DF )

}
.

For the particular case that F = Sk is the k-dimensional sphere, the small-

est eigenvalue in modulus of DSk is k/2 (see [Sul80]) and so in this case

σp

(
DM

)
⊂
(
−∞,− k

2fmax

]
∪
[

k

2fmax
,∞
)
.
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If the diagonal entries A and D are either both bounded from below

or from above and B is bounded, then the quadratic numerical range pro-

vides the following estimate for the lower or upper bound, respectively, of

the block operator matrix A (see [Tre08, Theorems 5.5, 5.6] and compare

Proposition 1.3.6 in the bounded case).

Proposition 2.5.21 Let the block operator matrix A be of the form

A =

(
A B

B∗ D

)

with A = A∗, D = D∗ either both semi-bounded from below or from above

and bounded B. Then the spectrum of A satisfies the following estimates:

i) If A and D are bounded from below and

δ−B := ‖B‖ tan

(
1

2
arctan

(
2‖B‖

|minσ(A)−minσ(D)|

))
,

then A is bounded from below with

min
{
minσ(A),min σ(D)

}
−δ−B≤minσ(A)≤min

{
minσ(A),min σ(D)

}
.

ii) If A and D are bounded from above and

δ+B := ‖B‖ tan

(
1

2
arctan

(
2‖B‖

|maxσ(A) −maxσ(D)|

))
,

then A is bounded from above with

max
{
maxσ(A),max σ(D)

}
≤maxσ(A)≤max

{
maxσ(A),maxσ(D)

}
+δ+B .

Proof. The proof of the fact that the quadratic numerical range satisfies

the stated estimates is analogous to the proof of Proposition 1.3.6. In

order to obtain the estimates of the spectrum, we use Corollary 2.5.11,

Theorem 2.5.15, and the fact that C\R ⊂ ρ(A) since A is self-adjoint. �

Next we consider unbounded self-adjoint block operator matrices with

diagonal entries A, D having disjoint spectra and bounded B. In this case,

an analogue of Proposition 1.3.7 and more advanced results on solutions of

corresponding Riccati equations (see Section 2.10) were proved in [KMM05,

Theorem 1, Remark 3.3] using factorization results of Virozub and Matsaev

and the Daleckii–Krein formula. Here we obtain a simpler proof of the

spectral inclusion by means of the quadratic numerical range.

Proposition 2.5.22 Let the block operator matrix A be of the form

A =

(
A B

B∗ D

)

with A = A∗, D = D∗, δA,D := dist
(
σ(A), σ(D)

)
> 0, and bounded B.
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Define

δB := ‖B‖ tan

(
1

2
arctan

(
2‖B‖
δA,D

))
.

i) Then

σ(A) ⊂
{
λ ∈ C : dist

(
λ, σ(A) ∪̇ σ(D)

)
≤ δB

}
.

ii) If ‖B‖<
√

3

2
δA,D, then δB<

δA,D

2
and σ(A) = σ1 ∪̇ σ2 with σ1, σ2 6=∅

and

σ1 ⊂
{
λ ∈ C : dist

(
λ, σ(A)

)
≤ δB

}
⊂
{
λ ∈ C : dist

(
λ, σ(A)

)
< δA,D/2

}
,

σ2 ⊂
{
λ ∈ C : dist

(
λ, σ(D)

)
≤ δB

}
⊂
{
λ ∈ C : dist

(
λ, σ(D)

)
< δA,D/2

}
.

iii) If convσ(A) ∩ σ(D) = ∅ and ‖B‖ <
√

2 δA,D, then δB < δA,D and

σ(A) = σ1 ∪̇ σ2 with σ1, σ2 6= ∅ and

σ1 ⊂
{
λ ∈ C : dist

(
λ, σ(A)

)
≤ δB

}
⊂
{
λ ∈ C : dist

(
λ, σ(A)

)
< δA,D

}
,

σ2 ⊂
{
λ ∈ C : dist

(
λ, σ(A)

)
≥ δA,D

}
.

Proof. Since A is self-adjoint and hence C \ R ⊂ ρ(A), the inclusion

σ(A) ⊂W 2(A) holds by Corollary 2.5.11 and Theorem 2.5.15. ThatW 2(A)

satisfies the estimates claimed for the spectrum can be proved in the same

way as Proposition 1.3.7 if we use Proposition 2.5.21. �

2.6 Symmetric and J -symmetric block operator matrices

In this section we consider block operator matrices A with real quadratic

numerical range. Like in the bounded case, the condition that W 2(A) ⊂ R
does not imply symmetry of the block operator matrix, it only implies

symmetry with respect to a possibly indefinite inner product [·, ·] = (J ·, ·)
on the Hilbert space H = H1 ⊕H2 where

J =

(
I 0

0 −I

)

(see Theorem 1.1.15 for the bounded case). For unbounded operators, how-

ever, there is a difference between J -symmetric and J -self-adjoint opera-

tors, depending on whether JA is only symmetric or self-adjoint in the

Hilbert space H (see Definition 1.1.14). In particular, the relation

[Ax,y] = [x,Ay], x,y ∈ D(A),

only implies that A is J -symmetric. Note that, for a J -self-adjoint opera-

tor A, the spectrum σ(A) as well as the resolvent set ρ(A) may be empty.
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For details on unbounded operators in spaces with indefinite inner products

we refer to [Bog74] and, for a brief overview, to [LNT06, Section 2].

We begin by presenting some simple criteria for an unbounded block

operator matrix A given by (2.2.1), (2.2.2) to be symmetric (self-adjoint)

and J -symmetric (J -self-adjoint), respectively, in H = H1 ⊕H2.

Proposition 2.6.1 A block operator matrix A is symmetric if and only if

A ⊂ A∗, D ⊂ D∗, C|D(A)∩D(C) ⊂ B∗, B|D(B)∩D(D) ⊂ C∗, (2.6.1)

and J -symmetric if and only if

A ⊂ A∗, D ⊂ D∗, C|D(A)∩D(C) ⊂ −B∗, B|D(B)∩D(D) ⊂ −C∗.

Proof. The operator matrix A is symmetric if and only if, for all elements

x = (x1 x2)
t, y = (y1 y2)

t ∈ D(A) =
(
D(A)∩D(C)

)
⊕
(
D(B)∩D(D)

)
, we

have (Ax,y) = (x,Ay) or, equivalently,

(Ax1, y1)+(Bx2, y1)+(Cx1, y2)+(Dy1, y2)

= (x1, Ay1)+(x2, Cy1)+(x1, By2)+(y1, Dy2).
(2.6.2)

Setting x2 = y2 = 0 and x1 = y1 = 0 in (2.6.2) shows that A and D are

symmetric. For y2 = 0, (2.6.2) yields that

(Ax1, y1) + (Bx2, y1) = (x1, Ay1) + (x2, Cy1).

The symmetry of A implies y1∈D(B∗), B∗y1 =Cy1, i.e. C|D(A)∩D(C)⊂B∗;

the proof of the remaining inclusion is similar if we choose y1 =0 in (2.6.2).

Conversely, if (2.6.1) holds, it is easy to check that (2.6.2) is satisfied,

and hence A is symmetric.

The second assertion follows from the first claim applied to JA. �

Corollary 2.6.2 If D(A) ∩D(C) is a core of C or if D(B)∩D(D) is a

core of B, then A is symmetric if and only if

A ⊂ A∗, D ⊂ D∗, C ⊂ B∗, (2.6.3)

and J -symmetric if and only if

A ⊂ A∗, D ⊂ D∗, C ⊂ −B∗.

Proof. If (2.6.3) holds, then B ⊂ B = (B∗)∗ ⊂ C∗ and so (2.6.1) fol-

lows. Vice versa, if D(A) ∩ D(C) is a core of C, then (2.6.1) implies that

C ⊂ C = C|D(A)∩D(C) ⊂ B∗ since B∗ is closed; if D(B) ∩ D(D) is a core

of B, then (2.6.1) implies that B ⊂ B = B|D(B)∩D(D) ⊂ C∗ since C∗ is

closed and thus, taking adjoints, C ⊂ C = (C∗)∗ ⊂ B∗. The second claim

follows from the first applied to JA. �
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In order to obtain criteria for self-adjointness (J -self-adjointness), we

consider block diagonal and block off-diagonal operator matrices.

Proposition 2.6.3 For the block operator matrices

T :=

(
A 0

0 D

)
, S :=

(
0 B

C 0

)

we have

T ∗ :=

(
A∗ 0

0 D∗

)
, S∗ :=

(
0 C∗

B∗ 0

)
,

and hence

i) T is self-adjoint if and only if A = A∗ and D = D∗,

ii) S is self-adjoint if and only if B is closed and C = B∗;

in the latter case, we have ρ(S) \ {0} = {λ ∈ C : λ2 ∈ ρ(B∗B)}, 0 ∈ ρ(S)

if and only if B is bijective, and the resolvent of S is given by

(S − λ)−1 =

(
λ(BB∗ − λ2)−1 B(B∗B − λ2)−1

B∗(BB∗ − λ2)−1 λ(B∗B − λ2)−1

)
, λ ∈ ρ(S). (2.6.4)

Proof. The claims for T are obvious.

An element (y1 y2)
t ∈ H1 ⊕ H2 belongs to D(S∗) if and only if there

exist (y∗1 y
∗
2)t ∈ H1 ⊕H2 such that for all (x1 x2)

t ∈ D(S) = D(C)⊕D(B)
((

0 B

C 0

)(
x1

x2

)
,

(
y1
y2

))
=

((
x1

x2

)
,

(
y∗1
y∗2

))

⇐⇒ (Cx1, y2) + (Bx2, y1) = (x1, y
∗
1) + (x2, y

∗
2).

If y1 ∈ D(B∗), y2 ∈ D(C∗), the latter holds with y∗1 = C∗y2, y
∗
2 = B∗y1;

this proves that D(B∗)⊕D(C∗) ⊂ D(S∗) and that S∗|D(B∗)⊕D(C∗) has the

asserted form. Vice versa, if (y1 y2)
t ∈ D(S∗), we choose (x1 0)t, (0 x2)

t∈
D(S) =D(C) ⊕D(B) above and obtain y1 ∈ D(B∗), y2 ∈ D(C∗).

From the formula for S∗, claim ii) is immediate. Moreover, if λ ∈ C\{0}
is such that λ2 ∈ ρ(B∗B) or, equivalently, λ2 ∈ ρ(BB∗), it is not difficult

to check that the resolvent of S is given by the above formula; note that

(BB∗−λ2)−1B∗ = B∗(B∗B−λ2)−1 and (B∗B−λ2)−1B = B(BB∗−λ2)−1.

Vice versa, if λ ∈ ρ(S) \ {0}, the unique solvability of (S − λ)x = f for

f = (f 0)t shows that λ2 ∈ ρ(B∗B); for λ = 0, the assertion is clear. �

Remark 2.6.4 The self-adjointness of the block off-diagonal matrix S
can be used to prove von Neumann’s theorem (see [Kat95, Theorem V.3.24]:

If B is closed, then B∗B is self-adjoint. In fact, BB∗ and B∗B are the

diagonal entries of the self-adjoint block diagonal operator S2. This proof

is known as Nelson’s trick (see [Tha92, Sections 5.2.2, 5.2.3]).
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The next theorem shows that, under certain assumptions, the adjoint

of an unbounded block operator matrix is again a block operator matrix.

Theorem 2.6.5 Suppose that block operator matrix A satisfies one of the

following two conditions:

i) A, D are Fredholm operators, C is A-compact, and B is D-compact;

ii) B, C are Fredholm operators, A is C-compact, and D is B-compact.

Then the adjoint of A is given by

A∗ =

(
A∗ C∗

B∗ D∗

)
.

Proof. We prove the claim in case i); the proof in case ii) is analogous.

Let the block operator matrices T and S be defined as in Proposition 2.6.3.

Then T is Fredholm and, by Theorem 2.4.1 (with C0 = B0 = A1 = D1 = 0),

S is T -compact. Now the claim follows from Proposition 2.1.11 (see also

the original result in [Bea64]) together with Proposition 2.6.3. �

Theorem 2.6.6 Suppose that A is diagonally dominant of order δ < 1

and that A = A∗ and D = D∗.

i) If C ⊂ B∗, then A is self-adjoint in H.

ii) If C ⊂ −B∗, then A is J -self-adjoint in H.

Suppose that A is off-diagonally dominant of order δ < 1 and B is closed.

iii) If C = B∗, then A is self-adjoint in H.

iv) If C = −B∗, then A is J -self-adjoint in H.

Proof. i), iii) By the assumptions, the block diagonal and off-diagonal

operators T and S, respectively, defined in Proposition 2.6.3 are self-adjoint.

The claims now follow from Proposition 2.2.5 and the theorem of Kato-

Rellich (see [Kat95, Theorem V.4.3]), which shows that self-adjointness is

preserved under relatively bounded perturbations with relative bound < 1.

ii), iv) The claims follow from i), iii) applied to JA. �

The main result of this section shows that if the quadratic numerical

range of a block operator matrixA is real, then the diagonal entriesA andD

of A are symmetric and A is either block triangular, similar to a symmetric

block operator matrix, or similar to a J -symmetric block operator matrix.

Note that the quadratic numerical range of a J -self-adjoint block oper-

ator matrix may be complex even for bounded B having sufficiently large

norm.
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Theorem 2.6.7 Suppose that dimH1 ≥ 2 or dimH2 ≥ 2, D(B)∩D(D)

is a core of B, and D(A) ∩ D(C) is a core of C. If W 2(A) ⊂ R, then

A and D are symmetric and A is either block triangular (i.e. B = 0 or

C = 0) or there exists a γ ∈ R, γ 6= 0, such that

A =

(
A B

C D

)
, B 6= 0, C ⊂ γB∗;

in the latter case, A is similar to the block operator matrix

Ã =

(
A B̃

C̃ D

)
, B̃ :=

√
|γ|B, C̃ ⊂ (sign γ) B̃∗;

Ã is symmetric in H if sign γ = 1 and J -symmetric if sign γ = −1.

Proof. We follow the lines of the proof of Theorem 1.1.15 in the bounded

case with the following modifications. By Theorem 2.5.4, we have W (A)⊂
W 2(A) ⊂ R and hence A is symmetric and, as a consequence, so is D.

In the same way as in the proof of Theorem 2.5.4, we conclude that

(Bg, f)(Cf, g) ∈ R for all f ∈ D(A) ∩ D(C), g ∈ D(B) ∩ D(D). Since

D(A)∩D(C) is a core of C and C is closed, we have C = C = C|D(A)∩D(C),

and analogously for D(B) ∩D(D) and B. Hence, for x ∈ D(C), y ∈ D(B),

there exist sequences (xn)∞1 ⊂ D(A) ∩ D(C), (yn)∞1 ⊂ D(B) ∩ D(D) such

that xn → x, yn → y and Cxn → Cx = Cx, Byn → By = By for n →∞.

This shows that, in fact, (Bg, f)(Cf, g) ∈ R for all f ∈ D(C), g ∈ D(B).

Now Lemma 1.1.16, which was already formulated for unbounded oper-

ators, shows that the first claim holds. The similarity of A to Ã is proved

in the same way as in the proof of Theorem 1.1.15. The last claim about

the symmetry (J -symmetry) of A follows from Corollary 2.6.2. �

For unbounded J -self-adjoint block operator matrices, the quadratic

numerical range yields the following spectral enclosures (see [Tre08, Theo-

rem 5.4] and compare Proposition 1.3.9 for the bounded case).

Here and in the following, we use the definitions of the functionals λ±
and their ranges Λ±(A) given in Corollary 1.1.4 with the obvious domain

restrictions for the unbounded case (see Remark 2.5.2).

Proposition 2.6.8 Let A = A∗, D = D∗, C = −B∗, and let A be either

diagonally dominant or off-diagonally dominant of order 0 (so that A is

J -self-adjoint), and, in the latter case, let B be boundedly invertible.

i) If W 2(A) ⊂ R, then W 2(A) consists of one or two intervals and

σ(A) ⊂W 2(A) ⊂ Λ−(A) ∪ Λ+(A).
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ii) If A and D are bounded from below,

a− := inf W (A), d− := inf W (D),
then

σ(A) ∩ R ⊂
[
min{a−, d−},∞

)
, σ(A)\R ⊂

{
z ∈ C :

a−+ d−
2

≤ Re z
}
;

analogous statements hold for A and D bounded from above.

iii) If B is bounded, then σ(A) \ R ⊂
{
z ∈ C : |Im z| ≤ ‖B‖

}
; if, in

addition, δ := dist
(
W (A),W (D)

)
> 0, then

‖B‖≤δ/2 =⇒ σ(A)⊂R,

‖B‖>δ/2 =⇒ σ(A) \ R ⊂
{
z ∈ C : |Im z| ≤

√
‖B‖2 − δ2/4

}
.

Proof. In a similar way as in the proof of Theorem 2.5.18, we consider

the block operator matrices

T :=

(
A 0

0 D

)
, S :=

(
0 B

−B∗ 0

)
;

T is self-adjoint and, if B is boundedly invertible and thus closed, so is iS.

i) If W 2(A) ⊂ R, its at most two components must be intervals. By

Corollary 2.5.17, it suffices to prove that there exist points µ+, µ− ∈ ρ(A)

in the upper and lower half-plane, respectively. To this end, we note that
∥∥(T − iµ)−1

∥∥ ≤ 1

|µ| , µ ∈ R \ {0},
∥∥(S − (ν ± iµ0)

)−1∥∥ ≤ 1

|ν| , ν ∈ R \ {0},

with an arbitrary fixed µ0 ∈ (0,∞). As in the proof of Theorem 2.5.18,

we find that the assumptions of Corollary 2.1.5 are satisfied for T and

S ∓ iµ0, respectively. As a consequence, there exists an R > 0 such that

{±iµ : |µ| ≥ R} ⊂ ρ(T + S) = ρ(A) in the diagonally dominant case and

{ν± iµ0 : |ν| ≥ R} ⊂ ρ(S + T ) = ρ(A) in the off-diagonally dominant case.

ii) As in the bounded case, we can show that the asserted inclusions

hold with W 2(A) instead of σ(A) (see Propositions 1.2.6 and 1.3.9). By

Corollary 2.5.17, it suffices to prove that there is a point µ ∈ ρ(A) in the

half-plane {z ∈ C : Re z < (a−+ d−)/2}. Here we note that

∥∥(T − (ν0 + iµ)
)−1∥∥ ≤ 1

|µ| , µ ∈ R \ {0},
∥∥(S − µ)−1

∥∥ ≤ 1

|µ| , µ ∈ R \ {0},

with an arbitrary fixed ν0 ∈
(
−∞, a−+ d−)/2

)
. Hence, by Corollary 2.1.5

applied to T − ν0 and S, respectively, there exists an R > 0 such that
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{ν0 +iµ : |µ| ≥ R} ⊂ ρ(T +S) = ρ(A) in the diagonally dominant case and

{±µ : |µ| ≥ R} ⊂ ρ(S + T ) = ρ(A) in the off-diagonally dominant case.

iii) If B is bounded, then A is a bounded perturbation of the self-adjoint

operator T and the first claim follows from standard perturbation theorems

(see e.g. [Kat95, Problem V.4.8]); in particular, there are µ+, µ− ∈ ρ(A) in

the upper and lower half-plane, respectively. Now the claims for δ > 0 follow

in the same way as in the bounded case (see Propositions 1.2.6, 1.3.9). �

For diagonally dominant block operator matrices, the fact that W 2(A)

is real is related to certain definiteness properties of the Schur complements.

For this we first prove the following stability result.

Lemma 2.6.9 Let A be diagonally dominant, A =A∗, D =D∗, and either

C ⊂ B∗ or C ⊂ −B∗. If λ ∈ ρ(D) ∩ R, then S1(λ) is symmetric. If there

exists a λ0 ∈ ρ(A) ∩ ρ(D) ∩ R so that S1(λ0) is self-adjoint and uniformly

positive, then there is an ε > 0 so that S1(λ) is self-adjoint and uniformly

positive for all λ ∈ (λ0 − ε, λ0 + ε). Analogous statements hold for S2.

Proof. The symmetry of S1(λ) = A− λ∓B(D− λ)−1B∗ is obvious. By

Proposition 2.3.4, the set ρ(S1) ∩ ρ(A) is open. Hence there exists a δ > 0

such that (λ0 − δ, λ0 + δ) ⊂ ρ(S1) ∩ ρ(A). For λ ∈ (λ0 − δ, λ0 + δ) and

x ∈ D
(
S1(λ)

)
= D

(
S1(λ0)

)
= D(A), we have the estimate

∥∥(S1(λ) − S1(λ0)
)
x
∥∥

= |λ−λ0|
∥∥(I ∓B(D − λ)−1(D − λ0)

−1B∗
)
x
∥∥

≤ |λ−λ0|
(
‖x‖+ ‖B(D−λ)−1‖ ‖(D−λ0)

−1‖ ‖B∗(A−λ0)
−1‖ ‖(A−λ0)x‖

)
.

Since λ0 ∈ ρ(S1) ∩ ρ(A), the operator I ∓ B(D − λ0)
−1B∗(A − λ0)

−1 is

boundedly invertible by Proposition 2.3.4 and hence

A− λ0 =
(
I ∓B(D − λ0)

−1B∗(A− λ0)
−1
)−1

S1(λ0).

Together with the fact that µ 7→ B(D − µ)−1 is holomorphic on ρ(D), we

conclude that there exists a cδ > 0 such that, for all λ ∈ (λ0 − δ, λ0 + δ),∥∥(S1(λ) − S1(λ0)
)
x
∥∥ ≤ |λ− λ0| ‖x‖+ |λ− λ0| cδ ‖S1(λ0)x‖. (2.6.5)

Now a stability theorem for semi-bounded self-adjoint operators (see
[Kat95, Theorem V.4.11]) shows that if |λ−λ0| < 1/cδ, then S1(λ)−S1(λ0)

is S1(λ0)-bounded with S1(λ0)-bound < 1 and hence S1(λ) is self-adjoint;

moreover, if S1(λ0) ≥ s0 > 0, then (2.6.5) implies that S1(λ) ≥ s1 with

s1 = s0 −max

{ |λ− λ0|
1− |λ− λ0|cδ

, |λ− λ0|
(
1 + cδs0

)}

(see [Kat95, (V.4.13)]). Hence there exists an ε > 0, ε < min{δ, 1/cδ}, such

that s1 > 0 for |λ− λ0| < ε. �
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Proposition 2.6.10 Let A be diagonally dominant of order 0, A = A∗,

D = D∗, C ⊂ −B∗ (so that A is J -self-adjoint), and let γ ∈ R be such that

maxσ(D) < γ < min σ(A). (2.6.6)

Then the following are equivalent:

(i) W 2(A) ⊂ R and Λ−(A) < γ < Λ+(A),

(ii) S1(γ) is self-adjoint and uniformly positive,

(iii) S2(γ) is self-adjoint and uniformly negative.

Proof. In the following, we prove the equivalence of (i) and (ii). The

proof of the equivalence of (i) and (iii) is similar.

Suppose that (i) holds and let x ∈ D
(
S1(γ)

)
= D(A), x 6= 0. If B∗x = 0,

then
(
S1(γ)x, x

)
= (Ax, x) − γ ‖x‖2 > 0 by (2.6.6). If B∗x 6= 0, set

y := −(D−γ)−1B∗x. By definition, λ±(x, y) are the zeroes of the function

∆(x, y; ·) in Lemma 2.5.7. Hence, by (2.5.3) therein and by (i), we obtain

0 >

(
γ − λ+

(
x

y

))(
γ − λ−

(
x

y

))

=
1

‖x‖2‖(D − γ)−1B∗x‖2 ∆
(
x, (D − γ)−1B∗x; γ

)

=
1

‖x‖2‖(D − γ)−1B∗x‖2
(
(D − γ)−1B∗x,B∗x

) (
S1(γ)x, x

)
.

Here the first factor is positive, the second factor is negative by (2.6.6),

and hence
(
S1(γ)x, x

)
> 0. By Theorem 2.6.8 i), the assumptions (2.6.6)

and (i) imply that γ ∈ ρ(A) \ σ(D) and hence γ ∈ ρ(S1) or, equivalently,

0 ∈ ρ
(
S1(γ)

)
by Theorem 2.3.3 ii). This proves (ii).

Conversely, assume that (ii) holds. By Lemma 2.6.9, there exists an

ε > 0 with maxσ(D) < γ−ε < γ+ε < minσ(A) and such that S1(λ) is self-

adjoint and uniformly positive for all λ ∈ (γ− ε, γ+ ε). Now let x ∈ D(A),

y∈D(D), ‖x‖=‖y‖=1, and λ ∈ (γ − ε, γ + ε). Using the Cauchy–Schwarz

inequality with respect to the scalar product
(
(λ−D)−1·, ·

)
, we find that

(
λ− λ+

(
x

y

))(
λ− λ−

(
x

y

))
= ∆(x, y;λ)

=
(
(λ−A)x, x

)(
(λ −D)y, y

)
+
∣∣(B∗x, y)

∣∣2

≤
(
(λ−A)x, x

)(
(λ −D)y, y

)
+
(
(λ−D)−1B∗x,B∗x

)(
(λ −D)y, y

)

=−
(
(λ−D)y, y

)(
S1(λ)x, x

)
< 0

and, consequently, λ−(x, y) < λ < λ+(x, y). This proves the inequalities

λ−(x, y) ≤ γ − ε < γ + ε ≤ λ+(x, y) and hence (i). �
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The inclusion σp(A) ⊂ W 2(A) opens up a way to classify eigenvectors

and eigenvalues of diagonally dominant self-adjoint and J -self-adjoint block

operator matrices. Using the functionals λ±, we distinguish eigenvectors of

positive, negative, and neutral type.

Definition 2.6.11 Suppose that A is self-adjoint or J -self-adjoint. Let

λ0 ∈ σp(A) be an eigenvalue of A and let x0 = (x0 y0)
t ∈ D(A) be a

corresponding eigenvector such that x0, y0 6= 0. Then x0 is said to be of

positive type if λ0 = λ+(x0) and λ+(x0) 6= λ−(x0),

negative type if λ0 = λ−(x0) and λ−(x0) 6= λ+(x0),

neutral type if λ0 = λ+(x0) = λ−(x0);

the eigenvector x0 is said to be of definite type if it is either of positive

or of negative type. If λ0 is (algebraically) simple, we call λ0 of positive,

negative, definite, or neutral type if so is the corresponding eigenvector.

In the following cases where W 2(A) is real and consists of two disjoint

intervals it is easy to determine the types of the eigenvalues of A.

Proposition 2.6.12 Let A be self-adjoint or J -self-adjoint and let λ0 ∈
σp(A) be simple with eigenvector x0 = (x0 y0)

t∈ D(A) so that x0, y0 6= 0.

i) If A is self-adjoint and γ∈R is so that supW (D)<γ< inf W (A), then

λ0 ∈ (γ,∞) =⇒ λ0 is of positive type,

λ0 ∈ (−∞, γ) =⇒ λ0 is of negative type.

ii) If A is J -self-adjoint, W 2(A) ⊂ R, and there exists a γ ∈ R such that

Λ−(A) < γ < Λ+(A), then

λ0 ∈ (γ,∞) =⇒ λ0 is of negative type,

λ0 ∈ (−∞, γ) =⇒ λ0 is of positive type.

Proof. In both cases, the claims are immediate from the two inclusions

σp(A) ∩ (γ,∞) ⊂ Λ+(A) and σp(A) ∩ (−∞, γ) ⊂ Λ−(A); the latter are

obvious for ii) and were proved in Remark 2.5.19 for i). �

Next we prove that, for small perturbations tB of B, simple isolated

eigenvalues of definite type move in opposite directions for self-adjoint and

for J -self-adjoint block operator matrices: for self-adjoint A, positive type

eigenvalues move to the right and negative type eigenvalues move to the left,

whereas for J -self-adjoint A, they move exactly in the opposite directions.
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Theorem 2.6.13 Suppose that A is self-adjoint or J -self-adjoint, and let

λ0 ∈ R be an isolated simple eigenvalue of A with eigenvector x0 = (x0 y0)
t.

Then there exists an ε > 0 such that for all t ∈ (1− ε, 1 + ε) the operator

At :=

(
A tB

tC D

)
(2.6.7)

has exactly one eigenvalue λ(t) in a neighbourhood of λ0. If x0, y0 6= 0, then

x0 is of positive type ⇐⇒
{
λ′(1) > 0 if C ⊂ B∗,

λ′(1) < 0 if C ⊂ −B∗,

x0 is of negative type ⇐⇒
{
λ′(1) < 0 if C ⊂ B∗,

λ′(1) > 0 if C ⊂ −B∗,

x0 is of neutral type ⇐⇒ λ′(1) = 0.

If x0 = 0 or y0 = 0, then λ′(1) = 0.

Proof. Obviously, the operator At can be written as

At = A+ (t− 1)S, S :=

(
0 B

C 0

)
, t ∈ C.

Since D(At) = D(A) is independent of t for all t in a neighbourhood of 1

and At depends holomorphically on t, the operators At form a holomorphic

family of type (A) (see [Kat95, Section VII.2.1]).

First we consider the self-adjoint case where that C ⊂ B∗. By [Kat95,

Section VII.3.4, (3.18)], it follows that

λ′(1) =

(
Sx0,x0

)

‖x0‖2
=

2 Re (By0, x0)

‖x0‖2
. (2.6.8)

The case x0 = 0 or y0 = 0 is clear from (2.6.8). Now let x0, y0 6= 0. The

eigenvalue equation (A− λ0)x0 = 0 implies the relations

(Ax0, x0)

‖x0‖2
− λ0 +

(By0, x0)

‖x0‖2
= 0, (2.6.9)

(Dy0, y0)

‖y0‖2
− λ0 +

(B∗x0, y0)

‖y0‖2
= 0; (2.6.10)

in particular, since A and D are self-adjoint, (By0, x0) is real and hence

(By0, x0) = (B∗x0, y0). Adding the two equations (2.6.9), (2.6.10), we find
(

1

‖x0‖2
+

1

‖y0‖2
)

(By0, x0) = 2λ0 −
(

(Ax0, x0)

‖x0‖2
+

(Dy0, y0)

‖y0‖2
)

= 2λ0 −
(
λ+(x0) + λ−(x0)

)
.
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Together with (2.6.8), this yields

λ′(1) =
4 ‖x0‖2‖y0‖2

(‖x0‖2 + ‖y0‖2)2
(
λ0 −

λ+(x0) + λ−(x0)

2

)
. (2.6.11)

Clearly, the relations (2.6.9), (2.6.10) imply that det
(
Ax0,y0−λ0

)
=0 and so

λ0 =λ+(x0) or λ0 =λ−(x0). This, together with (2.6.11) and the inequality

λ−(x0)≤λ+(x0), yields the desired equivalences if A is self-adjoint.

Now suppose that A is J -self-adjoint and hence C ⊂ −B∗. Since λ0

is a real (algebraically) simple and isolated eigenvalue of the J -self-adjoint

operator A, the corresponding eigenvector x0 is non-degenerate (see e.g.

[Bog74, Corollary VI.6.6]), that is, [x0,x0] = ‖x0‖2 − ‖y0‖2 6= 0. The ana-

logue of [Kat95, Section VII.3.4, (3.18)] for the J -self-adjoint perturbation

S is given by

λ′(1) =

[
Sx0,x0

]

[x0,x0]
=

2 Re (By0, x0)

‖x0‖2 − ‖y0‖2
; (2.6.12)

here the first formula is obtained in a similar way as [Kat95, Section II.6.5,

(6.10)] by taking the indefinite inner product [·, ·] with the eigenvector x0

and using the symmetry of S with respect to [·, ·]. The case x0 = 0 or

y0 = 0 is clear from (2.6.12). Now let x0, y0 6= 0. The eigenvalue equation

(A− λ0)x0 = 0 implies the relations

(Ax0, x0)

‖x0‖2
− λ0 +

(By0, x0)

‖x0‖2
= 0, (2.6.13)

(Dy0, y0)

‖y0‖2
− λ0 −

(B∗x0, y0)

‖y0‖2
= 0. (2.6.14)

In the same way as in the self-adjoint case, we find that

λ′(1) = − 4 ‖x0‖2‖y0‖2
(‖x0‖2 − ‖y0‖2)2

(
λ0 −

λ+(x0) + λ−(x0)

2

)
,

so, compared to the self-adjoint case, the inequality signs get reversed

because of the minus sign in front of the right hand side. �

Remark 2.6.14 If, in Theorem 2.6.13, A is J-self-adjoint, W (D) <

W (A), and x0, y0 6= 0, then the first two equivalences can be continued as

λ′(1) < 0 ⇐⇒ [x0,x0] > 0,

λ′(1) > 0 ⇐⇒ [x0,x0] < 0,

and the third case does not occur. Thus the notion of positive and nega-

tive type eigenvectors defined by means of the quadratic numerical range

coincides with the notion of J -positive and J -negative type eigenvectors

from Definition 1.10.6.
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Proof. If we subtract (2.6.14) from (2.6.13), we arrive at
(

1

‖x0‖2
+

1

‖y0‖2
)

(By0, x0) = − (Ax0, x0)

‖x0‖2
+

(Dy0, y0)

‖y0‖2
< 0

and thus, by (2.6.12),

λ′(1) [x0,x0] = 2 Re (By0, x0) = 2 (By0, x0) < 0. �

To conclude this section, we apply Theorem 2.6.13 to a matrix differ-

ential operator considered already in Section 2.4, which is related to the

λ-rational Sturm-Liouville problem (2.4.1).

Example 2.6.15 In Example 2.4.3 we have studied the spectral problem

A
(
y1
y2

)
=

(
−D2 + q

√
|w|

(signw)
√
|w| u

)(
y1
y2

)
= λ

(
y1
y2

)
, y1(0) = y1(1) = 0,

on [0, 1] under the assumptions q ∈ L1(0, 1), w, u ∈ L∞[0, 1], and either

w ≥ 0 or w ≤ 0. In Example 2.4.3 we have shown that σess(A) = u([0, 1]) =:

[u−, u+] if u is continuous. If we assume that u < 0, i.e. u+ < 0, then

maxσ(D) < 0 < minσ(A). Then the spectrum σ(A) ∩ (u+,∞) consists

of isolated eigenvalues accumulating at ∞; the latter follows from the fact

that A is bounded from below, but not from above.

a) w ≥ 0: Then the corresponding block operator matrix A is self-

adjoint in L2(0, 1) ⊕ L2(0, 1) by Theorem 2.6.6 i). Proposition 2.6.12 i)

implies that all simple eigenvalues of A in (u+,∞) are of positive type and

thus, by Theorem 2.6.13, in a neighbourhood of t = 1, the corresponding

eigenvalues of
(
−D2 + q tw

tw u

)(
y1
y2

)
= λ

(
y1
y2

)
, y1(0) = y1(1) = 0, (2.6.15)

are monotonically increasing in t.

b) w ≤ 0: Then the corresponding block operator matrix A is J -self-

adjoint in L2(0, 1)⊕L2(0, 1) by Theorem 2.6.6 ii). If we suppose that ‖w‖ <(
minσ(A) − u+

)
/2, then W 2(A) ⊂ R and Λ−(A) < γ < Λ+(A) for some

γ ∈
(
u+,minσ(A)

)
. Proposition 2.6.12 ii) implies that all simple eigenval-

ues of A in (u+,∞) are of negative type and thus, by Theorem 2.6.13, in a

neighbourhood of t = 1, the corresponding eigenvalues of
(
−D2 + q tw

−tw u

)(
y1
y2

)
= λ

(
y1
y2

)
, y1(0) = y1(1) = 0, (2.6.16)

are monotonically decreasing in t.
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The behaviour of eigenvalues under perturbations of B can also be stud-

ied by means of the variational principles and eigenvalue estimates estab-

lished in Sections 2.10 and 2.11.

2.7 Dichotomous block operator matrices and Riccati equations

In this section we study unbounded dichotomous block operator matrices.

To ensure that no spectrum lies on the imaginary axis, we assume that the

corners are symmetric, i.e. C ⊂ B∗, and that the spectra of the diagonal

entries are separated by the imaginary axis. Our aim is to show that spec-

tral subspaces corresponding to the spectrum in the open left and right

half plane, respectively, exist and that they can be represented by means

of so-called angular operators. As a consequence of the invariance of the

spectral subspaces, the angular operators satisfy certain Riccati equations

with unbounded operator coefficients.

In the bounded case, such angular operator representations have been

proved in Theorem 1.7.1 under the assumption that the closure of the qua-

dratic numerical range consists of two disjoint components. This condition

is satisfied for dichotomous block operator matrices; in the unbounded case,

however, the spectrum may still touch at ∞.

If the block operator matrix A is essentially self-adjoint, then the spec-

trum of A to the left and to the right of 0 can be separated at ∞ by means

of the spectral projections of A. For the non-self-adjoint case, we employ a

theorem on the separation of the spectrum at∞ of a closed linear operator

due to H. Bart, I.C. Gohberg, and M.A. Kaashoek (see [BGK86] and The-

orem 2.7.18 below). Here a stronger separation condition for the diagonal

elements is required: in addition to being separated by the imaginary axis,

the numerical ranges of the diagonal elements are assumed to lie in cer-

tain sectors with angle less than π. Moreover, the block operator matrix is

supposed to be either diagonally dominant or off-diagonally dominant with

some additional subordinacy properties; this guarantees that the Cauchy

principal value of the integral of the resolvent of A along the imaginary

axis exists.

In all cases, the key tool is a theorem on accretive linear operators in

Krein spaces (see Theorem 2.7.5 below). It is a slight extension of a result

of T.Ya. Azizov (see [AI89, Theorem II.2.21]); for dilating operators it was

proved by I.S. Iokhvidov and M.G. Krein (see [IK56, Theorem 3.7] and also
[IKL82, Theorem 11.1]).



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Unbounded Block Operator Matrices 155

For the following definitions and simple facts about Krein spaces and

linear operators therein we refer to [AI89]. First we generalize the notions of

J -nonnegative etc. subspaces given in Definition 1.10.7 for J = diag (I,−I)
to more general operators J .

Definition 2.7.1 A linear operator J in the Hilbert space H is called a

self-adjoint involution if J ∗ = J and J 2 = I in H.

Remark 2.7.2 A linear operator J in H is a self-adjoint involution if and

only if it is the difference of two complementary orthogonal projections P± :

J = P+ − P−, P 2
± = P± = P ∗

±, P+ + P− = I.

A self-adjoint involution generates an indefinite inner product [·, ·]J in H by

[x, y]J := (J x, y), x, y ∈ H.
Equipped with [·, ·]J , the space H becomes a Krein space. A particular

case of a self-adjoint involution on H is the operator

J =

(
I 0

0 −I

)
,

which was introduced in (1.1.10) (see also Section 1.10 and Section 2.6).

All notions introduced there for this particular choice of J , especially Def-

inition 1.1.14 of J -symmetric and J -selfadjoint operators as well as Defi-

nition 1.10.7 of J -nonnegative etc. subspaces carry over to arbitrary self-

adjoint involutions J without change.

Lemma 2.7.3 If a Krein space is the direct sum of a J -nonnegative

subspace L1 and a J -nonpositive subspace L2, then L1 is maximal J -

nonnegative andindexJ-nonpositive@J -nonpositive!maximal L2 is maximal

J -nonpositive (see [AI89, I.1.25◦]).

Definition 2.7.4 Let J be a self-adjoint involution in a Hilbert space H
with associated inner product [·, ·]J = (J ·, ·). A densely defined closed

linear operator T is called J -accretive (strictly J -accretive, respectively) if

Re [Tx, x]J ≥ 0 (> 0, respectively), x ∈ D(T ), x 6= 0,

and uniformly J -accretive if there exists a β > 0 such that

Re [Tx, x]J ≥ β ‖x‖2, x ∈ D(T ). (2.7.1)

In the following, the expressions under the integrals may have singular-

ities not only at ∞, but also at 0. In both cases,
∫ ′

denotes the Cauchy

principal value of an integral at ∞, and possibly at 0.
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Theorem 2.7.5 Let J be a self-adjoint involution in a Hilbert space H
with associated inner product [·, ·]J = (J ·, ·), let P± be the corresponding

complementary orthogonal projections such that J = P+ − P−, and define

K± := R(P±) so that H = K+⊕K−. Let T be a J -accretive linear operator

in H such that iR \ {0} ⊂ ρ(T ) and the integral

1

πi

∫ ′

iR

(T − z)−1dz

exists in the strong operator topology. If there exist projections Q± with

1

πi

∫ ′

iR

(T − z)−1dz = Q+ −Q−, Q+ +Q− = I, (2.7.2)

then the subspaces L± := R(Q±) of H have the following properties:

i) L+ is maximal J -nonnegative, L− is maximal J -nonpositive and hence

there exist contractions K+ ∈ L(K+,K−), K− ∈ L(K−,K+) such that

L+ =

{(
x+

K+x+

)
: x+∈ K+

}
, L−=

{(
K−x−
x−

)
: x−∈ K−

}
. (2.7.3)

ii) If T is strictly J -accretive (bounded and uniformly J -accretive,

respectively), then the subspace L+ is J -positive (uniformly J -positive,

respectively), L− is J -negative (uniformly J -negative, respectively),

and the contractions K± in (2.7.3) are strict (uniform, respectively).

Proof. We prove the claims for the subspace L+; the proofs for L− are

analogous. Let x ∈ L+, x 6= 0, be arbitrary. Then [x,x]J = (J x,x) =

(x,J x) = [x,x]J is real and we have Q+x = x, Q−x = 0. Together with

assumption (2.7.2), we obtain

[x,x]J = Re [x,x]J = Re
[
Q+x,x

]
J

= Re
[
(Q+ −Q−)x,x

]
J

= Re

(
1

πi

∫ ′

iR

[
(T − z)−1x,x

]
J

dz

)

=
1

π

∫ ′

R

Re
[
T (T − it)−1x, (T − it)−1x

]
J

dt. (2.7.4)

If T is J -accretive (strictly J -accretive, respectively), then the last integral

is nonnegative (positive, respectively) and hence L+ is J -nonnegative (J -

positive, respectively).

If T is bounded and uniformly J -accretive, we consider an arbitrary

non-empty interval (a, b) ⊂ R with a > 0. Then, with β as in (2.7.1), we

can estimate the integral in (2.7.4) from below and arrive at
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[x,x]J ≥
1

π

∫ b

a

β
∥∥(T − it)−1x

∥∥2
dt ≥ β

π
(b− a)

(
max
t∈[a,b]

‖T − it‖
)−2

‖x‖2;

hence L+ is uniformly J -positive.

That L+ is maximal J -nonnegative is a consequence of the decomposi-

tion K = L+ uL− and Lemma 2.7.3. The angular operator representation

of L+ and its properties claimed in i) and ii) follow from Remark 1.10.8.�

The next proposition shows that a block operator matrix A is J -

accretive with J = diag (I,−I) if A and −D are accretive and C ⊂ B∗.

Proposition 2.7.6 Let A be a closable block operator matrix in H =

H1 ⊕H2 with C|D(A)∩D(C) ⊂ B∗. If A and −D are accretive (uniformly

accretive) in H1 and H2, respectively, then the closure A of A is J -

accretive (uniformly J -accretive) with respect to the self-adjoint involution

J :=

(
I 0

0 −I

)
;

if A is closed and A,−D are strictly accretive, then A is strictly J -accretive.

Proof. Let x = (x y)t ∈ D(A). It is not difficult to see that, if A and

−D are accretive, then

Re [Ax,x]J = Re
(
JAx,x

)
= Re (Ax, x) − Re (Dy, y) ≥ 0. (2.7.5)

Since JA = JA, this estimate continues to hold for the closure A of A.

The proof for the other cases is similar. �

In the following, we distinguish essentially self-adjoint block operator

matrices and non-self-adjoint block operator matrices.

2.7.1 Essentially self-adjoint block operator matrices

The following theorem is the first main result of this section. It concerns

the block diagonalizability of essentially self-adjoint block operator matri-

ces. In contrast to the non-self-adjoint case considered later, no dominance

assumptions on the entries are required here.

This theorem was first proved in [LT01, Theorem 3.1]. It generalizes

earlier results by V.M. Adamjan and H. Langer in [AL95, Theorem 2.3] for

bounded B and D; in [ALMS96, Theorem 5.3] it was extended to upper

dominant A with certain domain restrictions by V.M. Adamjan, H. Langer,

R. Mennicken, and J. Saurer. The proofs of these results are different from

the proof of [LT01, Theorem 3.1] given below; they do not make use of the

J -accretivity.
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Theorem 2.7.7 Suppose that the block operator matrix A is essentially

self-adjoint in H = H1 ⊕H2 with closure A, the entries A,B, and D are

closed, and 0 /∈ σp

(
A
)
. Let L+ := L[0,∞)

(
A
)
, L− := L(−∞,0]

(
A
)

be the

spectral subspaces of A corresponding to the intervals [0,∞) and (−∞, 0],

respectively (so that H = L+ ⊕L−).

i) If the diagonal entries A and D satisfy

(Ax, x) ≥ 0, x ∈ D(A) ∩ D(B∗),

(Dy, y) ≤ 0, y ∈ D(B) ∩ D(D),
(2.7.6)

then there exists a contraction K ∈ L(H1,H2) such that

L+ =

{(
x

Kx

)
: x ∈ H1

}
, L− =

{(−K∗y

y

)
: y ∈ H2

}
. (2.7.7)

ii) If either A and D are bounded or if B is bounded (so that A is self-

adjoint), and if the inequalities (2.7.6) are strengthened to

(Ax, x) > 0, x ∈ D(A) ∩ D(B∗), x 6= 0,

(Dy, y) < 0, y ∈ D(B) ∩ D(D), y 6= 0,
(2.7.8)

then the contraction K in (2.7.7) is strict.

iii) If B is bounded (so that A is self-adjoint) and the inequalities (2.7.6)

are further strengthened to

(Ax, x) ≥ α ‖x‖2, x ∈ D(A),

(Dy, y) ≤ −δ ‖y‖2, y ∈ D(D),
(2.7.9)

with some α, δ > 0, then the contraction K in (2.7.7) is uniform and
{
z ∈ C : −δ < Re z < α

}
⊂ ρ(A).

Proof. According to Proposition 2.7.6, the operator A is J -accretive

with respect to the self-adjoint involution J = diag (I,−I). Since A is self-

adjoint with respect to the Hilbert space inner product on H, it satisfies

all other assumptions of Theorem 2.7.5 with Q± denoting the orthogonal

projections onto the spectral subspaces L±. Thus Theorem 2.7.5 applies

and implies claims i) and ii) (note that A is closed in case ii)).

It remains to prove iii). For this, we show that there exists a γ > 0 with

[x,x]J ≥ γ ‖x‖2 for every x ∈ L+. If B is bounded, then A = A is closed

and A, D are self-adjoint on their domains. By (2.7.4), we have

[x,x]J =
1

π

∫ ′

R

Re
[
A(A− it)−1x, (A− it)−1x

]
dt

≥ 1

π

∫ ′

|t|≥t0

Re
[
A(A− it)−1x, (A − it)−1x

]
dt (2.7.10)
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for arbitrary t0≥0 to be chosen later. Using (2.7.5) and the formulae for the

resolvent of A in Theorem 2.3.3, the integrand in (2.7.10) can be written as
[(

A 0

0 D

)
(A− it)−1x, (A− it)−1x

]

J

=
(
Au(t), u(t)

)
−
(
Dv(t), v(t)

)

for t ∈ R where, for x = (x y)t,

u(t) := S1(it)
−1
(
x−B (D − it)−1y

)
,

v(t) := S2(it)
−1
(
y −B∗(A− it)−1x

)
.

It is not difficult to see that u(t) and v(t) can be written as

u(t) =
(
(A− it)−1+ (A− it)−1B(D− it)−1B∗S1(it)

−1
)(
x−B(D− it)−1y

)

=: (A− it)−1x− (A− it)−1B(D − it)−1y + ur(t), (2.7.11)

v(t) =
(
(D− it)−1+ (D− it)−1B∗(A− it)−1BS2(it)

−1
) (
y−B∗(A− it)−1x

)

=: (D − it)−1y − (D − it)−1B∗(A− it)−1x+ vr(t), (2.7.12)

where ur(t), vr(t) consist of the terms containing at least three inverses. In

order to estimate the integral in (2.7.10) from below, we split∫ ∞

t0

(
Au(t), u(t)

)
−
(
Dv(t), v(t)

)
dt

=: a(t0, x) + d(t0, y) + a1(t0, x, y) + d1(t0, x, y) + r(t0, x, y)

where the leading terms a(t0, x), d(t0, y) contain only two inverses, the

terms a1(t0, x, y), d1(t0, x, y) are sums of two complex conjugate terms con-

taining three inverses, and the term r(t0, x, y) contains all remaining terms

involving at least four inverses, one of them being the product A(A− it)−1

or D(D − it)−1.

Using the spectral theorem for the self-adjoint operator A, we obtain

a(t0, x) =

∫ ∞

t0

(
A(A− it)−1x, (A− it)−1x

)
dt

≥
(
π

2
− arc tan

t0
α

)
‖x‖2 =: γα

1 (t0) ‖x‖2, (2.7.13)

where γα
1 (t0) > 0 and γα

1 (t0) = O(t−1
0 ) as t0 →∞. A completely analogous

estimate, with a constant γδ
1(t0), can be proved for d(t0, y).

In order to estimate the integral over the mixed terms involving three

inverses, we use the inequalities
∥∥(A+ it)−1A(A− it)−1

∥∥ ≤ 1

2t
, t > 0,

∫ ∞

t0

1

t

∥∥(D − it)−1y
∥∥2

dt ≤ 1

δ2
ln

√
t20 + δ2

t0
‖y‖2,
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which follow by means of the spectral theorem for the self-adjoint operators

A and D. Together with the Cauchy–Schwarz inequality with respect to

the scalar product
(
A(A− it)−1·, (A− it)−1·

)
, we thus obtain

∣∣a1(t0, x, y)
∣∣ =

∣∣∣∣2 Re

∫ ∞

t0

(
A(A − it)−1x, (A − it)−1B(D − it)−1y

)
dt

∣∣∣∣

≤ 2 a(t0, x)
1/2

(‖B‖2
2

∫ ∞

t0

1

t

∥∥(D − it)−1y
∥∥2

dt

)1/2

≤ a(t0, x)1/2

√
2 ‖B‖
δ

(
ln

√
t20 + δ2

t0

)1/2

‖y‖

=: a(t0, x)
1/2 γα

2 (t0) ‖y‖

≤ 1

2

(1

2
a(t0, x) + 2

(
γα
2 (t0)

)2 ‖y‖2
)
. (2.7.14)

Again, a completely analogous estimate, with a constant γδ
2(t0), can be

proved for d1(t0, x, y).

Altogether, we arrive at the estimate

1

2

(
a(t0, x) + d(t0, y)

)
+ a1(t0, x, y) + d1(t0, x, y)

≥ 1

4

(
a(t0, x) + d(t0, y)

)
−
(
γα
2 (t0)

)2 ‖x‖2 −
(
γδ
2(t0)

)2 ‖y‖2

≥ 1

4
a(t0, x)

(
1−

(
γα
2 (t0)

)2 ‖x‖2
a(t0, x)

)
+

1

4
d(t0, x)

(
1−

(
γδ
2(t0)

)2 ‖y‖2
d(t0, y)

)

≥ 1

4
γα
1 (t0)

(
1−

(
γα
2 (t0)

)2

γα
1 (t0)

)
‖x‖2 +

1

4
γδ
1(t0)

(
1−

(
γδ
2(t0)

)2

γδ
1(t0)

)
‖y‖2.

By the choice of γδ
1(t0), we have γδ

1(t0) > 0. Moreover, it is not difficult

to see that e.g.
(
γα
2 (t0)

)2
/γα

1 (t0)→ 0 for t0→ ∞. Together with analogous

considerations for the other term, we can choose t1 > 0 so that

1

2

(
a(t0, x) + d(t0, y)

)
+ a1(t0, x, y) + d1(t0, x, y) ≥ γα(t0) ‖x‖2 + γδ(t0) ‖y‖2

with constants γα(t0) > 0, γδ(t0) > 0 for all t0 ≥ t1.
The remaining term r(t0, x, y) can be estimated simply using the norm

estimates
∥∥A(A− it)−1

∥∥ ≤ 1,
∥∥(A− it)−1

∥∥ ≤ t−1,
∥∥(D− it)−1

∥∥ ≤ t−1, and∥∥S1(it)
−1
∥∥ ≤ κ t−1 with some κ > 0 for t > 0. This implies that the

absolute value of r(t0, x, y) is bounded from above by

c1(t0) ‖x‖2, c2(t0) ‖x‖ ‖y‖, or c3(t0) ‖y‖2

with ci(t0) = O(t−2
0 ) for i = 1, 2, 3. In a similar way as above, it can be

shown that we can choose t̃1 ≥ t1 > 0 such that
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1

2

(
a(t0, x) + d(t0, y)

)
+ r(t0, x, y) ≥ γ̃α(t0) ‖x‖2 + γ̃δ(t0) ‖y‖2

with constants γ̃α(t0) > 0, γ̃δ(t0) > 0 for all t0 ≥ t̃1 ≥ t1. This completes

the proof that L+ is uniformly positive.

The very last claim follows from Theorem 2.5.18 and from the fact that

iR \ {0} ⊂ ρ(A) since A is self-adjoint. �

The invariance of the spectral subspaces L± under A implies that the

angular operator K satisfies a Riccati equation (see Theorem 1.7.1 for the

bounded case). In the unbounded case, however, the Riccati equations can,

in general, not be written in the form KBK +KA −DK − B∗ = 0. For

instance, the Riccati equation may not hold on all of D(A) ∩ D(B∗) due

to domain restrictions in the terms KBK and DK, and it may have to be

written differently if A is not closed.

Corollary 2.7.8 Define D+ ⊂ H1 and D− ⊂ H2 by

D+ :=
{
x∈H1 :

(
x

Kx

)
∈D
(
A
)}
, D− :=

{
y∈H2 :

(−K∗y

y

)
∈D
(
A
)}
,(2.7.15)

and let the Schur complements S1, S2 and quadratic complements T1, T2 be

defined as in (2.2.8), (2.2.9) and (2.2.14), (2.2.13), respectively, with C=B∗.

Then the angular operator K in Theorem 2.7.7 and its adjoint K∗ satisfy

Riccati equations of the following form on D+ and D−, respectively:

i) if D(A) ⊂ D(B∗), ρ(A) 6= ∅, and for some (and hence for all ) µ ∈ ρ(A)

the operator (A− µ)−1B is bounded on D(B), then

K(A−µ)
(
(A− µ)−1BK+ I

)
−S2(µ)K−B∗

(
(A− µ)−1BK+ I

)
= 0;

ii) if D(B∗) ⊂ D(A), B∗ is boundedly invertible, and for some (and hence

for all ) µ ∈ C the operator B−∗(D − µ) is bounded on D(D), then

KT2(µ)K +K(A− µ)
(
I +B−∗(D − µ)

)
−B∗

(
I +B−∗(D − µ)

)
= 0;

iii) if D(D) ⊂ D(B), ρ(D) 6= ∅, and for some (and hence for all ) µ ∈ ρ(D)

the operator (D − µ)−1B∗ is bounded on D(B∗), then

KB
(
K + (D − µ)−1B∗

)
+KS1(µ)− (D− µ)

(
K + (D − µ)−1B∗

)
= 0;

iv) if D(B) ⊂ D(D), B is boundedly invertible, and for some (and hence

for all ) µ ∈ C the operator B−1(A− µ) is bounded on D(A), then

KB
(
K+B−1(A− µ)

)
− (D−µ)

(
K+B−1(A− µ)

)
−T1(µ)−µK = 0;

the Riccati equations for K∗ are analogous.
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Proof. All Riccati equations above are obtained from the invariance of

L+ under A, that is, A
(
L+ ∩ D

(
A
))
⊂ L+, together with the angular

operator representation (2.7.7) of L+ and the different formulae for the

closure A of A in Theorems 2.2.14, 2.2.23, 2.2.18, and 2.2.25. �

Remark 2.7.9 On the set

D0,+ :=
{
x ∈ H1 :

(
x

Kx

)
∈ D(A)

}
⊂ D+,

all the Riccati equations in Corollary 2.7.8 reduce to the standard form

KBK+KA−DK−B∗ = 0; note that D0,+ = D+ if A is self-adjoint (and

hence closed ).

Remark 2.7.10 The set D+ is the first component of L+ ∩D
(
A
)
. Thus

two conditions are imposed on x ∈ D+, e.g.
(
(A− µ)−1BK + I

)
x ∈ D(A)

and Kx ∈ D
(
S2(µ)

)
in case i). In general, it is not clear whether the first

condition implies the second.

The setD0,+ is the first component of L+∩D(A); here the two conditions

imposed on x ∈ D0,+ are x ∈ D(A) ∩ D(B∗) and Kx ∈ D(B) ∩ D(D).

Here the first condition would imply the second if K
(
D(A) ∩ D(B∗)

)
⊂

D(B) ∩ D(D). In this case, the Riccati equation would hold on the whole

first component D1 = D(A) ∩ D(B∗) of the domain of A. For diagonally

dominant block operator matrices, this will be shown in Corollary 2.7.23.

The condition 0 /∈ σp

(
A
)

in Theorem 2.7.7 may not be satisfied if the

spectra of the diagonal elements A and D touch at 0. However, Theo-

rem 2.7.7 and Corollary 2.7.8 continue to hold if 0∈σp

(
A
)

provided that

the kernel of A admits a suitable decomposition:

Definition 2.7.11 For a closable block operator matrix A inH=H1⊕H2

with closure A, the kernel of A is said to have the kernel splitting property if
(
x0

y0

)
∈ kerA =⇒

(
x0

0

)
∈ kerA,

(
0

y0

)
∈ kerA. (2.7.16)

Remark 2.7.12 If 0 ∈ σp

(
A
)

and kerA has the kernel splitting prop-

erty, then all claims of Theorem 2.7.7 continue to hold with

L+ := L(0,∞)

(
A
)

u

{(
x

0

)
∈ H : ∃ y ∈ H2

(
x

y

)
∈ kerA

}
,

and analogously for L−.

The following proposition contains sufficient criteria for the kernel split-

ting property for block operator matrices as considered in Theorem 2.7.7.
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Proposition 2.7.13 Let A be a closable block operator matrix in H =

H1⊕H2 with closure A. Suppose that A and −D are regularly m-accretive

and that B is closed. Then
(
x0

y0

)
∈ kerA =⇒ x0 ∈ kerA, y0 ∈ kerD.

If, in addition, one of the conditions

(i) A is closed,

(ii) A is diagonally dominant,

(iii) at least one of A and D is bounded,

holds, then kerA has the kernel splitting property. If (i) or (ii) hold, then

kerA =

{(
x0

y0

)
∈ D(A) : Ax0 = By0 = 0, Dy0 = B∗x0 = 0

}
;

in the particular case of (i) that A and D are bounded or that B is bounded,

we have kerA∗ = kerA.

For the proof of Proposition 2.7.13, we need some properties of regularly

m-accretive operators; for the definition of m-accretive operators we refer

to Section 2.1 (see Definition 2.1.17). The following theorem and its proof

may be found in [Kat95, Theorem VI.3.2]; recall that therein regularly m-

accretive operators are called m-sectorial with vertex 0 (see Remark 2.1.23).

Theorem 2.7.14 Let T be a regularly m-accretive operator in a Hilbert

space H with angle θ. Then there exist a nonnegative operator G in H and

a self-adjoint operator B ∈ L(H) with ‖B‖ ≤ tan θ such that

T = G(I + iB)G. (2.7.17)

The proof of this theorem relies on the fact that, for a regularly m-

accretive operator, the real part ReT is defined and is a nonnegative oper-

ator; in this case one can choose G = (ReT )1/2. Since it is known that

ReT = ReT ∗, the following result is a consequence of Theorem 2.7.14; in

fact, this is a particular case of the more general theorem that the purely

imaginary eigenvalues of an m-accretive operator T and its adjoint coincide

(see [SNF70, Proposition IV.4.3]).

Corollary 2.7.15 If T is a regularly m-accretive operator in a Hilbert

space H, then kerT = kerT ∗.

The above Theorem 2.7.14 can also be used to prove that if 0 ∈ W (T )

for a regularly m-accretive operator T (so that 0 is a corner of W (T )),
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then 0 ∈ σp(T ), and more generally, that every corner λ0 ∈ W (T ) of the

numerical range of a closed linear operator is an eigenvalue. We need the

following stronger result.

Lemma 2.7.16 Let T be a regularly m-accretive operator in a Hilbert

space H. If (xn)∞1 ⊂D(T ), x0∈H are such that xn→x0 and (Txn, xn)→0,

n→∞, then x0 ∈ kerT .

Proof. Let the operators G and B be as in Theorem 2.7.14. Then
(
(I + iB)Gxn, Gxn

)
= ‖Gxn‖2 + i

(
BGxn, Gxn

)
−→ 0, n→∞.

Since B is self-adjoint, this implies ‖Gxn‖ → 0, n→∞. Because xn → x0,

n →∞, and G is closed, we obtain x0 ∈ D(G) and Gx0 = 0. This implies

Gx0 ∈ D
(
G(I + iB)), i.e. x0 ∈ D(T ), and Tx0 = 0 according to (2.7.17).�

Proof of Proposition 2.7.13. Let (x0 y0)
t ∈ kerA. Then there exist

sequences (xn)∞1 ⊂
(
D(A) ∩ D(B∗)

)
, (yn)∞1 ⊂

(
D(B) ∩ D(D)

)
such that

xn → x0, yn → y0, n→∞, and

Axn +Byn −→ 0, B∗xn +Dyn −→ 0, n→∞. (2.7.18)

It follows that (Axn, xn)+(Byn, xn)→ 0, (B∗xn, yn)+(Dyn, yn)→ 0 and

hence (Axn, xn) − (Dyn, yn) → 0, n → ∞. Since A and −D are accretive,

this implies (Axn, xn) → 0, (Dyn, yn) → 0, n → ∞. Now Lemma 2.7.16

shows that x0 ∈ kerA and y0 ∈ kerD.

If (i) holds, then A = A and so (x0 y0)
t ∈ kerA = kerA; if (ii) holds,

then, by what was shown above, x0 ∈ D(A) ⊂ D(B∗), y0 ∈ D(D) ⊂ D(B)

and thus (x0 y0)
t ∈ kerA. Together with x0 ∈ kerA, y0 ∈ kerD, we find

(
By0
B∗x0

)
= A

(
x0

y0

)
= 0.

This shows that (x0 0)t, (0 y0)
t ∈ kerA. Hence kerA has the kernel splitting

property and possesses the form claimed in the theorem.

If A is bounded, then Axn → Ax0 = 0 and the first relation in (2.7.18)

yields Byn → 0, n → ∞. Since B is closed, this implies y0 ∈ D(B) and

By0 = 0. It follows that (0 y0)
t ∈ kerA ⊂ kerA and hence also (x0 0)t ∈

kerA. Analogously, if D is bounded, we obtain (x0 0)t ∈ kerA ⊂ kerA.

Hence also in this case, kerA has the kernel splitting property.

If either A and D are bounded or if B is bounded, then A is closed,

and, by Proposition 2.6.3, the adjoint of A = A is given by

A∗ =

(
A∗ B

B∗ D∗

)
.
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The representation for kerA∗ follows if we apply the above to A∗ and

observe that, since A and −D are regularly m-accretive, so are A∗ and

−D∗ and we have kerA = kerA∗ and kerD = kerD∗ by Corollary 2.7.15. �

Remark 2.7.17 Analogues of Theorem 2.7.7 and Corollary 2.7.8 were

proved in some other cases under partly more general, but partly more

restrictive conditions on the entries:

For upper dominant essentially self-adjoint block operator matrices with

bounded D, the separation condition maxσ(D) ≤ minσ(A) was weakened

by R. Mennicken and A.A. Shkalikov (see [MS96, Theorem 2.5]). They only

assumed that A is bounded from below and that, for some γ < min σ(A),

the Schur complement S2(γ) is uniformly negative; this allowed them to

apply factorization theorems for the Schur complement S2.

Essentially J -self-adjoint block operator matrices

A =

(
A B

−B∗ D

)

with maxσ(D) < minσ(A) were first considered in [AL95, Theorem 4.1] for

bounded B, and later in [MS96, Theorem 3.2] for bounded D. In [AL95] it

was assumed that |(By, x)|≤
(
(A−γ)x, x

)(
(γ−D)y, y

)
, x∈D(A), y∈D(D),

while in [MS96] it was supposed that S2(γ) is uniformly negative for some

β ∈
(
maxσ(D),min σ(A)

)
. Both conditions, in fact, guarantee that the

quadratic numerical range of A is real (compare Proposition 2.6.10 and its

proof). Note that here the spectral subspaces L+, L− are J -orthogonal

so that in the angular operator representation (2.7.7) of L− we have K∗

instead of −K∗ and in Corollary 2.7.8 one has to replace B∗ by −B∗.

2.7.2 Non-self-adjoint block operator matrices

In the remaining part of this section, we consider non-self-adjoint diago-

nally dominant and off-diagonally dominant block operator matrices. Here

the subspaces L± cannot be defined by means of the spectral projections

of A. Additional assumptions are needed to guarantee that the spectrum

separates at ∞ and assumption (2.7.2) of Theorem 2.7.5 is satisfied.

The theorem below is a consequence of the condition for the splitting

of the spectrum at ∞ for a dichotomous operator which was established

by H. Bart, I.C. Gohberg, and M.A. Kaashoek (see [BGK86], [GGK90,

Theorem XV.3.1]); other conditions for this splitting, in terms of powers of

the operator, were given in [DV89]. Here and in the sequel, C+, C− denote

the open right and left half plane, respectively.
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Theorem 2.7.18 Let E be a Banach space, T a densely defined closed

linear operator in E, and suppose that there exists an h > 0 such that the

following conditions are satisfied:

(i)
{
z ∈ C : −h < Re z < h

}
⊂ ρ(T ),

(ii) sup
−h<Re z<h

∥∥(T − z)−1
∥∥ <∞,

(iii) lim
η→∞

sup
{∥∥(T − z)−1

∥∥ : z = ξ ± iη, 0 ≤ ξ < h
}

= 0,

(iv)
1

πi

∫ ′

iR

(T − z)−1dz exists in the strong operator topology,

where
∫ ′

denotes the Cauchy principal value at ∞. Then the integral in

(iv) is the difference of two complementary projections, that is, there exist

projections Q+, Q− in E such that

1

πi

∫ ′

iR

(T − z)−1dz = Q+ −Q−, Q+ +Q− = I. (2.7.19)

If we let X± := R(Q±), then the sets X± ∩ D(T ) are dense in X± and

X± ∩ D(T ) = Q±D(T ), T
(
X± ∩ D(T )

)
= X±, σ

(
T |X±

)
= σ(T ) ∩ C±.

Proof. In view of [GGK90, Theorem XV.3.1], we have to prove that, for

arbitrary α ∈ (0, h), the integral

1

2πi

∫

α+iR

z−2(T − z)−1T 2x dz

defines a bounded linear operator Q+ ∈ L(E). To this end, let α ∈ (0, h).

Assumption (i) and Cauchy’s theorem show that, for t0 > 0,

1

2π

∫ t0

−t0

(T − it)−1dt =
1

2π

∫ t0

−t0

(T−(α+it))−1dt

− 1

2πi

(∫ α

0

(T−(s+it0))
−1ds−

∫ 0

α

(T−(s−it0))
−1ds

)
.

If we let t0 →∞, then the last two integrals tend to 0 by assumption (ii),

and the limit of the integral on the left hand side exists in the strong

operator topology by assumption (iv). Thus also the limit of the first

integral on the right hand side exists in the strong operator topology and

1

2πi

∫ ′

iR

(T − z)−1dz =
1

2πi

∫ ′

α+iR

(T − z)−1dt.

Using the relation z−2T 2= I+z−2(T+z)(T−z), we find that, for x∈D(T 2),
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1

2πi

∫

α+iR

z−2(T − z)−1T 2x dz =
1

2πi

∫ ′

α+iR

(T − z)−1dz x

+
1

2πi

∫

α+iR

z−2dz Tx+
1

2πi

∫ ′

α+iR

z−1dz x;

here, due to the residue theorem, the second integral vanishes and the third

integral equals x/2. Altogether, it follows that the integral on the left hand

side defines a bounded linear operator Q+ ∈ L(E) and, with Q− := I−Q+,

Q+ =
1

2πi

∫ ′

α+iR

(T − z)−1dz +
1

2
I =

1

2πi

∫ ′

iR

(T − z)−1dz +
1

2
(Q+ +Q−),

which proves (2.7.19). That Q+ and Q− are projections with the claimed

properties follows from [GGK90, Theorem XV.3.1]. �

The assumptions of Theorem 2.7.18 will be satisfied for the dominating

part of the non-self-adjoint block operator matrices considered later. To

ensure that this continues to hold for the whole block operator matrix, the

following perturbation result is used.

Theorem 2.7.19 Let E be a Banach space and let T be a densely defined

closed linear operator in E fulfilling the conditions (i), (ii), (iii), and (iv) of

Theorem 2.7.18. Let S be a linear operator in E with D(T ) ⊂ D(S) and

such that there exist γ, γ ′ ≥ 0 and η > 0 with

(v)
∥∥S(T − it)−1

∥∥ ≤ γ

1 + |t|η ,
∥∥(T + S − it)−1

∥∥ ≤ γ′

1 + |t| , t ∈ R.

Then the operator T + S is closed, and if there exists h′ > 0 such that{
z ∈ C :−h′ < Re z < h′

}
⊂ ρ(T + S), then

1

πi

∫ ′

iR

(T + S − z)−1dz = Q′
+ −Q′

−, Q′
+ +Q′

− = I

with two projections Q′
± having the same properties with respect to T + S

as the projections Q± in Theorem 2.7.18 have with respect to T .

Proof. We show that the operator T + S satisfies the same conditions

as T with h′ instead of h. By assumption, this is true for condition (i) of

Theorem 2.7.18. For condition (ii), we observe that, for z ∈ ρ(T )∩ρ(T+S),

(T + S − z)−1 = (T − z)−1
(
I + S(T − z)−1

)−1

and

S(T − z)−1 = S
(
(T − z)−1 − (T − i Im z)−1

)
+ S(T − i Im z)−1

= S(T − i Im z)−1
(
Re z (T − z)−1 + I

)
.
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Since M := sup−h<Re z<h

∥∥(T − z)−1
∥∥ < ∞ by assumption (ii) of Theo-

rem 2.7.18 for T , we can choose t0 > 0 sufficiently large so that

γ

1 + tη0

(
h′M + 1

)
<

1

2

and hence ‖S(T − z)−1‖<1/2 if |Re z|<h, |Im z|>t0. By the assumptions

on T and (v), it follows that, with h′′ := min{h, h′},
∥∥(T+S−z)−1

∥∥ ≤ 2
∥∥(T−z)−1

∥∥ ≤ 2M, |Re z| ≤ h′′, |Im z| > t0. (2.7.20)

Since {z ∈ C :−h′′ < Re z < h′′} ⊂ ρ(T + S), there is an M ′ ≥ 0 so that
∥∥(T + S − z)−1

∥∥ ≤M ′, |Re z| ≤ h′′, |Im z| ≤ t0.
Altogether, this shows that condition (ii) of Theorem 2.7.18 holds for T+S.

Condition (iii) of Theorem 2.7.18 follows from (2.7.20) and the correspond-

ing condition for T . Finally, we use that, by the second resolvent identity,

1

πi

∫ ′

iR

(T+S−z)−1dz =
1

πi

∫ ′

iR

(T−z)−1dz− 1

πi

∫ ′

iR

(T+S−z)−1S(T−z)−1dz.

By assumption (v), the last integral exists, even in the uniform operator

topology. Hence assumption (iv) of Theorem 2.7.18 for T implies condition

(iv) of Theorem 2.7.18 for T + S. �

Remark 2.7.20 The first inequality in (v) implies that S is T -bounded

with T -bound 0. In fact, for arbitrary t ∈ R and x ∈ D(T ), we set

y := (T − it)x and obtain

‖Sx‖ = ‖S(T− it)−1y‖ ≤ γ

1 + |t|η ‖(T− it)x‖ ≤ γ t

1 + |t|η ‖x‖+
γ

1 + |t|η ‖Tx‖;

letting t→∞, we see that the T -bound of S is 0.

The second inequality in (v) is a consequence of the first one if there exists

a γ′′ ≥ 0 such that

(vi)
∥∥(T − it)−1

∥∥ ≤ γ′′

1 + |t| , t ∈ R.

In the next two theorems, we apply the above results to dichotomous

diagonally dominant and off-diagonally dominant block operator matrices.

In both cases, the separability of the spectrum at ∞ is ensured by the

assumptions that C = B∗ and A, −D are regularly m-accretive with

ReW (D) ≤−δ < 0 < α ≤ ReW (A).

The following theorem, which was first proved in [LT01, Theorem 4.1],

concerns the diagonally dominant case; it generalizes [LT98, Theorem 4.3]

where only the diagonal element A was allowed to be unbounded.
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Theorem 2.7.21 Let A and D be closed and suppose that there exist

α, δ > 0 as well as ϕ, ϑ ∈ [0, π/2) such that

W (A) ⊂ {z ∈ C : Re z ≥ α, |arg z| ≤ ϕ}, (2.7.21)

W (D) ⊂ {z ∈ C : Re z ≤ −δ, |arg z| ≥ π − ϑ}, (2.7.22)

and ρ(A) ∩ ρ(D) ∩ {z ∈ C : −δ < Re z < α} 6= ∅. Assume further that

D(A) ⊂ D(B∗), D(D) ⊂ D(B) and that there exist γ, η > 0 such that
∥∥B∗(A− it)−1

∥∥ ≤ γ

1 + |t|η ,
∥∥B(D − it)−1

∥∥ ≤ γ

1 + |t|η , t ∈ R. (2.7.23)

Then the block operator matrix

A =

(
A B

B∗ D

)
, D(A) = D(A)⊕D(D),

is closed in H = H1 ⊕H2 , iR ⊂ ρ(A), and the following hold:

i) There exist projections Q± in H with

1

πi

∫ ′

iR

(A− z)−1dz = Q+ −Q−, Q+ +Q− = I.

ii) There exist strict contractions K+ ∈ L(H1,H2) and K− ∈ L(H2,H1)

such that L± := R(Q±) can be represented as

L+ =

{(
x

K+x

)
: x ∈ H1

}
, L− =

{(
K−y

y

)
: y ∈ H2

}

and H = L+

.
+ L−, L± ∩ D(A) = Q±D(A), A

(
L± ∩ D(A)

)
⊂ L±.

iii) The inclusions

K+

(
D(A)

)
⊂ D(D), K−

(
D(D)

)
⊂ D(A)

hold and hence

L+∩ D(A) =

{(
x

K+x

)
: x ∈ D(A)

}
,

L−∩ D(A) =

{(
K−y

y

)
: y ∈ D(D)

}
.

Proof. Assumption (2.7.23) implies that B∗ is A-bounded with A-

bound 0 andB isD-bounded withD-bound 0 (see Remark 2.7.20). HenceA
is diagonally dominant of order 0 with closed diagonal entries and thus

closed by Theorem 2.2.7 i).

Next we prove that the operator A satisfies the assumptions of Theo-

rem 2.7.5. The assumptions (2.7.21), (2.7.22) imply, by Proposition 2.7.6,

that the operatorA is uniformly J -accretive with respect to the self-adjoint
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involution J = diag (I,−I). For the second assumption of Theorem 2.7.5,

we show that the operators

T :=

(
A 0

0 D

)
, S :=

(
0 B

B∗ 0

)
(2.7.24)

satisfy the assumptions of Theorem 2.7.19. Since, by the assumptions, A

and −D are regularly m-accretive, the operator T satisfies the assumptions

(i), (ii), (iii), and (iv) of Theorem 2.7.18 e.g. with h := min{δ, α}/2; in fact,

1

πi

∫ ′

iR

(T − z)−1dz =

(
I 0

0 −I

)
.

Clearly, sinceA is diagonally dominant, we haveD(T )⊂D(S). The relation

S(T − it)−1 =

(
0 B(D − it)−1

B∗(A− it)−1 0

)

and (2.7.23) imply that T and S satisfy the the first growth condition in (v)

of Theorem 2.7.19. Since A and −D are regularly m-accretive, the resol-

vents of A and D both satisfy condition (vi) in Remark 2.7.20; this follows

e.g. from the estimate ‖(A − z)−1‖ ≤ 1/dist
(
z,W (A)

)
for z /∈ W (A). By

Remark 2.7.20, also the second growth condition in (v) of Theorem 2.7.19

holds for T . Finally, since A is diagonally dominant of order 0, Theo-

rem 2.5.18 yields that {z ∈ C : −δ < Re z < α} ⊂ ρ(A); hence also the last

assumption of Theorem 2.7.19 is satisfied for T and S.

Now Theorem 2.7.19 and Theorem 2.7.5 apply to A = T + S and yield

all claims up to ii).

It remains to prove iii). By the first and the last claim in ii), we have

L+∩ D(A) =

{(
x

K+x

)
: x ∈ D(A), K+x ∈ D(D)

}

and (A − z)−1L+ = L+ ∩ D(A) for z ∈ ρ(A). Therefore, if P1 : H → H1

denotes the projection of H onto the first component, it is sufficient to

prove that P1(A − z)−1L+ = D(A) for some z ∈ ρ(A). Since A is closed,

Theorem 2.3.3 ii) shows that

P1(A − z)−1L+ =
{
S1(z)

−1
(
I −B(D − z)−1K+

)
x : x ∈ H1

}
.

By (2.7.23), there is a t0 ≥ 0 so that
∥∥B(D − it)−1

∥∥ < 1 for |t| ≥ t0; then

I −B(D − it)−1K+ is a bijection on H1. Since iR ∈ ρ(A) ∩ ρ(D) = ρ(S1),

the operator S1(it)
−1 =

(
A− z −B(D− z)−1B∗

)−1
is a bijection from H1

onto D
(
S1(it)

)
= D(A) and hence P1(A− it)−1L+ = D(A). �
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Remark 2.7.22 For bounded B, all assumptions of Theorem 2.7.21

involving B are satisfied. Thus Theorem 2.7.21 generalizes and improves
[LT98, Theorem 4.3], where B andD were supposed to be bounded; there it

was only proved that the products K+K− and K−K+ are strict contrac-

tions, while Theorem 2.7.21 shows that K+ and K− are strict contractions.

As in the self-adjoint case (see Corollary 2.7.8), the invariance of the sub-

spaces L± together with their angular operator representations implies that

the angular operators K± satisfy Riccati equations. Here, since the block

operator matrix A is closed and K+

(
D(A)

)
⊂D(D), K−

(
D(D)

)
⊂D(A),

the Riccati equations can be written in their standard forms and hold on

the whole first and second component of the domain of A.

Corollary 2.7.23 Let the diagonally dominant block operator matrix A
satisfy the assumptions of Theorem 2.7.21. Then the angular operators K+

and K− are solutions of the Riccati equations

K+BK+ +K+A−DK+ −B∗ = 0 on D(A),

K−B
∗K− +K−D −AK− −B = 0 on D(D).

If A is self-adjoint, then L+⊥L− implies K−=−K∗
+ in Theorem 2.7.21

and Corollary 2.7.23; so all statements therein agree with Theorem 2.7.7 and

Corollary 2.7.8, respectively. Note that, since A is diagonally dominant and

closed, case i) or iii) of Corollary 2.7.8 prevails andD+ = D(A), D−= D(D).

Finally, we prove a theorem analogous to Theorem 2.7.21 for off-

diagonally dominant block operator matrices.

Theorem 2.7.24 Let B be boundedly invertible with D(B∗) ⊂ D(A) and

D(B) ⊂ D(D). Suppose that A and D satisfy assumptions (2.7.21) and

(2.7.22) and that there exist γ, η > 0 such that
∥∥A(BB∗+ t2)−1

∥∥ ≤ γ

1 + |t|η+1
,
∥∥AB(B∗B + t2)−1

∥∥ ≤ γ

1 + |t|η ,
∥∥D(B∗B + t2)−1

∥∥ ≤ γ

1 + |t|η+1
,
∥∥DB∗(BB∗+ t2)−1

∥∥ ≤ γ

1 + |t|η ,
(2.7.25)

for t ∈ R. Then the block operator matrix

A =

(
A B

B∗ D

)
, D(A) = D(B∗)⊕D(B),

is closed in H = H1 ⊕H2 , iR ⊂ ρ(A), and the following hold:

i) There exist projections Q± in H with

1

πi

∫ ′

iR

(A− z)−1dz = Q+ −Q−, Q+ +Q− = I.
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ii) There exist strict contractions K+ ∈ L(H1,H2) and K− ∈ L(H2,H1)

such that L± := R(Q±) can be represented as

L+ =

{(
x

K+x

)
: x ∈ H1

}
, L− =

{(
K−y

y

)
: y ∈ H2

}

and H = L+

.
+ L−, L± ∩ D(A) = Q±D(A), A

(
L± ∩ D(A)

)
⊂ L±.

Proof. The proof of this theorem follows the lines of the proof of Theo-

rem 2.7.21, with the roles of T and S as in (2.7.24) exchanged. In order to

see that the assumptions of Theorem 2.7.18 are satisfied for S and those of

Theorem 2.7.19 are satisfied with T and S interchanged, we observe that

(−∞, 0] ⊂ ρ(B∗B) and hence iR ⊂ ρ(S),

(S − it)−1 =

( −it B

B∗ −it

)−1

=

(
it (BB∗ + t2)−1 B(B∗B + t2)−1

B∗(BB∗ + t2)−1 it (B∗B + t2)−1

)

by (2.6.4) and thus

T (S − it)−1 =

(
it A(BB∗ + t2)−1 AB(B∗B + t2)−1

DB∗(BB∗ + t2)−1 itD(B∗B + t2)−1

)
.

The growth conditions (2.7.25) imply that T is S-bounded with S-bound 0

and so A is off-diagonally dominant of order 0 (see Remark 2.7.20). �

In the off-diagonally dominant case, it is not clear whether an analogue

of Theorem 2.7.21 iii) holds; only in special cases, including abstract Dirac

operators (see Section 3.3.1), we can prove that K+

(
D(B∗)

)
⊂ D(B) and

K−

(
D(B)

)
⊂ D(B∗).

Therefore, in a similar way as in the essentially self-adjoint case, we

can write down the Riccati equations only on certain subsets D+ ⊂ D(B∗)

and D− ⊂ D(B); nevertheless, since the block operator matrix A is closed

here, the Riccati equations hold in their standard forms (compare Corollary

2.7.23 for the diagonally dominant case).

Corollary 2.7.25 Let the off-diagonally dominant block operator matrix

A satisfy the assumptions of Theorem 2.7.24 and define

D+ :=
{
x∈D(B∗) :K+x∈D(B)

}
, D− :=

{
y∈D(B) :K−y∈D(B∗)

}
. (2.7.26)

Then the angular operators K+ and K− satisfy the Riccati equations

K+BK+ +K+A−DK+ −B∗ = 0 on D+,

K−B
∗K− +K−D −AK− −B = 0 on D−.
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Remark 2.7.26 Results similar to those presented in this section were

proved in [LRvdR02] by H. Langer, A.C.M. Ran, and B.A. van de Rotten

and, later, in [RvdM04], [vdMR05] by A.C.M. Ran and C. van der Mee:

a) In [LRvdR02], Theorem 2.7.18 was applied to another class of

dichotomous block operator matrices, so-called Hamiltonians

A =

(
A −D
−Q −A∗

)

where A is a regularly m-accretive operator with ReW (A) ≥ α > 0 and

D, Q are bounded nonnegative operators. It was shown that the corre-

sponding Riccati equations have a bounded positive solution Π− and an

unbounded negative solution Π+, which are the angular operators of the

spectral subspaces L± of A corresponding to the left and right half plane.

Here Theorem 2.7.5 has to be applied with different self-adjoint involutions.

In fact, with respect to

J1 :=

(
0 −I
−I 0

)
, J2 :=

(
0 iI

−iI 0

)
,

A is J1-accretive and iA is J2-self-adjoint. The self-adjointness of Π±

follows from the fact that L± are J2-neutral; the positivity of Π− and the

negativity of Π+ follow from the facts that L− is J1-nonpositive and L+ is

J1-nonnegative.

b) In [RvdM04], [vdMR05], perturbation results for exponentially

dichotomous operators in Banach spaces were proved. Such operators can

be written as block diagonal operator matrices diag (A0,−A1) where A0, A1

are generators of uniformly exponentially stable C0-semigroups (see [EN00,

Section V.1 b]); in this case, diag (A0,−A1) is the generator of a so-called

bi-semigroup. These perturbation results yield a series of equivalent con-

ditions for the existence of bounded solutions of the corresponding Riccati

equations; they apply to block operator matrices

A =

(
A0 −D
−Q −A1

)
= diag (A0,−A1) +

(
0 −D
−Q 0

)

with bounded off-diagonal entries D and Q. In [BvdMR05], finite dimen-

sional approximations of the solutions of the Riccati equations are derived

under the assumption that D is compact.

Note that the assumptions on the diagonal entries A, D in Theo-

rem 2.7.21 and on A, −A∗ in [LRvdR02] imply that the block diagonal oper-

ators diag(A,D) and diag(A,−A∗), respectively, generate bi-semigroups

that are even holomorphic (see [Kat95, Section IX.1.6]).
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2.8 Block diagonalization and half range completeness

By means of the angular operators K+, K− established in the previous

section, we are now able to transform dichotomous block operator matri-

ces into block diagonal form. It turns out that, restricted to the spectral

subspaces L+, L− corresponding to the right and the left half plane, the

block operator matrix A is unitarily equivalent to the operators A+BK+

and D +B∗K−, respectively.

Moreover, if the spectrum e.g. in the right half plane is discrete, we show

that the first components of the corresponding eigenvectors and associated

vectors of A form a complete system or even a Riesz basis; these properties

are also referred to as half range completeness or half range basisness.

We consider the three cases of Section 2.7, always assuming C ⊂ B∗: the

essentially self-adjoint case (Theorem 2.7.7 and Remark 2.7.12), the diag-

onally dominant case (Theorem 2.7.21), and the off-diagonally dominant

case (Theorem 2.7.24).

Theorem 2.8.1 Assume that A is essentially self-adjoint with closure A,

the entries A,B, and D are closed and

(Ax, x) ≥ 0, x ∈ D(A) ∩ D(B∗),

(Dy, y) ≤ 0, y ∈ D(B) ∩ D(D).

Let K be the angular operator from Theorem 2.7.7 and let the sets D+ ⊂ H1,

D− ⊂ H2 be defined as in (2.7.15). Then A admits the block diagonalization

(
I −K∗

K I

)−1

A
(
I −K∗

K I

)
=

(
Z+ 0

0 Z−

)
on D+ ⊕D− (2.8.1)

with linear operators Z± defined on D±; moreover,

i) A
∣∣
L+

is unitarily equivalent to the operator Z+ which is self-adjoint

and nonnegative in the Hilbert space Ĥ1 :=
(
H1,

(
(I+K∗K) ·, ·

))
,

ii) A
∣∣
L−

is unitarily equivalent to the operator Z− which is self-adjoint

and nonpositive in the Hilbert space Ĥ2 :=
(
H2,

(
(I+KK∗) ·, ·

))
.

Proof. The spectral subspace L+ = L[0,∞)

(
A
)

is invariant under A,

that is, A
(
L+ ∩ D

(
A
))
⊂ L+. On the other hand, by Theorem 2.7.7 i),

L+ admits the angular operator representation (2.7.7). Hence for every

x ∈ D+, there exists a (unique) u =: Z+x ∈ H1 such that

A
(
I

K

)
x = A

(
x

Kx

)
=

(
u

Ku

)
=

(
Z+x

KZ+x

)
=

(
I

K

)
Z+x.
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Similarly, for every y ∈ D− there exists a (unique) v =: Z−y ∈ H2 such that

A
(−K∗

I

)
y =

(−K∗

I

)
Z−y.

Since I +K∗K and I +KK∗ are bijective, the inverse

(
I −K∗

K I

)−1

=

(
I K∗

−K I

)(
(I +K∗K)−1 0

0 (I +KK∗)−1

)
(2.8.2)

exists and (2.8.1) follows. With Ĥ1, Ĥ2 defined as above, the operators

U+ : Ĥ1 → L+, U+x :=

(
I

K

)
x, U− : Ĥ2 → L−, U−y :=

(−K∗

I

)
y,

are unitary, D± = U−1
±

(
L± ∩ D

(
A
))

, (2.8.1) can be written as

A
(
U+ U−

)
=
(
U+ U−

)( Z+ 0

0 Z−

)
,

and hence

Z± = U−1
± AU± = U−1

± A
∣∣
L±
U±, D(Z±) = U−1

±

(
L± ∩ D

(
A
))

= D±.

Now the claimed properties of Z± follow immediately from the correspond-

ing properties of A
∣∣
L±

. �

If an explicit description of the closure A of A is available, the operators

Z+, Z− in Theorem 2.8.1 can be calculated. The following corollary is a

direct consequence of Theorems 2.2.14, 2.2.23, 2.2.18, and 2.2.25.

Corollary 2.8.2 Let the essentially self-adjoint block operator matrix A
satisfy the assumptions of Theorem 2.8.1. Then the operators Z+, Z− in

the block diagonalization of A have the following forms:

i) if D(A) ⊂ D(B∗), ρ(A) 6= ∅, and for some (and hence for all ) µ ∈ ρ(A)

the operator (A− µ)−1B is bounded on D(B), then

Z+ = (A− µ)
(
I + (A− µ)−1BK

)
+ µ,

Z− = S2(µ) + µ+B∗
(
−K∗ + (A− µ)−1B

)
;

ii) if D(B∗) ⊂ D(A), B∗ is boundedly invertible, and for some (and hence

for all ) µ ∈ C the operator B−∗(D − µ) is bounded on D(D), then

Z+ = (A− µ)
(
I +B−∗(D − µ)

)
+ T2(µ)K + µ,

Z− = B∗
(
B−∗(D − µ)−K∗

)
+ µ;



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

176 Spectral Theory of Block Operator Matrices

iii) if D(D) ⊂ D(B), ρ(D) 6= ∅, and for some (and hence for all ) µ ∈ ρ(D)

the operator (D − µ)−1B∗ is bounded on D(B∗), then

Z+ = S1(µ) + µ+B
(
K + (D − µ)−1B∗

)
,

Z− = (D − µ)
(
I − (D − µ)−1B∗K∗

)
;

iv) if D(B) ⊂ D(D), B is boundedly invertible, and for some (and hence

for all ) µ ∈ C the operator B−1(A− µ) is bounded on D(A), then

Z+ = B
(
B−1(A− µ) +K

)
+ µ,

Z− = (D − µ)
(
I −B−1(A− µ)K∗

)
− T1(µ)K∗ + µ.

Remark 2.8.3 The restrictions of Z± to the sets D0,± ⊂ D± defined in

or analogously to Remark 2.7.9 simplify to Z+|D0,+ = A+BK, Z−|D0,− =

D − B∗K∗; recall that D0,± = D± if A is self-adjoint (and hence closed ).

Remark 2.8.4 Analogues of Theorem 2.8.1 and Corollary 2.8.2 hold for

essentially J -self-adjoint block operator matrices under the assumptions

and modifications stated in Remark 2.7.17 (see [AL95], [MS96]); in partic-

ular, B∗ has to be replaced by −B∗ and −K∗ by K∗.

Theorem 2.8.5 Let A be a closed block operator matrix for which one

of the following holds:

(i) A is diagonally dominant and fulfils the assumptions of Theorem 2.7.21;

in this case let D+ = D(A), D− = D(D).

(ii) A is off-diagonally dominant and fulfils the assumptions of Theo-

rem 2.7.24; in this case let D± be defined as in (2.7.26).

Let the uniform contractions K+, K− be the angular operators in the repre-

sentations of the spectral subspaces L± corresponding to σ± := σ(A) ∩C±.

Then A admits the block diagonalization
(

I K−

K+ I

)−1

A
(

I K−

K+ I

)
=

(
A+BK+ 0

0 D+B∗K−

)
on D+⊕D−;

moreover, with J := diag (I,−I),
i) A|L+ in the Hilbert space L̃+ :=

(
L+, (J ·, ·)

)
is unitarily equivalent to

the operator Z+ = A+BK+ which is uniformly accretive in the Hilbert

space H̃1 :=
(
H1,

(
(I −K∗

+K+) ·, ·
))

with domain D+,

ii) A|L− in the Hilbert space L̃− :=
(
L−,−(J ·, ·)

)
is unitarily equivalent to

the operator Z− = D+B∗K− for which −Z− is uniformly accretive in

the Hilbert space H̃2 :=
(
H2,

(
(I−K−K

∗
−) ·, ·

))
with domain D−.
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Proof. The proof is similar to that of Theorem 2.8.1 with the following

differences: The spaces H̃1, H̃2, L̃+, L̃− are Hilbert spaces since K± are

uniform contractions (so that I−K∗
±K± are bijective) and since the inner

product (J ·, ·) is positive definite on L̃+ and negative definite on L̃−.

The operators

U+ : H̃1 → L̃+, U+x :=

(
I

K+

)
x, U− : H̃2 → L̃−, U−y :=

(
K−

I

)
y,

are unitary. To prove the claimed properties e.g. of Z+ = U−1
+ A|L+U+, we

use the Riccati equation for K+ on D+ to obtain that, for x ∈ D+,
(
(I−K∗

+K+)(A+BK+)x, x
)

=
(
(A+BK+)x, x

)
−
(
(B∗+DK+)x,K+x

)

=

(
JA

(
x

K+x

)
,

(
x

K+x

))
;

since A is uniformly J -accretive by Proposition 2.7.6, it follows that

Re
(
(I−K∗

+K+)(A+BK+)x, x
)
≥ β ‖x‖2

with some constant β > 0, and similary for A|L− . �

Remark 2.8.6 Note that, since A is not self-adjoint, we cannot conclude

e.g. from σ(A|L+) ⊂ C+ that A|L+ is accretive with respect to the original

scalar product (·, ·) ofH on L+; this holds only with respect to the indefinite

inner product (J ·, ·) on H. Therefore the new scalar products on H1 and

on H2 have different signs in Theorem 2.8.1 and Theorem 2.8.5.

For the rest of this section, we consider the case that e.g. the spectrum

in the open right half plane is discrete, i.e. consists of countably many

eigenvalues of finite algebraic multiplicities accumulating at most at ∞.

As a consequence of the block diagonalization established in the previous

theorems, we obtain a half range basisness result in the essentially self-

adjoint case and a half range completeness result in the non-self-adjoint

case; for the latter, we restrict ourselves to the case of bounded B and D.

In the following, a system (zi)
N
i=1 ⊂ H, N ∈ N ∪ {∞}, is called a Riesz

basis of a Hilbert space H if it is equivalent to an orthonormal basis of

H, i.e. if there exists a bounded and boundedly invertible linear operator G
in H and an orthonormal basis (ei)

N
i=1 of H such that zi = Gei, i = 1, . . . , N

(see [GK69, Chapter VI], also for other equivalent definitions).

Theorem 2.8.7 Assume that A is essentially self-adjoint with closure A,

the entries A, D are self-adjoint, B is closed such that D(B) ∩ D(D) is a

core of D, there exists δ > 0 such that
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(Ax, x) ≥ 0, x ∈ D(A),

(Dx, x) ≤ −δ ‖x‖2, x ∈ D(B) ∩ D(D),

D(A1/2) ⊂ D(B∗), and A has compact resolvent. Then σess

(
A
)
⊂(−∞,−δ]

and σ
(
A
)
∩ [0,∞) is discrete. If (λi)

N
i=1, N ∈ N ∪ {∞}, is the sequence

of eigenvalues of A in [0,∞) (counted with geometric mulitplicities) and

(xi)
N
i=1 ⊂ D

(
A
)
, xi = (xi yi)

t, is a corresponding system of eigenvectors,

then the system (xi)
N
i=1 of their first components forms a Riesz basis of H1.

Proof. The assumptions imply that all conditions of Corollary 2.4.13 are

satisfied; in particular, for µ∈C\R, the operator (D−µ)−1B∗(A−µ)−1 =

(D−µ)−1B∗(A−µ)−1/2(A−µ)−1/2 is compact since (D−µ)−1 as well as

B∗(A−µ)−1/2 are bounded and (A−µ)−1/2 is compact (the latter follows

e.g. from [Kat95, Theorem V.3.49]). Hence, by Corollary 2.4.13,

σess

(
A
)

= σess(A) ∪ σess

(
D −B∗(A− µ)−1B

)

= σess

(
D −B∗(A− µ)−1/2(A− µ)−1/2B

)
⊂ (−∞,−δ]

as A has compact resolvent, B∗(A−µ)−1/2(A−µ)−1/2B ≥ 0, and D≤−δ.
SinceA is self-adjoint, σ

(
A
)
∩ [0,∞) ⊂ σ

(
A
)
\ σess

(
A
)

is discrete.

By Theorem 2.8.1 i) and its proof, an element xi = (xi yi)
t ∈ D

(
A
)

is an eigenvector corresponding to an eigenvalue λi ∈ σ
(
A
)
∩ [0,∞) if and

only if yi = Kxi where K is the angular operator from Theorem 2.7.7 and

xi = U−1
+ xi ∈ D+ is an eigenvector of Z+ in H1 corresponding to λi. Since

Z+ is self-adjoint in the Hilbert space Ĥ1 :=
(
H1,

(
(I+ K∗K) ·, ·

))
and

σ(Z+) = σ
(
A
)
∩ [0,∞) is discrete, the system (xi)

N
i=1 of eigenvectors of Z+

is an orthonormal basis in Ĥ1. Then
(
(I+K∗K)1/2xi

)N
i=1

is an orthonormal

basis of H1 with its original scalar product. Because (I + K∗K)1/2 is

bounded and boundedly invertible, (xi)
N
i=1 is a Riesz basis of H1. �

Remark 2.8.8 The first half range basis result was proved in [AL95,

Theorem 3.5] for the case that B and D are bounded; generalizations

to unbounded upper dominant block operator matrices were given in
[ALMS96, Theorem 6.4], and in [MS96, Corollary 2.6] for bounded D under

the weaker assumption that the spectra of A and of the second Schur com-

plement S2 are separated (see Remark 2.7.17).

For non-self-adjoint operators, basis results are much more difficult

to prove and often depend on detailed information about the asymptotic

behaviour of eigenvalues, eigenfunctions, and of the resolvent. Neverthe-

less, there exist completeness results that require less knowledge (see [GK69,
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Chapter V] for a comprehensive presentation). We follow the lines of [LT98,

Theorem 5.1] and apply a theorem by V.B. Lidskii for dissipative trace class

operators (see [Lid59a], [Lid59b]). Here we denote by Sp the von Neumann–

Schatten classes of compact operators (see [GK69, Chapter III]); in par-

ticular, S1 is the class of nuclear or trace class operators.

Theorem 2.8.9 Let A be a block operator matrix such that A has compact

resolvent with (A− z)−1 ∈ S1 for some (and hence for all ) z ∈ ρ(A), B, D

are bounded, C = B∗, and assume there exist α, δ > 0, ϕ ∈ [0, π/2) with

W (A) ⊂
{
z ∈ C : Re z ≥ α, |arg z| ≤ ϕ

}
,

W (D) ⊂
{
z ∈ C : Re z ≤ −δ

}
.

Then σess(A) = σess(D)⊂
{
z ∈ C : Re z ≤−δ

}
and σ(A) ∩ C+ ⊂

{
z ∈ C :

Re z ≥ α
}

is discrete. If (λi)
N
i=1, N ∈ N ∪ {∞}, is the sequence of

eigenvalues of A in C+ (counted with geometric multiplicities) and if

(xij)
N ki

i=1,j=1⊂ D(A), xij = (xij yij)
t, is a corresponding system of eigen-

vectors and associated vectors, then the system (xij)
N ki

i=1,j=1 of their first

components is complete in H1.

Proof. By the assumptions, A is closed and diagonally dominant, and all

conditions of Theorem 2.7.21 and hence of Theorem 2.8.5 are satisfied. By

Theorem 2.4.8, we have σess(A) = σess(D) as A has compact resolvent and

B is bounded; in particular, σess(A) is bounded and so C\σess(A) consists of

one component. Since also σ(A)∩C−=σ(D+B∗K−) is bounded and hence

ρ(A) ∩ C− 6= ∅, Theorem 2.1.10 implies that σ(A) ∩ C+ ⊂ σ(A) \ σess(A)

is discrete. By Theorem 2.8.5 and Theorem 2.5.18, we have σ(A) ∩ C+ =

σ(A + BK+) ⊂ {z ∈ C : Re z ≥ α} and (xij)
ki

j=1 ⊂ D(A) = D(A) ⊕ H2

is a Jordan chain of A at an eigenvalue λi ∈ σ(A) ∩ C+ if and only if

xij = (xij K+xij)
t and (xij)

ki

j=1 is a Jordan chain of A+BK+ = Z+ at λi.

This follows from the fact that, with xi,−1 := 0, the first equation in
(
A− λi B

B∗ D − λi

)(
xij

K+xij

)
=

(
xi,j−1

K+xi,j−1

)
, j = 1, . . . , ki,

is the relation
(
A+BK+−λi

)
xij = xi,j−1, and the second equation amounts

to the Riccati equation for K+ applied to xij (see Corollary 2.7.23).

By assumption, A is regularly m-accretive with (A − ζ)−1 ∈ S1 for all

ζ ∈ (−∞, α) and B, K+ are bounded. Thus, for ζ ∈
(
−∞, α − ‖BK+‖

)
,

the operator A+BK+ − ζ is regularly m-accretive; more exactly, we have

Re
(
(A+BK+ − ζ)x, x

)
≥ 0 for x ∈ D(A), ζ ∈ ρ(A+BK+) ∩ ρ(A), and

(A+BK+ − ζ)−1 = (A− ζ)−1
(
I +BK+(A− ζ)−1

)−1 ∈ S1.
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So i(A+BK++ζ)−1∈ S1 is dissipative, i.e. Im
(
i(A+BK+−ζ)−1y, y

)
≥ 0

for y ∈ H1. By Lidskii’s theorem (see [GK69, Theorem V.2.3]), the eigen-

vectors and associated vectors of i(A + BK+ + ζ)−1 are complete in H1.

Since λi ∈ σ(A + BK+) if and only if i/(λi − ζ) ∈ σ
(
i(A + BK+ − ζ)−1

)

and the corresponding spectral subspaces coincide,

Lλi(A+BK+) = Li/(λi−ζ)

(
i(A+BK+ − ζ)−1

)
,

the completeness in H1 of the system (xij)
N ki

i=1,j=1 of eigenvectors and asso-

ciated vectors of A+BK+ follows. �

2.9 Uniqueness results for solutions of Riccati equations

Solutions of Riccati equations have been derived by means of factorizations

of the Schur complements in the bounded case (see Theorem 1.7.1) and by

means of an invariant subspace approach in the unbounded dichotomous

case (see Theorems 2.7.7, 2.7.21, 2.7.24). However, only existence, not

uniqueness of these solutions has been obtained so far.

In this section we present two different methods to prove uniqueness

results: The first method uses Banach’s fixed point theorem and does not

require any symmetry or dichotomy assumptions. The second method

for self-adjoint block operator matrices relates to the invariant subspace

approach in Section 2.7. Here we restrict ourselves to the case that only

the diagonal entry A is unbounded (see [ALT01]); in this case, the Riccati

equation has the form

KBK +KA−DK − C = 0 on D(A). (2.9.1)

The fixed point method relies on rewriting the Riccati equation in

the form of a so-called Krein-Rosenblum equation (sometimes also called

Sylvester equation)

KA−DK = Y, Y := C −KBK, (2.9.2)
or

K(A+BK)−DK = Y, Y := C. (2.9.3)

Solutions K to such operator equations in integral form seem to have been

found first by M.G. Krein in 1948 (see [Phó91]) and later, independently,

by Yu. Daleckii (see [Dal53]) and M. Rosenblum (see [Ros56]). The crucial

condition here is that the spectra of the operator coefficients on the left hand

side (e.g. A and D in (2.9.2)) have to be disjoint. In our case, either one

of these coefficients or the right hand side Y contains the solution K; this

yields integral equations for K which we will use for fixed point theorems.
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The first to apply the fixed point approach to obtain solutions of Ric-

cati equations associated with self-adjoint block operator matrices (and, as

a consequence, factorizations of the Schur complements and block diago-

nalizability) was A.K. Motovilov in [Mot91], [Mot95]. He studied the case

of unbounded A and D and bounded coupling B, motivated by two-channel

Hamiltonians from elementary particle physics (see e.g. [Sch87]).

In the following we consider integrals of an operator valued function F

with respect to a spectral function E. If F satisfies a Lipschitz condition

on [a, b], these integrals can be defined as the limits of the corresponding

Riemann–Stieltjes sums in the strong operator topology (see [AG93, Sec-

tion 7], [ALMS96, Section 7] or [AMM03]). In particular, if the function F

is continuously differentiable, the integration by parts formula holds.

The next theorem uses the form (2.9.2) of the Riccati equation (2.9.1).

Proposition 2.9.1 Suppose that ρ(A) 6= ∅, B, C, D are bounded, and

σ(A) ∩ σ(D) = ∅. (2.9.4)

Let ΓD be a Cauchy contour around σ(D) separating it from σ(A). Then

K ∈ L(H1,H2) is a solution of the Riccati equation (2.9.1) if and only if

K = − 1

2πi

∮

ΓD

(D − z)−1(C −KBK)(A− z)−1 dz =: ΦR(K); (2.9.5)

if D = D∗ with spectral function ED, an equivalent condition is

K =

∫

σ(D)

ED(dµ) (C −KBK)(A− µ)−1 =: ΨR(K). (2.9.6)

Proof. The equivalence of (2.9.1) and (2.9.5) is well-known (compare
[DK74a, Theorem I.3.2] or [GGK90, Theorem I.4.1]); we prove it here for

the convenience of the reader. If K solves (2.9.1), then, for every z ∈ C,

K(A − z) − (D − z)K = C −KBK. Multiplying by (A − z)−1 from the

right and by (D − z)−1 from the left, we find that, for z ∈ ρ(A) ∩ ρ(D),

(D − z)−1K −K(A− z)−1 = (D − z)−1(C −KBK)(A− z)−1.

If we integrate along ΓD, multiply by −1/(2πi), and observe (2.9.4), we

arrive at (2.9.5). Vice versa, it is easy to check that the expression on the

right hand side of (2.9.5) satisfies the Riccati equation (2.9.1).

In the special case D = D∗, we rewrite the right hand side of (2.9.5) as

− 1

2πi

∮

ΓD

∫

σ(D)

(µ− z)−1ED(dµ) (C −KBK)(A− z)−1 dz

=

∫

σ(D)

ED(dµ) (C −KBK)

(
− 1

2πi

∮

ΓD

(µ− z)−1(A− z)−1 dz

)



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

182 Spectral Theory of Block Operator Matrices

=

∫

σ(D)

ED(dµ) (C −KBK)(A− µ)−1,

which proves the equivalence of (2.9.5) and (2.9.6). �

The following corollary is immediate from the integral equation (2.9.5).

Corollary 2.9.2 If, under the assumptions of Proposition 2.9.1, either

B and C are compact (B, C ∈ Sp for some p ∈ [1,∞]) or A has compact

resolvent ((A−z)−1∈ Sp for some p∈ [1,∞]), then K is compact (K∈ Sp).

A different integral equation is obtained in the next theorem which uses

the equivalent form (2.9.3) of the Riccati equation (2.9.1); the proof is

completely analogous to the proof of Theorem 2.9.1.

Proposition 2.9.3 Suppose that ρ(A) 6= ∅, B, C, D are bounded, and let

K ∈ L(H1,H2) be such that

σ(A+ BK) ∩ σ(D) = ∅. (2.9.7)

Let ΓD be a Cauchy contour around σ(D) separating it from σ(A + BK).

Then K is a solution of the Riccati equation (2.9.1) if and only if

K = − 1

2πi

∮

ΓD

(D − z)−1C(A +BK − z)−1 dz =: ΦM (K); (2.9.8)

if D = D∗ with spectral function ED, an equivalent condition is

K =

∫

σ(D)

ED(dµ)C(A +BK − µ)−1 =: ΨM (K). (2.9.9)

Corollary 2.9.4 If, under the assumptions of Proposition 2.9.3, either

C is compact (C ∈ Sp for some p ∈ [1,∞]) or A has compact resolvent

((A−z)−1∈ Sp for some p∈ [1,∞]), then K is compact (K∈ Sp).

Remark 2.9.5 The relation (2.9.8) coincides with formula (1.7.2) in The-

orem 1.7.1 for bounded block operator matrices; the different sign is due to

the opposite orientation of the contour Γ1 therein compared to ΓD here.

The integral equation (2.9.5) may be viewed as a fixed point equation

for K. To ensure that the corresponding mapping ΦR is a contraction, we

assume that the spectra of A and D have positive distance and B, C satisfy

certain smallness assumptions.

Theorem 2.9.6 Suppose that ρ(A) 6= ∅, B, C, D are bounded, and

dist
(
σ(A), σ(D)

)
> 0. (2.9.10)
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Let ΓD be a Cauchy contour of length lΓD around σ(D) separating it from

σ(A), denote

aΓD := max
z∈ΓD

∥∥(A− z)−1
∥∥, dΓD := max

z∈ΓD

∥∥(D − z)−1
∥∥, (2.9.11)

and assume that

1

2π
aΓDdΓD lΓD

(
‖B‖+ ‖C‖

)
< 1,

1

π
aΓDdΓD lΓD‖B‖ < 1. (2.9.12)

Then the following hold:

i) There exists a unique contractive solution K0 ∈ L(H1,H2) of the Ric-

cati equation (2.9.1), which is even a uniform contraction.

ii) For every contraction K1 ∈ L(H1,H2), the operators

Kn := ΦR(Kn−1), n = 2, 3, . . . ,

are uniform contractions converging to K0 in the operator norm.

iii) If the inequalities in assumption (2.9.12) are not strict (i.e. if < is

replaced by ≤ ) and the operator B is compact, then the Riccati equation

(2.9.1) has at least one contractive solution.

Proof. i), ii) By K we denote the set of all contractions from H1 into H2.

The first inequality in (2.9.12) implies that, for each contraction K ∈ K,

the image ΦR(K) (see (2.9.5)) is a uniform contraction, i.e. ‖ΦR(K)‖ < 1.

Moreover, for contractions K, K̃ ∈ K, the relation

ΦR(K)−ΦR(K̃)=
1

2πi

∮

ΓD

(D−z)−1
(
(K−K̃)BK+K̃B(K−K̃)

)
(A−z)−1dz

and the second inequality in (2.9.12) imply that

‖ΦR(K)− ΦR(K̃)‖ ≤ γ ‖K − K̃‖ with γ :=
1

π
aΓDdΓD lΓD‖B‖ < 1.

Thus ΦR is a contraction in K and Banach’s fixed point theorem yields i)

and ii).

iii) If in (2.9.12) the signs< are replaced by ≤, we consider the operators

Bn := (1 − n−1)B, Cn := (1 − n−1)C for n ∈ N. Then, by i), for every

n ∈ N there exists a (unique and uniform) contraction K
(n)
0 such that

K
(n)
0 BnK

(n)
0 x+K

(n)
0 Ax −DK(n)

0 x− Cnx = 0, x ∈ D(A). (2.9.13)

Because the unit ball in L(H1,H2) is weakly compact, the sequence(
K

(n)
0

)∞
1

contains a subsequence which converges in the weak operator

topology of K to some contraction K0. Since B is compact, the corre-

sponding subsequence of BnK
(n)
0 converges strongly to BK0 and that of
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K
(n)
0 BnK

(n)
0 converges weakly to K0BK0. Altogether, we see that K0 is a

solution of the Riccati equation (2.9.1). �

Under different smallness assumptions on B and C, also the mapping

ΦM (see (2.9.8)) can be used to prove the existence and uniqueness of

contractive solutions of the Riccati equation (2.9.1).

Theorem 2.9.7 Suppose that ρ(A) 6= ∅, B, C, D are bounded, and

dist
(
σ(A), σ(D)

)
> 0. Let ΓD be a Cauchy contour of length lΓD around

σ(D) separating it from σ(A) and let aΓD and dΓD be defined as in (2.9.11).

If aΓD‖B‖ < 1 and

aΓDdΓD lΓD

2π

‖C‖
1−aΓD‖B‖

< 1,
a2
ΓD
dΓD lΓD

2π

‖B‖ ‖C‖
(1−aΓD‖B‖)2

< 1, (2.9.14)

then Theorem 2.9.6 continues to hold with ΦM instead of ΦR.

Proof. The proof is analogous to the proof of Theorem 2.9.6 if we observe

that the inequality aΓD‖B‖ < 1 implies that, for arbitrary z ∈ σ(D), the

resolvent (A+BK−z)−1 exists and thus condition (2.9.7) holds; in fact,
∥∥(A+BK − z)−1

∥∥ =
∥∥(A− z)−1(BK(A− z)−1 + I)−1

∥∥ ≤ aΓD

1− aΓD‖B‖
.

The first assumption in (2.9.14) ensures that ΦM maps K into itself, the

second condition in (2.9.14) guarantees that ΦM is a contraction. �

If D = D∗, the mappings ΨM and ΨR (see (2.9.6), (2.9.9), respectively)

may also be used for the fixed point theorem.

Theorem 2.9.8 Suppose that ρ(A) 6= ∅, B, C, D are bounded, and

dist
(
σ(A), σ(D)

)
> 0. If D = D∗, C ∈ S2, and if

αD := max
µ∈σ(D)

∥∥(A− µ)−1
∥∥

and the Hilbert-Schmidt norm ‖C‖2 of C satisfy αD‖B‖ < 1 and

‖C‖2
αD

1−αD‖B‖
< 1, ‖B‖ ‖C‖2

(
αD

1−αD‖B‖

)2

< 1, (2.9.15)

then Theorem 2.9.6 continues to hold with ΨM instead of ΦR.

Proof. The roles of the inequality αD‖B‖ < 1 and of the two inequalities

in (2.9.15) are completely analogous to those of the corresponding inequal-

ities in Theorem 2.9.7 and its proof. In addition, estimates for integrals of

certain operator-valued functions are used; for details we refer the reader

to [ALT01, Theorem 4.6] and its proof. �
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Remark 2.9.9 For the self-adjoint case A = A∗, D = D∗, and bounded

C = B∗, Theorem 2.9.8 was first proved in [Mot95, Theorem 1, Coroll-

ary 1]; then the inequalities in Theorem 2.9.8 reduce to the single inequality

‖B‖2 < dist
(
σ(A), σ(D)

)
/2. A corresponding result for arbitrary bounded

B,C was proved by S. Albeverio, K.A. Makarov, and A.K. Motovilov (see
[AMM03, Theorem 3.7]); in addition, in the case C=B∗ they studied the

spectral shift function, regarding the off-diagonal part as a perturbation.

Remark 2.9.10 The following variants of Theorem 2.9.8 can be proved:

i) If B, C ∈ S2, then an analogue of Theorem 2.9.8 holds for ΨR under

smallness assumptions on ‖B‖2, ‖C‖2 similar to the ones in (2.9.15).

ii) If neither B nor C belong to S2, then integration by parts in the inte-

grals defining ΨR and ΨM , respectively, yields conditions on ‖B‖, ‖C‖
so that Theorem 2.9.6 continues to hold with ΨR and ΨM , respectively

(see [ALT01, Theorem 4.8]).

Uniqueness results may also be obtained from the relation of solutions

of Riccati equations and invariant subspaces of block operator matrices

A =

(
A B

C D

)
, D(A) = D(A) ⊕H2.

Definition 2.9.11 Let T be linear operator in a Hilbert space H. We

call a closed subspace L ⊂ H
i) invariant subspace of T or T -invariant subspace if T

(
D(T ) ∩ L

)
⊂ L,

ii) reducing subspace of T or T -reducing subspace if L and L⊥ are invari-

ant subspaces of T and D(T ) =
(
D(T ) ∩ L

)
⊕
(
D(T ) ∩ L⊥

)
.

If L is a T -reducing subspace, then T =diag
(
T |L, T |L⊥

)
is block diagonal

with respect to the decompositionH=L⊕L⊥ and σ(T )=σ
(
T |L

)
∪ σ
(
T |L⊥

)

(see [Wei00, Section 2.5], [Wei80, Section 7.4, Exercise 5.39]).

Proposition 2.9.12 Suppose that A is closed and B,C,D are bounded.

Then K ∈ L(H1,H2) is a solution of the Riccati equation (2.9.1) if and

only if its graph subspace

G(K) :=

{(
x

Kx

)
: x ∈ H1

}

is A-invariant.

Proof. If G(K) is A-invariant, then, for every x ∈ D(A), there exists a

y ∈ H1 such that (
A B

C D

)(
x

Kx

)
=

(
y

Ky

)
. (2.9.16)
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The first component of this equality yields y = (A + BK)x; inserting this

into the second component of (2.9.16) gives

(C +DK)x = K(A+ BK)x, x ∈ D(A),

which is (2.9.1). Conversely, if K solves (2.9.1), then for every x ∈ D(A)

the relation (2.9.16) holds with y = (A+BK)x. �

Remark 2.9.13 If K ∈ L(H1,H2) is a solution of the Riccati equa-

tion (2.9.1), then KA is bounded on the dense subset D(A) ⊂ H1. Thus

KA and (KA)∗ = A∗K∗ are bounded and everywhere defined. There-

fore K∗ ∈ L(H2,H1) has the property R(K∗) ⊂ D(A∗), it satisfies the

Riccati equation

K∗B∗K∗ +A∗K∗ −K∗D∗ − C∗ = 0 on H2

related to the adjoint block operator matrix A∗, and the subspace

G(K)⊥ =

{(−K∗y

y

)
: y ∈ H2

}
⊂ D(A∗)⊕H2 = D(A∗)

is A∗-invariant.

In the sequel we concentrate on Riccati equations associated with self-

adjoint block operator matrices. In this case, contractive solutions corre-

spond to invariant subspaces that are definite with respect to some indefi-

nite inner product (see Definition 2.7.1 and Remark 2.7.2).

Theorem 2.9.14 Let A = A∗, D = D∗, let B, D be bounded, and let

C = B∗. Then the Riccati equation

KBK +KA−DK −B∗ = 0 on D(A) (2.9.17)

has a contractive solution K if and only if there exists a self-adjoint invo-

lution J in H = H1 ⊕H2 such that

AJ = JA (2.9.18)

and the subspace H1 ⊕ {0} is maximal J -nonnegative. In this case, the

contraction K in (2.9.17) is strict (uniform, respectively) if and only if the

subspace H1 ⊕ {0} is maximal J -positive (maximal uniformly J -positive,

respectively).

Proof. Let K be a contractive solution of (2.9.17). If we denote by P+

the orthogonal projection on G(K) in H1⊕H2 and set P− := I −P+, then

J := P+ − P− is a self-adjoint involution. In fact, it is easy to see that
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P+ =

(
(I +K∗K)−1 (I +K∗K)−1K∗

K(I +K∗K)−1 K(I +K∗K)−1K∗

)
,

P− =

(
K∗(I +KK∗)−1K −K∗(I +KK∗)−1

−(I +KK∗)−1K (I +KK∗)−1

)
.

(2.9.19)

By Remark 2.9.13, we have R(K∗) ⊂ D(A) and hence (I +K∗K)D(A) =

D(A). Together with (2.9.19), we obtain P+D(A) = P+

(
D(A) ⊕ H2

)
=

D(A) ⊕H2 and thus D
(
P+A

)
= D(A) = D

(
AP+

)
. By Proposition 2.9.12

and Remark 2.9.13, G(K) = R(P+) and G(K)⊥ = R(I − P+) are A-

invariant so that AP+ = P+AP+ and A(I − P+) = (I − P+)A(I − P+).

Since D
(
P+A

)
= D

(
AP+

)
, the latter is equivalent to P+A = P+AP+.

Altogether, we have proved that AP+ = P+A. Since J = 2P+ − I , the

commutation relation (2.9.18) follows.

Next we show that H1 is maximal J -nonnegative. Since K is contrac-

tive, the definition of J and (2.9.19) imply that, for x ∈ H1, x 6= 0,
[(
x

0

)
,

(
x

0

)]

J

=
(
(I +K∗K)−1x, x

)
−
(
(I +KK∗)−1Kx,Kx

)

=
∥∥(I +K∗K)−

1
2x
∥∥2 −

∥∥K(I +K∗K)−
1
2 x
∥∥2 ≥ 0. (2.9.20)

Thus H1 ⊕ {0} is J -nonnegative. Similarly, one can show that {0} ⊕ H2

is J -nonpositive. Now Lemma 2.7.3 yields that H1 ⊕ {0} is maximal J -

nonnegative.

Conversely, let J be a self-adjoint involution with the properties as in

the theorem. If we define

P± :=
1

2
(I ±J ) ,

then P+, P− are complementary orthogonal projections with J = P+−P−.

The commutation relation (2.9.18) implies that the closed subspaces L± :=

R(P±) are A-invariant. If P1, P2 are the orthogonal projections of H onto

H1⊕{0} and {0}⊕H2, respectively, then the assumption that H1⊕{0} is

J -nonnegative shows that, for arbitrary x ∈ H,

(
P+P1x, P1x

)
=

1

2

(
P1x, P1x

)
+

1

2
[P1x, P1x]J ≥

1

2

∥∥P1x
∥∥2
. (2.9.21)

Next we show that there exists an operator Q ∈ L(H2,H1) such that

L− =

{(
Qy

y

)
: y ∈ H2

}
. (2.9.22)

To this end, let
(
xn

)∞
1
⊂ L− be a sequence with P2xn → 0, n→∞. Then

P+P1xn = P+

(
xn − P2xn

)
= −P+P2xn −→ 0, n→∞.
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This and the inequality (2.9.21) imply that P1xn → 0, n→∞. This shows

that L− is of the form (2.9.22) with a bounded linear operator Q defined

on some closed subset D(Q) ⊂ H2. If there were a z ∈ D(Q)⊥, z 6= 0, then

(0 z)t ∈ L⊥− = L+ and hence
[(

0

z

)
,

(
0

z

)]

J

=

(
P+

(
0

z

)
, P+

(
0

z

))
≥ 0;

moreover, for arbitrary x ∈ H1, we would have[(
x

0

)
,

(
0

z

)]

J

=

(
P+

(
x

0

)
,

(
0

z

))
−
(
P−

(
x

0

)
,

(
0

z

))
=

((
x

0

)
,

(
0

z

))
= 0.

From this it would follow that the subspace H1 ⊕ D(Q)⊥ % H1 ⊕ {0} is

J -nonnegative, a contradiction to the maximality of H1⊕{0}. This proves

that D(Q) = H2. If we set K := −Q∗, then

L+ = L⊥
− =

{(
x

−Q∗x

)
: x ∈ H1

}
= G(K).

Since L+ is A-invariant, K is a solution of the Riccati equation (2.9.17) by

Proposition 2.9.12.

It remains to be proved that K is a contraction. To this end, we consider

the operator

P1|L+ : L+ → Ĥ1 ⊕ {0}, P1|L+

(
x

Kx

)
=

(
x

0

)
, x ∈ H1,

with Ĥ1 :=
(
H1,

(
(I+K∗K) ·, ·

))
. Then P1|L+ is invertible with (P1|L+)−1 =

(P1|L+)∗. Hence we have P+

(
P1|L+

)
=
(
P1|L+

)∗(
P1|L+

)
P+

(
P1|L+

)
. This

and inequality (2.9.21) yield that, for all x ∈ L+,
(
P+

(
P1|L+

)
x,x

)
=
(
(I +K∗K)

(
P1|L+

)
P+

(
P1|L+

)
x,
(
P1|L+

)
x
)

≥
((
P1|L+

)
P+

(
P1|L+

)
x,
(
P1|L+

)
x
)

=
(
P+

(
P1|L+

)
x,
(
P1|L+

)
x
)

≥ 1

2

((
P1|L+

)
x,
(
P1|L+

)
x
)

=
1

2
(x, x).

For x = P+y with y ∈ H, this implies
∥∥P1|L+P+y

∥∥2
=
(
P1|L+P+y, P+y

)
≥ 1

2
‖P+y‖2 .

Therefore, for every x ∈ H1, x 6= 0,

‖x‖2 =

∥∥∥∥P1|L+P+

(
x

Kx

)∥∥∥∥
2

≥ 1

2
‖x‖2 +

1

2
‖Kx‖2, (2.9.23)

and hence ‖Kx‖2 ≤ ‖x‖2.
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If K is a strict (uniform, respectively) contraction, then the inequality

in (2.9.20) is strict (uniform, respectively), and hence H1⊕{0} is maximal

J -positive (maximal uniformly J -positive, respectively). For the converse

statement, we observe that the inequality in (2.9.21) and hence the second

inequality in (2.9.23) are both strict (uniform, respectively) if H1 ⊕ {0} is

maximal J -positive (maximal uniformly J -positive, respectively). �

In general, the Riccati equation (2.9.17) may have many contractive

solutions. For example, it is easy to see that if a solution K of (2.9.17) is

invertible, then also −K−∗ is a solution; in particular, if K is unitary, then

also −K is a solution. The following theorem describes all unitary solutions

of the Riccati equation (2.9.17) in the case that the block operator matrix A
is bounded.

Theorem 2.9.15 Let A, B, and D be bounded, A = A∗, D = D∗.

Then the Riccati equation (2.9.17) has a unitary solution if and only if

there exist a unitary operator K0 ∈ L(H1,H2) and a self-adjoint operator

G∈L(H1) with

K∗
0DK0 = A, B = GK∗

0 . (2.9.24)

If (2.9.24) holds, then K is a unitary solution of (2.9.17) if and only if

K = K0U

where U ∈ L(H1) is unitary and such that

AU = UA, UG = GU∗. (2.9.25)

Proof. Let K0 be a unitary solution of (2.9.17). Multiplying both sides

of (2.9.17) from the left by the unitary operator K∗
0 we obtain

A−K∗
0DK0 = K∗

0B
∗ −BK0. (2.9.26)

The operator on the left hand side of (2.9.26) is self-adjoint, whereas the one

on the right hand side is anti-self-adjoint. Thus both sides must van-

ish and so (2.9.24) holds with G = K∗
0B

∗. Vice versa, (2.9.24) clearly

implies (2.9.26). Multiplication of (2.9.26) by K0 from the left yields the

Riccati equation for K0.

If K0 is a unitary operator with (2.9.24) and U is as in the theorem,

it is easy to check that, along with K0, also K0U satisfies (2.9.17). Vice

versa, let K be an arbitrary unitary solution of (2.9.17). Set U := K∗
0K.

Evidently, U ∈ L(H1) and U is unitary. Multiplying the Riccati equation

(2.9.17) for K from the left by K∗
0 and from the right by U∗, we obtain,

using (2.9.24),
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UAU∗ −A = GU∗ − UG.

Now the same reasoning as in the first part of the proof shows that U

satisfies (2.9.25). �

Remark 2.9.16 Another description of the set of all possible contrac-

tive solutions of a Riccati equation (2.9.17) was given by V. Kostrykin,

A. Makarov, and A.K. Motovilov (see [KMM03a, Theorem 6.2]); their

assumption is that there exists a contractive solution K0 whose graph is a

spectral subspace for the corresponding block operator matrix. It is shown

that the latter holds if and only if the solution K0 is an isolated point

(in the operator norm topology) in the set of all solutions of the Riccati

equation; this geometric approach is based on a result of R.G. Douglas and

C. Pearcy on invariant subspaces of normal operators (see [DP68]).

In order to establish a uniqueness result for strictly contractive solutions

of Riccati equations (2.9.17), we need the following notions.

Definition 2.9.17 Let T be a self-adjoint operator in a Hilbert space H
with spectral function ET . A T -invariant subspace L ⊂ H is called

i) T-spectral if there exists a closed subset ∆ ⊂ R with L = ET (∆)H,

ii) T-normal if every T-reducing subspace either belongs to L or contains

non-zero vectors that are orthogonal to L.

Lemma 2.9.18 For self-adjoint T , every T-spectral subspace is T-normal.

Proof. Let L be T-spectral, L = ET (∆)H for some closed subset ∆ ⊂ R.

If L0 is a T-reducing subspace, then T is block diagonal with respect to

the decomposition H = L0 ⊕ L⊥
0 . Hence, for the restriction T0 := T |L0 ,

we have σ(T0) ⊂ σ(T ). If σ(T0) ⊂ ∆, then the spectral theorem for self-

adjoint operators yields L0 ⊂ L. If there exists a λ0 ∈ σ(T0) \ ∆, we

can choose ε > 0 such that (λ0 − ε, λ0 + ε) ∩ ∆ = ∅. Then the range of

ET0

(
(λ0 − ε, λ0 + ε)

)
is nontrivial and orthogonal to L. �

Proposition 2.9.19 Let A = A∗, D = D∗, and let B, D be bounded. If

K is a strictly contractive solution of the Riccati equation (2.9.17) with A-

normal graph G(K), then K is the unique contractive solution of (2.9.17).

Proof. Let K be as above and let K1 be another contractive solution

of (2.9.17). Then the graphs G(K), G(K1) are A-reducing by Proposi-

tion 2.9.12 and Remark 2.9.13. If there exists a nonzero x ∈ G(K1)∩G(K)⊥,

then there exist x ∈ H1, y ∈ H2, x, y 6= 0, with



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Unbounded Block Operator Matrices 191

x =

(
x

K1x

)
=

(−K∗y

y

)
.

BecauseK and henceK∗are strict contractions, we obtain the contradiction

‖x‖ ≥ ‖K1x‖ = ‖y‖ > ‖K∗y‖ = ‖x‖ . (2.9.27)

By assumption, G(K) is A-normal and so G(K1)⊂G(K). Since both sub-

spaces are maximal J-nonnegative by Theorem 2.9.14, they coincide. �

The following uniqueness result can be obtained from Theorem 2.9.14

and Proposition 2.9.19 (see [ALT01, Theorem 6.3] and the generalization

in [KMM04, Theorem 4.1]).

Theorem 2.9.20 Let A = A∗, D = D∗ with maxσ(D) ≤ minσ(A),

and let B, D be bounded. Then the Riccati equation (2.9.17) has a unique

contractive solution K, and this solution is strictly contractive.

Proof. By Proposition 2.7.13, kerA has the kernel splitting property.

Accordingly, we define L+ as in Remark 2.7.12, let P+ be the orthogonal

projection onto L+, and set P− := I − P+. Then J := P+ − P− is a

self-adjoint involution commuting with A. Using a similar reasoning as in

the proof of Theorem 2.7.7 and Remark 2.7.12 (see the proof of [ALT01,

Theorem 6.2]), we can show that H1 is maximal J -positive. Now all claims

follow from Theorem 2.9.14 and Proposition 2.9.19. �

Remark 2.9.21 Theorem 2.9.20 can be used to show the uniqueness of

the solutions of Riccati equations established in some earlier results:

i) If maxσ(D) < min σ(A) in Theorem 2.9.20, then the solution K of the

Riccati equation established in [AL95, Theorem 2.3] (and hence the one

in Theorem 2.7.7 and its Corollary 2.7.8) is unique.

ii) If A and −D are not self-adjoint, but regularly m-accretive with

ReW (D) < 0 < ReW (A) and if B, D are bounded, then the solu-

tions K+, K− of the Riccati equations derived in [LT98, Theorem 4.1],

which are contractions by Theorem 2.7.21 and its Corollary 2.7.23 (see

also Remark 2.7.22), are unique.

Corollary 2.9.22 Let A = A∗, D = D∗, and let B, D be bounded.

If there exists a bounded interval (a, b) ⊂ R such that σ(D) ⊂ (a, b),

σ(A) ∩ [a, b] = ∅, S1(a), S2(a) are bijective and I − (b − a)S1(a)
−1> 0,

I − (b − a)S2(a)
−1< 0, then the Riccati equation (2.9.17) has a unique

strictly contractive solution.
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Proof. The claim follows from Theorem 2.9.20 applied to the block oper-

ator matrix Ã := (A− b)(A− a)−1 = I − (b− a)(A − a)−1. �

We close this section by mentioning an existence and uniqueness result

for accretive solutions of Riccati equations, which can be deduced from

Theorem 2.9.14 and Proposition 2.9.19 by a suitable transformation (see
[ALT01, Theorem 7.2]).

Remark 2.9.23 Let H1 = H2 and V, Q, R ∈ L(H1). If there exist

constants γ ∈ R and c > 0 such that

Re (γ2Q) = Re (R) ≥ c,
then the Riccati equation

Y QY + Y V + V ∗Y −R = 0

has a unique accretive solution Y ∈ L(H1) which is strictly accretive. If,

additionally, Q = Q∗ and R = R∗, then Y is strictly positive.

Proof. For γ > 0, the relations

Y = γ(I +K)(I −K)−1, K = (Y − γI)(Y + γI)−1

establish a bijective correspondence between all strictly accretive operators

Y ∈ L(H1) and all strict contractions K ∈ L(H1). Now the claim follows

from Remark 2.9.21 ii) applied to the block operator matrix
(
A B

C D

)
:=

(
γI I

−γI I

)(
V Q

R −V ∗

)(
I −I
γI γI

)
. �

Remark 2.9.24 The fixed point approach is not restricted to the case

dist
(
σ(A), σ(D)

)
> 0. In a series of papers by R. Mennicken, A.K. Moto-

vilov, and V. Hardt, it was also used in the case where σ(D) is partly

or entirely embedded in σc(A). The crucial assumption there is that the

second Schur complement admits an analytic continuation through the cuts

along the branches of the absolutely continuous spectrum σac(A); the latter

is ensured by conditions on B. The diagonally dominant self-adjoint case

(with unbounded A, D and bounded B) was treated in [MM98], [MM99].

The upper dominant self-adjoint case with semi-bounded A, unbounded B

and bounded D was studied in [HMM02]; in [HMM03] an upper dominant

non-self-adjoint situation was considered where it was assumed that only A

is self-adjoint and semi-bounded, B, C are unbounded so that C(A−z)−1B

is bounded, and D is bounded. As in Section 2.8, the results were used to

prove theorems on block diagonalization and half range basisness.
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2.10 Variational principles

In this section we generalize the variational principles and eigenvalue esti-

mates established in Section 1.10 not only to unbounded, but also to J -

self-adjoint block operator matrices. Moreover, we give a different proof

which is based on variational principles for unbounded operator functions

by D. Eschwé and M. Langer applied to the Schur complements (see [EL04]).

The crucial assumption here is a certain monotonicity of the Schur comple-

ments which we ensure by assuming that the diagonal entries are bounded

from above and below, respectively. Another difference to the preceding

part of this chapter is that we introduce the Schur complements by means

of quadratic forms, thus allowing for larger classes of block operator matri-

ces; in particular, at least for bounded diagonal entries, we can also treat

the off-diagonally dominant case.

In the following we always assume that A, D are self-adjoint and semi-

bounded, A ≥ a = minσ(A), D ≤ d = maxσ(D), and that either C=B∗ or

C=−B∗. We formulate and prove all results for eigenvalues to the right of

d in terms of the functionals λ+ related to the quadratic numerical range;

analogous results hold for eigenvalues to the left of a if λ+ is replaced by λ−.

A quadratic form t with domainD(t) in a Hilbert space is called regularly

quasi-accretive if for its numerical range W (t) :=
{
t[x] : x ∈ D(t), ‖x‖ = 1

}

there exist α ∈ R and ϑ ∈ [0, π/2) such that

W (t) ⊂ α+ Σϑ, Σϑ :=
{
reiφ: r ≥ 0, |φ| ≤ ϑ

}
.

A family t(λ), λ ∈ Ω ⊂ C, of quadratic forms in a Hilbert space is called

holomorphic of type (a) if, for every λ ∈ Ω, the form t(λ) is regularly quasi-

accretive, closed with dense λ-independent domain D
(
t(λ)

)
= D, and the

function t(·)[x] is holomorphic in Ω. The corresponding family T (λ), λ∈Ω,

of regularly quasi-accretive operators induced by the first representation

theorem is called holomorphic of type (B) (see [Kat95, Section VII.4.2]).

Let a and d be the closures of the quadratic forms induced by A and D,

respectively, with domains D(a)=D(|A|1/2), D(d)=D(|D|1/2) and

a[x, y] = (Ax, y), a[x] = (Ax, x), x ∈ D(A), y ∈ D(|A|1/2),

d[x, y] = (Dx, y), d[x] = (Dx, x), x ∈ D(D), y ∈ D(|D|1/2),

(see [EE87, Section IV.4] and note that regularly quasi-accretive forms are

called sectorial therein). We begin by considering (essentially) self-adjoint

block operator matrices under three different domain assumptions. For all

three cases, we introduce the sets

D1 := D(|A|1/2) ∩ D(B∗), D2 := D(|D|1/2). (2.10.1)
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Proposition 2.10.1 Assume that A=A∗ is bounded from below, D=D∗

is bounded from above, d := maxσ(D), B is closed, C = B∗, and let one

of the following conditions be satisfied:

(a) D(|A|1/2) ⊂ D(B∗), D(|D|1/2) ⊂ D(B);

(b) D(|A|1/2) ⊂ D(B∗), D(B) ⊂ D(D) and D(B) is a core of D;

(c) A, D are bounded.

Then A is diagonally dominant and self-adjoint in case (a), upper dominant

and essentially self-adjoint in case (b), off-diagonally dominant and self-

adjoint in case (c), and in all cases D
(
A
)
⊂ D1 ⊕D2. Moreover,

i) the quadratic form s1(λ), defined for λ ∈ Cd
+ := {λ ∈ C : Reλ > d} by

s1(λ)[x, y] := a[x, y]− λ
(
x, y
)
−
(
(D − λ)−1B∗x,B∗y

)
, x, y ∈ D1,

is closed and regularly quasi-accretive in H1 with domain D
(
s1(λ)

)
=

D1 =D(|A|1/2)∩D(B∗) independent of λ, and s1 is holomorphic on Cd
+;

ii) the operator S1(λ) thus induced by s1(λ) is regularly quasi-accretive and

D
(
S1(λ)

)
= D(A) for (a),

D(S1

(
λ)
)
=
{
x∈D(|A|1/2) :x−(A−ν)−1B(D−λ)−1B∗x∈D(A)

}
for (b),

D
(
S1(λ)

)
= D

(
B(D − λ)−1B∗

)
for (c), (2.10.2)

where, in the second case, ν ∈
(
−∞,min σ(A)

)
is arbitrary;

iii) the spectra of A and S1 are related by

σ
(
A
)
∩ Cd

+ = σ(S1) ∩ Cd
+, (2.10.3)

σp

(
A
)
∩ Cd

+ = σp(S1) ∩ Cd
+. (2.10.4)

Proof. In case (a), by Corollary 2.1.20, B∗ is A-bounded with relative

bound 0 and B is D-bounded with relative bound 0, respectively. Hence A
is diagonally dominant of order 0 and thus self-adjoint by Theorem 2.6.6 i).

In case (b), Proposition 2.3.6 shows that A is essentially self-adjoint. In

case (c), the self-adjointness of A is obvious, e.g. from Theorem 2.6.6 iii).

In cases (a) and (b), we have D1 = D(|A|1/2) and hence

D(A)= D(A)⊕D(D) = D(|A|)⊕D(|D|) ⊂ D(|A|1/2)⊕D(|D|1/2)= D1⊕D2.

In case (c), we have D1 = D(B∗) and thus

D(A)= D(B∗)⊕D(B) ⊂ D(B∗)⊕D(D) ⊂ D(B∗)⊕D(|D|1/2)= D1⊕D2.

For case (b), Proposition 2.3.6 shows that

D
(
A
)
⊂ D(|A|1/2)⊕D(D) ⊂ D(|A|1/2)⊕D(|D|1/2)= D1⊕D2.
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i) The form a is closed and regularly quasi-accretive with domain D(a) =

D(|A|1/2), the form t0(λ) defined by
(
(λ −D)−1B∗x,B∗x

)
is closable and

regularly quasi-accretive on D(B∗) for λ ∈ Cd
+, and for its closure t(λ) we

have D
(
t(λ)

)
⊃ D(B∗). Hence the sum s1(λ) = a − λ + t(λ) is closed

and regularly quasi-accretive on D(a) ∩ D
(
t(λ)

)
for λ ∈ Cd

+ (see [Kat95,

Theorem VI.1.27] and [Kat95, Theorem VI.1.31]). In cases (a) and (b),

we have D(a) = D(|A|1/2) ⊂ D(B∗) ⊂ D
(
t(λ)

)
and thus D(a) ∩ D

(
t(λ)

)
=

D(|A|1/2) = D1. In case (c), we have D(a) = H1 and D
(
t(λ)

)
= D

(
t0(λ)

)
=

D(B∗) since D is bounded and hence (D − λ)−1 is boundedly invertible

for λ ∈ Cd
+; thus D(a) ∩ D

(
t(λ)

)
= D(B∗) = D1.

ii) In the diagonally dominant case (a), the operator B(D − λ)−1 is

bounded since it is closed and D(D) ⊂ D(B). By Corollary 2.1.20, the

assumption D(|A|1/2) ⊂ D(B∗) implies that B∗ is A-bounded with A-

bound 0. Hence B(D − λ)−1B∗ is A-bounded with A-bound 0. Since A

is assumed to be bounded from below, S1(λ) = A − λ − B(D − λ)−1B∗

is regularly quasi-accretive with domain D(A) and self-adjoint for real λ ∈
(d,∞); in particular, S1(λ) is closed.

To show ii) in the upper dominant case (b), we follow the lines of the

proof of [EL04, Proposition 4.4]. Let ν ∈
(
−∞,minσ(A)

)
be arbitrary. We

fix λ∈Cd
+ and define the sesquilinear form

t[x, y] := s1(λ)[x, y] − (ν − λ)
(
x, y
)
, x, y ∈ D(s1) = D(|A|1/2).

Then, by i), t is closed and sectorial on the domain D(t) = D(|A|1/2).

Let T be the operator induced by t. Then T is regularly quasi-accretive,

D(T ) = D
(
S1(λ)

)
, and T = S1(λ) − (ν − λ). Because of the identity

(A− ν)−1B = (A − ν)−1/2(A− ν)−1/2B, it is sufficient to prove that T

coincides with the operator T̂ given by

D
(
T̂
)
=
{
x∈D(|A|1/2):

(
(A−ν)1/2−(A−ν)−1/2B(D−λ)−1B∗

)
x∈D(|A|1/2)

}
,

T̂ x=(A− ν)1/2
(
(A− ν)1/2− (A− ν)−1/2B(D − λ)−1B∗

)
x, x ∈ D

(
T̂
)
.

To this end, let x ∈ D(T ) and y ∈ D(|A|1/2). Then

t[x, y]

=
(
(A−ν)1/2x, (A−ν)1/2y

)
−
(
(D−λ)−1B∗x,B∗y

)

=
(
(A−ν)1/2x, (A−ν)1/2y

)
−
(
(D−λ)−1B∗x,B∗(A−ν)−1/2(A−ν)1/2y

)

=
(
(A−ν)1/2x− (A−ν)−1/2B(D−λ)−1B∗x, (A−ν)1/2y

)
.

On the other hand, by the definition of T ,

t[x, y]=(Tx, y)=
(
Tx, (A−ν)−1/2(A−ν)1/2y

)
=
(
(A−ν)−1/2Tx, (A−ν)1/2y

)
.



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

196 Spectral Theory of Block Operator Matrices

Since ν ∈ ρ(A), we have
{
(A− ν)1/2y : y ∈ D(|A|1/2)

}
= H1 and hence

(A−ν)−1/2Tx = (A−ν)1/2x− (A−ν)−1/2B(D−λ)−1B∗x.

This implies that the right hand side of the latter equality belongs to

D((A − ν)1/2) = D(|A|1/2). Hence x ∈ D(T̂ ) and T̂ x = Tx.

Vice versa, suppose that x ∈ D(T̂ ) and y ∈ D(|A|1/2). The same

calculation as above shows that
(
T̂ x, y

)
= t[x, y]. Then [Kat95, Theo-

rem VI.2.1 iii)] yields x ∈ D(T ) and T̂ x = Tx.

For the proof of ii) in the off-diagonally dominant case (c), let first

x ∈ D
(
B(D − λ)−1B∗

)
=
{
x ∈ D(B∗) : (D − λ)−1B∗x ∈ D(B)

}
. Then

(
(λ−D)−1B∗x,B∗y

)
=
(
B(λ −D)−1B∗x, y

)
, y ∈ D(B∗).

According to [Kat95, Theorem VI.2.1 iii)], this implies that x belongs to

the domain of the operator induced by the form
(
(λ−D)−1B∗x,B∗x

)
, and

hence x ∈ D
(
S1(λ)

)
. To prove the converse inclusion, let x ∈ D

(
S1(λ)

)
⊂

D
(
s1(λ)

)
= D1. Then x ∈ D(B∗) and the form s1(λ)[x, y] =

(
S1(λ)x, y

)
is

bounded in y, which shows that (D − λ)−1B∗x ∈ D(B).

iii) In the diagonally dominant case (a), the assertion about the spec-

tra follows from Theorem 2.3.3 ii) since S1(λ) is closed and the condition

D(D∗) = D(D) ⊂ D(B) is satisfied (which is not true in the other two

cases) and hence (D − λ)−1B∗ is bounded on D(B∗) by Remark 2.2.19.

The proof of iii) in the upper dominant case (b) again follows the lines

of the proof of [EL04, Proposition 4.4]. For the inclusion “⊃” in (2.10.3),

let λ ∈ ρ
(
A
)
∩ Cd

+. Then, for arbitrary f ∈ H1, there exists a unique

(x y)t ∈ D
(
A
)
, i.e. x ∈ D(|A|1/2), y ∈ D(D) with x+(A − ν)−1By ∈ D(A)

(see Proposition 2.3.6), such that (A− λ)(x y)t = (f 0)t, or, equivalently,

A
(
x+ (A− ν)−1By

)
− ν(A− ν)−1By − λx = f,

B∗x+ (D − λ)y = 0.

Since λ ∈ Cd
+ ⊂ ρ(D), the second relation shows that y = −(D−λ)−1B∗x;

in particular, (x y)t 6= 0 implies that x 6= 0. Using this relation for y, we

obtain x− (A− ν)−1B(D − λ)−1B∗x = x+ (A− ν)−1By ∈ D(A) and

A
(
x−(A−ν)−1B(D−λ)−1B∗x

)
−ν
(
x−(A−ν)−1B(D−λ)−1B∗x

)
+(ν−λ)x=f.

By ii), this means that x ∈ D
(
S1(λ)

)
and S1(λ)x = f . Since (x y)t is

uniquely determined by f and y is uniquely determined by x, this proves

that λ ∈ ρ(S1) ∩ Cd
+.

For the inclusion “⊂” in (2.10.4), we use the same reasoning as above

with f = 0. For the inclusion “⊃” in (2.10.4), let λ ∈ σp(S1) ∩ Cd
+ and
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let x ∈ kerS1(λ), x 6= 0, be a corresponding eigenvector. If we set y :=

−(D−λ)−1B∗x, then (x y)t ∈ D(A ), (x y)t 6= 0, and
(
A−λ

)
(x y)t = (0 0)t.

In case (c), for the inclusion “⊃” in (2.10.3) and for “=” (2.10.4), we

observe that the solutions of

(A− λ)
(
x

y

)
=

(
f

0

)
⇐⇒ (A− λ)x +By = f,

B∗x+ (D − λ)y = 0,

with x ∈ D(B∗), y ∈ D(B), and arbitrary f ∈ H1 are in one-to-one corre-

spondence to the solutions of S1(λ)x = f , i.e.

(A− λ)x−B(D − λ)−1B∗x = f,

with x ∈ D
(
S1(λ)

)
via the relation y = −(D − λ)−1B∗x.

It remains to show the inclusion “⊂” in (2.10.3) in cases (b) and (c). Let

λ ∈ ρ(S1)∩Cd
+. We may assume that λ ∈ R; otherwise, λ ∈ ρ

(
A
)

since A is

self-adjoint. It is not difficult to see that, on the set H1⊕D
(
(B(D−λ)−1

)
,

the (formal) inverse R(λ) of A− λ is given by
(

S1(λ)
−1 −S1(λ)

−1B(D − λ)−1

−(D − λ)−1B∗S1(λ)
−1 (D − λ)−1 + (D − λ)−1B∗S1(λ)

−1B(D − λ)−1

)

(compare Theorem 2.3.3 ii)). It remains to be shown that in both cases the

set H1 ⊕D
(
B(D − λ)−1

)
is dense in H1 ⊕H2 and that R(λ) is bounded.

In case (b), the assumption that D(D) is a core of B implies that

D
(
B(D − λ)−1

)
is dense in H2; in case (c), the fact that D is bounded

and D(B) is dense shows that D
(
B(D − λ)−1

)
= (D − λ)

(
D(B)

)
is dense

in H2. Further, in case (b) the operator |S1(λ)|1/2 has domain D
(
s1(λ)

)
=

D(|A|1/2) ⊂ D(B∗); in case (c), |S1(λ)|1/2 has domain D
(
s1(λ)

)
= D(B∗).

So (D−λ)−1B∗|S1(λ)|−1/2 is everywhere defined and closable in case (b),

closed in case (c), and thus bounded in both cases. This implies that

|S1(λ)|−1/2B(D−λ)−1⊂
(
(D−λ)−1B∗|S1(λ)|−1/2

)∗
is bounded and hence

so is

(D − λ)−1B∗S1(λ)
−1B(D − λ)−1

= (D − λ)−1B∗|S1(λ)|−1/2 sign(S1(λ)
−1)|S1(λ)|−1/2B(D − λ)−1.

In a similar way, one can show that the off-diagonal elements of the resolvent

are bounded. This completes the proof that λ ∈ ρ
(
A
)
∩ Cd

+. �

Corollary 2.10.2 Under the assumptions of Proposition 2.10.1, the fam-

ily s1(λ), λ ∈ Cd
+, is holomorphic of type (a) and the Schur complements

S1(λ), λ ∈ Cd
+, form a holomorphic family of type (B).
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The variational principles proved below use the functional λ+ related

to the quadratic numerical range of A as well as the classical Rayleigh

functional (A ·, ·). To this end, we first extend both functionals from the

domain D(A) =
(
D(A) ∩ D(B∗)

)
⊕
(
D(B) ∩ D(D)

)
to the set D1 ⊕D2 =(

D(|A|1/2) ∩ D(B∗)
)
⊕D(|D|1/2).

Definition 2.10.3 For x ∈ D1, y ∈ D2, we define

A

[(
x

y

)]
:= a[x] + (B∗x, y) + (y,B∗x) + d[y],

and, if x, y 6= 0,

λ+

(
x

y

)
:=

1

2


a[x]

‖x‖2 +
d[y]

‖y‖2 +

√(
a[x]

‖x‖2−
d[y]

‖y‖2
)2

+ 4
|(B∗x, y)|2
‖x‖2 ‖y‖2


 . (2.10.5)

The following variational characterizations for eigenvalues were estab-

lished in [KLT04, Theorem 3.1]; for the special case of diagonally dominant

block operator matrices with bounded off-diagonal entries they were first

proved in [LLT02]. Throughout this section, L always denotes a finite-

dimensional subspace of the first component D1 ⊂ H1.

Theorem 2.10.4 Suppose that A = A∗ is bounded from below, D = D∗

is bounded from above, d := maxσ(D), B is closed, C = B∗, and that the

block operator matrix A satisfies one of the conditions (a), (b), or (c) in

Proposition 2.10.1 (so that A = A is self-adjoint in cases (a) and (c), and

A is essentially self-adjoint in case (b)). Set

λe := min
(
σess

(
A
)
∩ (d,∞)

)
(2.10.6)

and

κ−(λ) := dimL(−∞,0)

(
S(λ)

)
, λ ∈ ρ(D) ∩ R.

Further, assume that there exists a point γ ∈ (d,∞) such that κ−(γ) <∞.

Then there exists an α > d so that (d, α) ⊂ ρ
(
A
)
. If we set κ := κ−(α)

(< ∞) and let λ1 ≤ λ2 ≤ · · · ≤ λN , N ∈ N0 ∪ {∞}, be the finite or

infinite sequence of the eigenvalues of A in the interval (d, λe) counted

with multiplicities, then, for n = 1, 2, . . . , N ,

λn = min
L⊂D1

dimL=κ+n

max
x∈L
x6=0

max
y∈D2
y 6=0

λ+

(
x

y

)
= max

L⊂H1
dimL=κ+n−1

inf
x∈D1, x6=0

x⊥L

max
y∈D2
y 6=0

λ+

(
x

y

)
(2.10.7)

= min
L⊂D1

dimL=κ+n

max
x∈L
x6=0

max
y∈D2

A
[(

x
y

)]
∥∥(x

y

)∥∥2 = max
L⊂H1

dimL=κ+n−1

inf
x∈D1, x6=0

x⊥L

max
y∈D2

A
[(

x
y

)]
∥∥(x

y

)∥∥2 . (2.10.8)



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Unbounded Block Operator Matrices 199

If µm denotes any of the four expressions

inf
L⊂D1

dimL=m

max
x∈L
x6=0

sup
y∈D2
y 6=0

λ+

(
x

y

)
, sup

L⊂H1
dimL=m−1

inf
x∈D1, x6=0

x⊥L

sup
y∈D2
y 6=0

λ+

(
x

y

)
,

inf
L⊂D1

dimL=m

max
x∈L
x6=0

sup
y∈D2

A
[(

x
y

)]
∥∥(x

y

)∥∥2 , sup
L⊂H1

dimL=m−1

inf
x∈D1, x6=0

x⊥L

sup
y∈D2

A
[(

x
y

)]
∥∥(x

y

)∥∥2 ,

(2.10.9)

then

µm =

{
d if m = 1, 2, . . . , κ,

λe if m ≥ κ+N + 1.
(2.10.10)

In the particular case maxσ(D) = d < a = minσ(A), we have κ = 0.

Obviously, in (2.10.7) the conditions x 6= 0 and y 6= 0 can be replaced

by ‖x‖ = 1 and ‖y‖ = 1, respectively, and in (2.10.8) the variation over y

can be restricted to vectors with
∥∥(x y)t

∥∥ = 1; the same applies to (2.10.9).

Remark 2.10.5 In all variational principles above, the dimension restric-

tion concerns only the first component. This was already observed in
[DES00a] and [GS99], where the variational characterization (2.10.8) using

the Rayleigh functional A was first derived under different assumptions and

without index shift, i.e. with κ = 0.

To prove Theorem 2.10.4, we relate the functional λ+ to the Rayleigh

functional A of the block operator matrix A and to a generalized Rayleigh

functional of the form s1 defining the first Schur complement.

Lemma 2.10.6 Let x ∈ D1, x 6= 0. Then

i) for λ ∈ ρ(D) and y := −(D − λ)−1B∗x we have

A
[(

x
y

)]
∥∥(x

y

)∥∥2 = λ+
s1(λ)[x]∥∥(x

y

)∥∥2 ;

ii) the function s1(·)[x] has at most one zero p(x) ∈ (d,∞);

iii) if µ ∈ (d,∞) is such that s1(µ)[x] ≤ 0, then

A
[(

x
y

)]
∥∥(x

y

)∥∥2 ≤ λ+

(
x

y

)
≤ µ, y ∈ D2, y 6= 0;

iv) if a zero p(x) of s1(·)[x] exists, it satisfies

p(x) = max
y∈D2
y 6=0

λ+

(
x

y

)
= max

y∈D2

A
[(

x
y

)]
∥∥(x

y

)∥∥2 . (2.10.11)
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Proof. Let x ∈ D1, x 6= 0, be fixed.

i) By definition of A and a, we have, for λ ∈ ρ(D), y := −(D−λ)−1B∗x,

A

[(
x

y

)]
−λ

∥∥∥∥
(
x

y

)∥∥∥∥
2

= (a− λ)[x] −
(
B∗x, (D − λ)−1B∗x

)

−
(
(D−λ)−1B∗x,B∗x

)
+
(
B∗x, (D−λ)−1B∗x

)

= s1(λ)[x].

ii) By the definition of s1 in Proposition 2.10.1 i), we have

d

dλ
s1(λ)[x] = −‖x‖2 −

(
(D − λ)−2B∗x,B∗x

)
≤ −‖x‖2, λ ∈ (d,∞).

This shows that s1(·)[x] is a strictly decreasing function on (d,∞) and

limλ→∞ s1(λ)[x] = −∞, which proves ii).

iii) Let y ∈ D2, y 6= 0, and define the 2× 2 matrix

Ax,y :=




a[x]

‖x‖2
(y,B∗x)

‖x‖ ‖y‖
(B∗x, y)

‖x‖ ‖y‖
d[y]

‖y‖2


 ∈M2(C).

It is easy to see that

A
[(

x
y

)]
∥∥(x

y

)∥∥2 =
a[x]+(B∗x, y)+(y,B∗x)+d[y]

‖x‖2 + ‖y‖2 =

(
Ax,y

(‖x‖
‖y‖

)
,
(‖x‖
‖y‖

))
C2

‖x‖2 + ‖y‖2 ≤ λ+

(
x

y

)

since, by definition, λ+(x, y) is the largest of the two eigenvalues of the

matrix Ax,y and hence the maximum of its numerical range. To prove the

second inequality in ii), let first y ∈ D(D), y 6= 0. Since λ+ := λ+(x, y) is

an eigenvalue of Ax,y, we have det(Ax,y − λ+) = 0 or, equivalently,
(
a− λ+

)
[x]
(
(D − λ+)y, y

)
=
∣∣(B∗x, y)

∣∣2. (2.10.12)

If λ+ ≤ d, then the assertion is obvious. If λ+ > d = maxσ(D), then

the right hand side of (2.10.12) can be estimated by the Cauchy–Schwarz

inequality with respect to the scalar product
(
(λ+ −D)−1·, ·

)
:

∣∣(B∗x, y)
∣∣2 =

∣∣((λ+ −D)−1B∗x, (λ+ −D)y
)∣∣2

≤
(
(λ+ −D)−1B∗x,B∗x

) (
(λ+ −D)−1 (λ+ −D)y, (λ+ −D)y

)

=
(
(λ+ −D)−1B∗x,B∗x

) (
(λ+ −D)y, y

)
. (2.10.13)

Hence, by (2.10.12) and (2.10.13),

−
(
a− λ+

)
[x] ≤

(
(λ+ −D)−1B∗x,B∗x

)
,
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which is equivalent to s1(λ+)[x]≥0. On the other hand, s1(µ)[x]≤0 and we

have shown in the proof of ii) that s1(·)[x] is strictly decreasing on (d,∞).

Thus λ+(x, y) =λ+≤µ. Since λ+(x, y) is continuous in y with respect to

the graph norm of D, this inequality continues to hold for y∈D2.

iv) The inequalities “≥” for p(x) in (2.10.11), with sup instead of max,

follow from iii) with µ = p(x); note that, for y = 0, we have A[
(
x
y

)
]/‖
(
x
y

)
‖2 =

a[x]/‖x‖2 ≤ p(x) since 0 = s1

(
p(x)

)
[x] ≥ a[x]− p(x)‖x‖2. If B∗x = 0, then

s1(λ)[x] = a[x]− λ‖x‖2 and hence, for every y ∈ D2, y 6= 0,

p(x) =
a[x]

‖x‖2 = λ+

(
x

y

)
.

If B∗x 6= 0, then i) with λ = p(x) and iii) yield that

p(x) =
A
[(

x
−(D−p(x))−1B∗x

)]
∥∥( x

−(D−p(x))−1B∗x

)∥∥2 ≤ λ+

(
x

−(D − p(x))−1B∗x

)
. �

Proof of Theorem 2.10.4. For x ∈ D1, x 6= 0, let p(x) be the zero of

s1(·)[x] according to Lemma 2.10.6 ii); if no zero exists, set p(x) := −∞.

The facts that S1 is a holomorphic operator function of type (B), that

s1(·)[x] is decreasing for x ∈ D1, and that there exists a γ ∈ (d,∞) with

κ−(γ) < ∞ imply that all assumptions of [EL04, Theorem 2.1] are sat-

isfied for the operator function S1 on the interval (d,∞) (see also [EL04,

Proposition 2.13]). Now Theorem 2.1 in [EL04] implies that there exists

an interval (d, α) ⊂ ρ
(
A
)
, that λe > d (see [EL04, Lemma 2.9]), and that,

with the generalized Rayleigh functional p of S1 defined as above,

λn = min
L⊂D1

dimL=κ+n

max
x∈L
x6=0

p(x) = max
L⊂H1

dimL=κ+n−1

inf
x∈D1, x6=0

x⊥L

p(x)

for n = 1, 2, . . . , N and

inf
L⊂D1

dimL=m

max
x∈L
x6=0

p(x) = sup
L⊂H1

dimL=m−1

inf
x∈D1, x6=0

x⊥L

p(x) = λe

for m ≥ κ+N + 1. Now the relations (2.10.7) and (2.10.8) and the second

line in (2.10.10) follow from (2.10.11) in Lemma 2.10.6 iv).

It remains to be proved that µm = d for m ≤ κ. Let µm denote

either the first or the third expression in (2.10.9); the other two cases are

similar. For arbitrary µ ∈ (d, α), we have κ−(µ) = κ ≥ m and hence there

exists a subspace Lµ ⊂ L(−∞,0)

(
S(µ)

)
with dimLµ = m. For x ∈ Lµ,

x 6= 0, we have s1(µ)[x] ≤ 0, and hence A[
(
x
y

)
]/‖
(
x
y

)
‖2 ≤ λ+

(
x
y

)
≤ µ for

all y ∈ D2, y 6= 0, by Lemma 2.10.6 iii). Since µ ∈ (d,∞) was arbitrary,

this proves µm ≤ d. In order to show that µm ≥ d, let x ∈ D1, x 6= 0,
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be arbitrary. Then, for every ε > 0, we can choose yε ∈ D2, ‖yε‖ = 1, so

that d[yε] > d− ε. According to (2.10.5), we have λ+(x, yε) ≥ d[yε] > d− ε
and, since limt→∞ A[

(
x

tyε

)
]/‖
(

x
tyε

)
‖2 = d[yε], also A[

(
x

tyε

)
]/‖
(

x
tyε

)
‖2 > d − ε

for t ∈ R large enough. Hence µm ≥ d− ε.
The last claim is obvious since d < a implies that (d, a) ⊂ ρ

(
A
)

(see

Theorem 2.5.18) and that S1(γ) is uniformly positive for γ ∈ (d, a). �

In general, it is not easy to check that the assumption κ−(γ) <∞ holds

for some γ ∈ R and to calculate the index shift κ. Some information may

be obtained from the numbers µm defined in Theorem 2.10.4.

Remark 2.10.7 Let µm, m = 1, 2, . . . , be as in Theorem 2.10.4.

i) If µm > d for some m ∈ N, then κ−(γ) <∞ for some γ ∈ (d,∞).

ii) If κ−(γ) < ∞ for some γ ∈ (d,∞) and dimH1 > κ, then µm > d for

some m ∈ N.

In both cases, the index shift κ :=κ−(α) in Theorem 2.10.4 with α∈(d,∞)

such that (d, α)⊂ρ
(
A
)

is given by

κ = max
{
m ∈ N : µm = d

}
. (2.10.14)

Proof. Let µm be the first expression in (2.10.9); the other three cases

are similar. Formula (2.10.14) is obvious from (2.10.10).

i) Assume that m ∈ N is such that µm > d. The claim is obvious if

dimH1 < ∞. Otherwise, suppose that κ−(µ) = ∞ for all µ ∈ (d,∞).

Then, for every µ ∈ (d,∞), there exists a subspace Lµ ⊂ L(−∞,0)

(
S(µ)

)

with dimLµ = m. From Lemma 2.10.3 iii) it follows that λ+(x, y) ≤ µ for

all x ∈ Lµ, y ∈ D2, x, y 6= 0. This implies that µm ≤ µ for all µ ∈ (d,∞)

and hence µm ≤ d, a contradiction.

ii) The claim is immediate from (2.10.7) and (2.10.8). �

In the second part of this section, we prove variational principles for J -

self-adjoint diagonally dominant block operator matrices. First we consider

the case that the quadratic numerical range, and hence the spectrum, is real

(see [LLT02, Theorem 4.2] for the case of bounded B).

Theorem 2.10.8 Suppose that A = A∗ is bounded from below, D = D∗

is bounded from above, maxσ(D) =: d < a := minσ(A), B is closed,

C = −B∗, and D(|A|1/2) ⊂ D(B∗), D(|D|1/2) ⊂ D(B) (i.e. A satisfies

condition (a) in Proposition 2.10.1 and is J -self-adjoint). Assume that

W 2(A) ⊂ R and that there is a γ ∈ R with Λ−(A) < γ < Λ+(A). Define

λe := min
(
σess(A) ∩ (γ,∞)

)
, λ′e := max

(
σess(A) ∪ {γ}

)
. (2.10.15)
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If λ1 ≤ λ2 ≤ · · · ≤ λN , N ∈ N0 ∪ {∞}, is the finite or infinite sequence of

eigenvalues of A in (γ, λe) counted with multiplicities, then

λn = min
L⊂D(A)
dimL=n

max
x∈L
x6=0

min
y∈D(D)

y 6=0

λ+

(
x

y

)
, n = 1, 2, . . . , N. (2.10.16)

If A is bounded and λ′1≥λ′2≥ . . .≥λ′N ′, N ′∈N0∪{∞}, is the finite or infinite

sequence of eigenvalues of A in (λ′e,∞) counted with multiplicities, then

λ′n = max
L⊂H1

dimL=n

min
x∈L
x6=0

min
y∈D(D)

y 6=0

λ+

(
x

y

)
, n = 1, 2, . . . , N ′. (2.10.17)

For n > N , the right hand side of (2.10.16) equals λe; for n > N ′, the right

hand side of (2.10.17) equals λ′e.

Like in the self-adjoint case, the proof of Theorem 2.10.8 relies on the

variational principle for unbounded operator functions from [EL04]. In con-

trast to the self-adjoint case (see Lemma 2.10.6), the function (S1(·)x, x) is

no longer monotone and hence does not readily furnish a unique zero defin-

ing the generalized Rayleigh functional p(x) required in [EL04]. However,

we can use the monotonicity of the derivative.

Lemma 2.10.9 Let γ ∈ R be such that Λ−(A) < γ < Λ+(A) and let

x ∈ D(A), x 6= 0. Then

i) the function
(
S1(·)x, x

)
has exactly one zero p(x) ∈ (γ,∞) and

(
S1(λ)x, x

) { > 0, λ ∈
(
γ, p(x)

)
,

< 0, λ ∈
(
p(x),∞

)
;

ii) if µ ∈ (γ,∞) is such that
(
S1(µ)x, x

)
≥ 0, then

λ+

(
x

y

)
≥ µ, y ∈ D(D), y 6= 0;

iii) the zero p(x) satisfies

min
y∈D(D)

y 6=0

λ+

(
x

y

)
= p(x). (2.10.18)

Proof. Let x ∈ D(A), x 6= 0, be fixed.

i) Differentiating the formula S1(λ) = A−λ+B(D−λ)−1B∗ twice, we

find that

d2

dλ2

(
S1(λ)x, x

)
=
(
(D − λ)−3B∗x,B∗x

)
≤ 0, λ ∈ (d,∞);

thus
(
S1(·)x, x

)
is concave on (d,∞). Moreover,

(
S1(λ)x, x

)
→ −∞ for

λ → ∞. Hence the function
(
S1(·)x, x

)
has at most two zeroes in (d,∞).
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By Proposition 2.6.10, the assumption Λ−(A) < γ < Λ+(A) implies that

S1(γ) is uniformly positive. Therefore, the function
(
S1(·)x, x

)
has exactly

one zero in (γ,∞) with the desired property.

ii) Let λ+ := λ+(x, y). Since γ < Λ+(A), we have λ+ > γ > d.

By a similar computation as in the proof of Lemma 2.10.6 iii) (note that

now we have a minus sign on the right hand side of (2.10.12)), we obtain(
S1(λ+)x, x

)
≤ 0. On the other hand,

(
S1(µ)x, x

)
≥ 0 by assumption.

Hence, by i), we obtain µ ≤ p(x) ≤ λ+.

iii) The inequality “≥” follows from ii) with µ = p(x). If B∗x = 0, then(
S1(λ)x, x

)
=
(
(A− λ)x, x

)
and hence, for every y ∈ D(D), y 6= 0,

p(x) =
(Ax, x)

‖x‖2 = λ+

(
x

y

)
.

If B∗x 6= 0, then (2.5.3) in Lemma 2.5.7 i) with C ⊂ −B∗ shows that p(x)

is one of the two zeroes of ∆
(
x,−(D − ·)−1B∗x; ·

)
. Since λ±(x, y) are the

two zeroes of the quadratic polynomial ∆(x, y; ·) and p(x) ≥ γ > Λ−(A),

we conclude that

p(x) = λ+

(
x

y

)
, y := −

(
D − p(x)

)−1
B∗x ∈ D(D). �

Proof of Theorem 2.10.8. By Proposition 2.6.8, we have the inclusion

σ(A)⊂W 2(A)⊂R. As in the proof of Theorem 2.10.4, we use Lemma 2.10.9

and the variational principle from [EL04] for S1 to derive formulae (2.10.16),

(2.10.17). Note that for applying [EL04, Theorem 2.1],
(
S1(·)x, x

)
need not

be monotone, but a sign change at p(x) suffices. �

For bounded J -self-adjoint block operator matrices, Theorem 2.10.8

has been generalized to the case that the quadratic numerical range is no

longer real (see [LLMT05, Theorem 5.3]). As in the self-adjoint case with

overlapping spectra of the diagonal elements, this may lead to an index

shift in the variational principle.

Theorem 2.10.10 Let A be bounded and J -self-adjoint. Let the number

µ ∈ R be given as in (1.10.2) and assume that there is a λ0 ∈ (µ,∞)

such that dimL(−∞,0)

(
S1(λ0)

)
< ∞. Then there exists an α > µ with

(µ, α) ⊂ ρ(A). Define

κ := dimL(−∞,0)

(
S1(α)

)
<∞

and

λe := min
(
σess(A) ∩ (α,∞)

)
, λ′e := max

(
σess(A) ∪ {α}

)
.
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If λ1 ≤ λ2 ≤ · · · ≤ λN , N ∈ N0 ∪ {∞}, is the finite or infinite sequence of

eigenvalues of A in (α, λe) counted with multiplicities, then

λn = min
L⊂H1

dimL=κ+n

max
x∈L
x6=0

min
y∈H2
y 6=0

λ+

(
x

y

)
, n = 1, 2, . . . , N. (2.10.19)

If λ′1 ≥ λ′2 ≥ · · · ≥ λ′N ′ , N ′ ∈ N0 ∪ {∞}, is the finite or infinite sequence

of eigenvalues of A in (λ′e,∞) counted with multiplicities, then

λ′n = max
L⊂H1

dimL=n

min
x∈L
x6=0

min
y∈H2
y 6=0

λ+

(
x

y

)
, n = 1, 2, . . . , N ′. (2.10.20)

For n > N , the right hand side of (2.10.19) equals λe; for n > N ′, the right

hand side of (2.10.20) equals λ′e.

Proof. The proof of this theorem is similar to the proof of Theo-

rem 2.10.8. Note that here it can only be shown that for x ∈ H1, x 6= 0,

the function
(
S1(·)x, x

)
has at most one zero in (µ,∞), not exactly one;

the Rayleigh functional p(x) is defined as this zero if it exists, and −∞
otherwise. There is no index shift in (2.10.20) since S1(λ) ≤ 0 for λ large

enough. For details we refer to the proof in [LLMT05, Section 5]. �

Remark 2.10.11 For a bounded block operator matrix A, Theo-

rem 2.10.8 is a special case of Theorem 2.10.10; in fact, by Proposi-

tion 2.6.10, the condition Λ−(A) < γ < Λ+(A) of Theorem 2.10.8 implies

that S1(γ) is uniformly positive and hence κ = 0.

2.11 Eigenvalue estimates

The variational principles established in the previous section for (essen-

tially) self-adjoint and J -self-adjoint block operator matrices are now used

to derive upper and lower bounds for eigenvalues. The bounds are given in

terms of the eigenvalues of the diagonal elements A, D in the diagonally

dominant and upper dominant case and in terms of the eigenvalues of the

operators BB∗ and B∗B in the off-diagonally dominant case. Again we for-

mulate and prove all results for eigenvalues to the right of d = maxσ(D);

analogous results hold for eigenvalues to the left of a = minσ(A).

First we give a simple eigenvalue estimate from below for the diagonally

dominant, upper dominant, and off-diagonally dominant self-adjoint case.

Proposition 2.11.1 Suppose that the (essentially) self-adjoint block

operator matrix A satisfies the assumptions of Theorem 2.10.4, define λe
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and κ as therein, and let d := maxσ(D). Let ν1(A)≤ν2(A)≤· · ·≤νM (A),

M ∈N0 ∪ {∞}, be the eigenvalues of the diagonal element A below σess(A)

counted with multiplicities, and set νk(A) := min σess(A) for k > M . Then

νk(A) ≤ d, k = 1, 2, . . . , κ, and the eigenvalues λ1 ≤ λ2 ≤ · · · ≤ λN ,

N ∈ N0 ∪ {∞}, of A in (d, λe) satisfy the estimate

λn ≥ νκ+n(A), n = 1, 2, . . . ,min {N,M − κ}. (2.11.1)

Proof. The estimates are immediate consequences of Theorem 2.10.4:

they follow from (2.10.7), from the inequality (Ax, x)/ ‖x‖2 ≤ λ+(x, y),

and from the standard variational principle for the self-adjoint operator A,

which implies that νk(A) ≤ µk for k = 1, 2, . . . ,M . �

The next theorem provides more subtle upper bounds for the eigenval-

ues of diagonally dominant and upper dominant (essentially) self-adjoint

block operator matrices and, if the diagonal entry D is bounded, also lower

bounds refining (2.11.1).

Theorem 2.11.2 Let A = A∗ be bounded from below, D = D∗ bounded

from above, d :=maxσ(D), B closed, and C = B∗. Assume that the block

operator matrix A fulfils condition (a) or (b) in Proposition 2.10.1 and that

there is a γ∈(d,∞) with κ−(γ)<∞. Define λe and κ as in Theorem 2.10.4.

Let ν1(A) ≤ ν2(A) ≤ · · · ≤ νM (A), M ∈ N0 ∪ {∞}, be the eigenvalues

of the diagonal element A below σess(A) counted with multiplicities, set

νk(A) :=min σess(A) for k > M , and let a′, b′≥ 0, a′′∈ R, b′′≥ 0 be so that

‖B∗x‖2 ≤ a′ ‖x‖2 + b′ a[x], x ∈ D(|A|1/2), (2.11.2)

‖B∗x‖2 ≥ a′′‖x‖2 + b′′a[x], x ∈ D(|A|1/2). (2.11.3)

If λ1 ≤ λ2 ≤ . . .≤ λN , N ∈N0 ∪ {∞}, are the eigenvalues of A in (d, λe)

counted with multiplicities, then

λn ≤
νκ+n(A) + maxσ(D)

2
+

√(
νκ+n(A)−maxσ(D)

2

)2

+ b′νκ+n(A) + a′

for n = 1, . . . , N , and if, in addition, D is bounded, then

λn ≥
νκ+n(A)+minσ(D)

2
+

√(
νκ+n(A)−minσ(D)

2

)2

+
(
b′′νκ+n(A) + a′′

)
+

for n = 1, . . . , N , where (t)+ := max {t, 0} for t ∈ R. In the particular case

maxσ(D) = d < a = minσ(A), we have κ = 0.

Remark 2.11.3 i) Note that the inequality (2.11.3) always holds with

a′′=minσ(BB∗), b′′ = 0; if B is bounded, then (2.11.2) always holds with
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a′ = ‖B‖, b′ = 0. Thus Theorem 2.11.2 generalizes [LLT02, Theorem 5.1]

where the diagonally dominant case with bounded B was considered.

ii) If A has compact resolvent, then σess(A)∩ (d,∞) = ∅ and for every

γ ∈ (d,∞) we have κ−(γ) <∞. This follows from [EL04, Theorem 4.5].

Proof of Theorem 2.11.2. By assumption (a) or (b) in Proposi-

tion 2.10.1, we have D(|A|1/2) ⊂ D(B∗). Hence B∗ is |A|1/2-bounded and

thus a′, b′ ≥ 0 with (2.11.2) exist (see Remark 2.1.3 ii)). The existence of

a′′ ≥ 0, b′′ ≥ 0 with (2.11.3) is clear (see e.g. Remark 2.11.3); note that a′′

may also be chosen to be negative.

The proof relies on the fact that, for β ≥ 0, the function

f(s, t) := s+ t+
√

(s− t)2 + β, s, t ∈ R, (2.11.4)

is increasing in s and t. In order to obtain the upper bound for λn, let ε > 0.

There exists a subspace Lε ⊂ L(−∞,νκ+n(A)+ε](A) with dimLε = κ+n. By

Theorem 2.10.4, we have

λn = min
L⊂D(A)

dimL=κ+n

max
x∈L

‖x‖=1

max
y∈D(D)
‖y‖=1

λ+

(
x

y

)
≤ max

x∈Lε
‖x‖=1

max
y∈D(D)
‖y‖=1

λ+

(
x

y

)
.

Using first the monotonicity of f with the estimates (Ax, x) ≤ νκ+n(A)+ε,

(Dy, y) ≤ maxσ(D) = d, and then inequality (2.11.2), we obtain that, for

all x ∈ Lε, y ∈ D(D), ‖x‖ = ‖y‖ = 1,

λ+

(
x

y

)
=

(Ax, x) + (Dy, y)

2
+

√(
(Ax, x) − (Dy, y)

2

)2

+
∣∣(By, x)

∣∣2

≤ νκ+n(A) + ε+ d

2
+

√(
νκ+n(A) + ε− d

2

)2

+ b′νκ+n(A) + a′ .

Since ε > 0 was arbitrary, the upper estimate for λn follows. Note that, in

fact, the analysis with ε is only necessary if νκ+n(A) = minσess(A).

To prove the lower estimate for λn, let L ⊂ D(A) with dimL = κ + n

be an arbitrary subspace. By the classical variational principle for the

semi-bounded operator A, there exists an xL ∈ L, ‖xL‖ = 1, such that

(AxL, xL) ≥ νκ+n(A). Again by Theorem 2.10.4, we have

λn = min
L⊂D(A)

dimL=κ+n

max
x∈L

‖x‖=1

max
y∈H2
y 6=0

λ+

(
x

y

)
≥ min

L⊂D(A)
dimL=κ+n

λ+

(
xL
B∗xL

)
.

If we use the monotonicity of f , set d− :=minσ(D), and note that (2.11.3)

implies ‖B∗x‖2 ≥
(
a′′‖x‖2+ b′′a[x]

)
+

, x ∈ D(|A|1/2), we arrive at
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λ+

(
xL
B∗xL

)

=
(AxL, xL)

2
+

(DB∗xL, B
∗xL)

2 ‖B∗xL‖2
+

√(
(AxL, xL)

2
− (DB∗xL, B∗xL)

2 ‖B∗xL‖2
)2

+‖B∗xL‖2

≥ νκ+n(A) + d−
2

+

√(
νκ+n(A)− d−

2

)2

+
(
b′′νκ+n(A) + a′′

)
+
. �

As a consequence of Theorem 2.11.2, we obtain asymptotic estimates for

the eigenvalues of the block operator matrix A if νk(A)→∞ for k →∞.

Corollary 2.11.4 If, under the assumptions of Theorem 2.11.2, we have

νk(A)→∞ for k →∞, then, for n→∞,

λn ≤ νκ+n(A) + b′ +
b′ maxσ(D) + a′ − b′ 2
νκ+n(A)−maxσ(D)

+ O

(
1

νκ+n(A)2

)
, (2.11.5)

λn ≥ νκ+n(A) + b′′ +
b′′ minσ(D) + a′′ − b′′ 2
νκ+n(A)−min σ(D)

+ O

(
1

νκ+n(A)2

)
. (2.11.6)

Proof. The upper estimate in Theorem 2.11.2 with d = maxσ(D) yields

λn ≤
νκ+n(A) + d

2
+
νκ+n(A) − d

2

√

1+
(
b′νκ+n(A) + a′

)(νκ+n(A)− d
2

)−2

=
νκ+n(A) + d

2
+
νκ+n(A) − d

2

[
1+

1

2

(
b′νκ+n(A) + a′

)(νκ+n(A)− d
2

)−2

− 1

8

(
b′νκ+n(A) + a′

)2
(
νκ+n(A) − d

2

)−4

+ O

(
1

νκ+n(A)3

)]

= νκ+n(A) +
b′νκ+n(A) + a′

νκ+n(A)− d −
(b′νκ+n(A) + a′)2

(νκ+n(A) − d)3 + O

(
1

νκ+n(A)2

)

= νκ+n(A) + b′ +
b′d+ a′ − b′ 2
νκ+n(A)− d + O

(
1

νκ+n(A)2

)
.

This proves (2.11.5); the proof of (2.11.6) is similar if we use (t)+≥ t. �

Next we derive upper and lower bounds for eigenvalues of off-diagonally

dominant self-adjoint block operator matrices in terms of eigenvalues of the

operator BB∗; as in Section 2.10, we restrict ourselves to bounded A and D.

Theorem 2.11.5 Let A = A∗ and D = D∗ be bounded, d := maxσ(D),

B closed, and C = B∗ (so that A is self-adjoint ). Suppose that there exists

a γ ∈ (d,∞) with κ−(γ) < ∞. Define λe and κ as in Theorem 2.10.4.

Let ν1(BB
∗)≤ν2(BB∗)≤ . . .≤νM (BB∗), M ∈N0∪{∞}, be the eigenvalues



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Unbounded Block Operator Matrices 209

of BB∗ below σess

(
BB∗

)
counted with multiplicities and set νk(BB∗) :=

minσess

(
BB∗

)
for k >M . If λ1 ≤ λ2 ≤ . . .≤ λN, N ∈ N0 ∪ {∞}, are the

eigenvalues of A in (d, λe) counted with multiplicities, then, for n=1, . . . , N,

λn≥
minσ(A)+minσ(D)

2
+

√(
minσ(A)−minσ(D)

2

)2

+νκ+n(BB∗),

λn≤
maxσ(A)+maxσ(D)

2
+

√(
maxσ(A)−maxσ(D)

2

)2

+νκ+n(BB∗).

In the particular case maxσ(D) = d < a = minσ(A), we have κ = 0.

Proof. For B = 0, the assertions are clear. For B 6= 0, the estimates are

proved in a similar way as in the proof of Theorem 2.11.2:

Since ‖B∗ · ‖2 is the closure of the quadratic form (BB∗·, ·), the clas-

sical variational principle for BB∗ shows that, for an arbitrary subspace

L ⊂ D(B∗) with dimL = κ + n, there exists an xL ∈ L, ‖xL‖ = 1, with

‖B∗xL‖2 ≥ νκ+n(BB∗). Hence, by Theorem 2.10.4,

λn = min
L⊂D(B∗)

dimL=κ+n

max
x∈L

‖x‖=1

max
y∈H2
y 6=0

λ+

(
x

y

)
≥ min

L⊂D(B∗)
dimL=κ+n

λ+

(
xL
B∗xL

)
.

Using the monotonicity of the function f in (2.11.4) and then the inequality

for ‖B∗xL‖2, we find that

λ+

(
xL
B∗xL

)

≥ minσ(A) + minσ(D)

2
+

√(
minσ(A) −minσ(D)

2

)2

+ νκ+n(BB∗) .

To prove the second inequality, let ε > 0 be arbitrary. Then there exists

a subspace Lε ⊂ L(−∞,νκ+n(BB∗)+ε](BB
∗) with dimLε = κ+ n. Again by

Theorem 2.10.4, we have

λn = min
L⊂D(B∗)

dimL=κ+n

max
x∈L

‖x‖=1

max
y∈H2
‖y‖=1

λ+

(
x

y

)
≤ max

x∈Lε
‖x‖=1

max
y∈H2
‖y‖=1

λ+

(
x

y

)
.

Using the monotonicity of the function f in (2.11.4) and then the inequality

‖B∗x‖2 ≤ νκ+n(BB∗) + ε for x ∈ Lε, we conclude that, for all x ∈ Lε,

y ∈ H2, ‖x‖ = ‖y‖ = 1,

λ+

(
x

y

)

≤maxσ(A)+maxσ(D)

2
+

√(
maxσ(A)−maxσ(D)

2

)2

+νκ+n(BB∗)+ε .

Since ε > 0 was arbitrary, the desired inequality follows. �



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

210 Spectral Theory of Block Operator Matrices

The following particular case of Theorem 2.11.5 is of interest with

respect to applications, e.g. to matrix differential operators of Dirac type.

Here we assume that maxσ(D) < 0 < minσ(A) and we formulate

the estimates not only for the positive eigenvalues of A (to the right of

maxσ(D)), but also for the negative eigenvalues (to the left of min σ(A)).

Corollary 2.11.6 Suppose that A is self-adjoint, A, −D are bounded and

uniformly positive, and both BB∗ and B∗B have compact resolvents. Set

a− := minσ(A), a+ := maxσ(A),

d− := minσ(D), d+ := maxσ(D),

and let ν+
n (BB∗), ν−n (B∗B), n = 1, 2, . . . , be the eigenvalues of BB∗, B∗B,

respectively, enumerated non-decreasingly and counted with multiplicities.

Then (d+, a−)∩ σ(A) = ∅ and σ(A) consists of two sequences (λ±n)n∈N of

eigenvalues of finite algebraic multiplicities accumulating at most at ±∞.

If we enumerate . . .≤λ−2≤λ−1<0<λ1≤λ2≤· · · counting multiplicities,

then

λn ≥
a− + d−

2
+

√(
a− − d−

2

)2

+ ν+
n (BB∗), (2.11.7)

λn ≤
a+ + d+

2
+

√(
a+ − d+

2

)2

+ ν+
n (BB∗), (2.11.8)

for n = 1, 2, . . . and

λ−n ≥ −
a+ + d+

2
−
√(

a+ − d+

2

)2

+ ν−n (B∗B), (2.11.9)

λ−n ≤ −
a− + d−

2
−
√(

a− − d−
2

)2

+ ν−n (B∗B). (2.11.10)

In the limit n→∞, the asymptotic estimates

λn ≥ ν+
n (BB∗)1/2+

a−+d−
2

+
1

2ν+
n (BB∗)1/2

(
a−−d−

2

)2

+ O

(
1

ν+
n (BB∗)

)
,

λn ≤ ν+
n (BB∗)1/2+

a++d+

2
+

1

2ν+
n (BB∗)1/2

(
a+−d+

2

)2

+ O

(
1

ν+
n (BB∗)

)

hold, and analogously for the negative eigenvalues λ−n.

Proof. Since maxσ(D) < 0 < minσ(A), we have κ = 0 by the last

claim in Theorem 2.10.4. Now (2.11.7), (2.11.8) follow readily from The-

orem 2.11.5; the latter implies, in particular, that λ+(x, y)≥ a− and that

σess(A) = ∅. The estimates for the negative eigenvalues follow from Theo-

rem 2.11.5 by considering −A and swapping H1 and H2. �
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Remark 2.11.7 The assumption that both BB∗ and B∗B have compact

resolvents cannot be simplified in general; only if B is bijective, it is equiv-

alent to the fact that B has compact resolvent. In this case, σ(BB∗) =

σ(B∗B) (see [HM01, Theorem 4.2]) and hence ν+
n (BB∗) = ν−n (B∗B).

Remark 2.11.8 If A=a·IH1 , D=d·IH2 with constants a, d ∈ R in Corol-

lary 2.11.6, then the upper and lower eigenvalue bounds in (2.11.7), (2.11.8)

coincide since a−=a+, d−=d+ and so, e.g. if B is bijective (see above),

λ±n =
a+ d

2
±
√(

a− d
2

)2

+ ν+
n (BB∗).

Remark 2.11.9 If, in the situation of Corollary 2.11.6, there exists an

element x0 ∈ kerB∗, x0 6= 0, we can improve the upper bound for the first

positive eigenvalue λ1 of A; in this case, (2.10.7) yields that

λ1 = min
x∈D(B∗)

x6=0

max
y∈H2
y 6=0

λ+

(
x

y

)
≤ max

y∈H2
y 6=0

λ+

(
x0

y

)
=

(Ax0, x0)

‖x0‖2
,

and hence

a− ≤ λ1 ≤
(Ax0, x0)

‖x0‖2
.

A typical situation where Corollary 2.11.6 applies is if A and D are

bounded multiplication operators and B is a regular differential operator.

Example 2.11.10 Let g ∈ L∞[0, 1] be a positive function and consider

A =

(
g −D

D −g

)
, D =

d

dx
,

in L2(0, 1)⊕L2(0, 1) with periodic boundary conditions in both components.

Here the eigenvalues ν+
n (BB∗), n=0, 1, 2, . . . , counted with multiplicities,

are given by ν+
0 (BB∗) = 0 and ν+

n (BB∗) = (2kπ)2 for n = 2k − 1, 2k and

k ∈ N. Hence, for n = 2k − 1, 2k and k ∈ N, we obtain the estimates

λn ≥ 2πk − ess sup g − ess inf g

2
+

1

4πk

(
ess sup g + ess inf g

2

)2

+ O

(
1

k2

)
,

λn ≤ 2πk +
ess sup g − ess inf g

2
+

1

4πk

(
ess sup g + ess inf g

2

)2

+ O

(
1

k2

)

for the positive eigenvalues of A, and similarly for the negative eigenvalues.

Remark 2.11.11 Self-adjoint off-diagonally dominant block operator

matrices of the form

A =

(
p −D2 + q

−D2 + q r

)
, D =

d

dx
, (2.11.11)
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in L2[0,∞) ⊕ L2[0,∞) with real-valued functions p, r, q were studied in

great detail by H. Behncke and A. Fischer in [BF02], using analytical tech-

niques like asymptotics of eigenfunctions and the M -matrix. Their main

results concern the deficiency index and the fine structure of the spectrum

including discrete parts, singular continuous and absolutely continuous part

and multiplicities, as well as embedded eigenvalues.

The two-sided estimates in Corollary 2.11.6 apply to the Dirac operators

on manifolds with S1-symmetry considered in Example 2.5.20. In addition

to the lower bound for the smallest eigenvalue in modulus derived there,

we now obtain upper and lower bounds for all eigenvalues (see [KLT04,

Theorem 4.17]).

Example 2.11.12 LetM = Bm×fFk be a warped product of closed spin

manifolds (see Example 2.5.20) and denote by fmax and fmin the maximum

and minimum, respectively, of the warp function f : Bm → R+. With the

notation of Example 2.5.20, we define the dimension of the kernel of the

Dirac operator DB on the basis B and the Fredholm index of D+
B and set

γB := dim kerDB, δB := indD+
B = dim kerD+

B − dim kerD−
B ,

αB :=
γB − δB

2
= dim kerD−

B , βB :=
γB + δB

2
= dim kerD+

B .

Let ζn, n = 1, 2, . . . , be the eigenvalues of DB counted with multiplici-

ties and enumerated so that the sequence
(
|ζn|
)∞
1

is non-decreasing and

ζγ+j < 0 for j odd. With BΛ as in (2.5.9), the eigenvalues ν+
Λ,n and ν−Λ,n,

n = 1, 2, . . . , of the operator (BΛB
∗
Λ)1/2 and of (B∗

ΛBΛ)1/2, respectively,

enumerated non-decreasingly, for even m are given by

ν+
Λ,n = 0, n = 1, . . . , αBr(Λ),

ν+
Λ,n = ζγ+2j , n = αBr(Λ) + (j − 1)r(Λ) + 1, . . . , αBr(Λ) + jr(Λ),

ν−Λ,n = 0, n = 1, . . . , βBr(Λ),

ν−Λ,n = ν1,Λ,n+δr(Λ), n = βBr(Λ) + 1, βBr(Λ) + 2, . . . ,

and for odd m by

ν+
Λ,n = ν−Λ,n = |ζj |, n = (j − 1)r(Λ) + 1, . . . , jr(Λ).

The eigenvalues λΛ,n, n = ±1,±2, . . . , of DM of weight Λ 6= 0, Λ ∈ σ(DF ),

which coincide with the eigenvalues of the block operator matrix AΛ given

by (2.5.10), can be enumerated so that · · · ≤ λΛ,−2 ≤ λΛ,−1 < 0 < λΛ,1 ≤
λΛ,2 ≤ · · · . Now Corollary 2.11.6 yields that, for n = 1, 2, . . . ,



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Unbounded Block Operator Matrices 213

λΛ,±n ≥ −
|Λ|
2

( 1

fmin
− 1

fmax

)
±
√

Λ2

4

( 1

fmin
+

1

fmax

)2

+
(
ν±Λ,n

)2
,

λΛ,±n ≤
|Λ|
2

( 1

fmin
− 1

fmax

)
±
√

Λ2

4

( 1

fmin
+

1

fmax

)2

+
(
ν±Λ,n

)2
.

If Λ = 0 in the above estimates, upper and lower bounds are the same and

coincide with the eigenvalues of weight 0, apart from multiplicities.

Note that, for evenm, the spectrum of weight Λ is not symmetric to 0; if,

however, the spectrum of the fibre F is symmetric to 0, then so is the spect-

rum of the whole Dirac operatorDM. In fact, if λ∈σp(DM) is an eigenvalue

of AΛ with eigenvector (ψ1 ψ2)
t, then −λ is an eigenvalue of A−Λ with

eigenvector (ψ1 −ψ2)
t since −Ai,Λ =Ai,−Λ, i=1, 2, and so −λ∈σp(DM).

If we further estimate the bounds for λΛ,±n by omitting the terms

(ν±Λ,n)2, we obtain that the eigenvalue λΛ,min of weight Λ 6= 0 with small-

est modulus satisfies the lower estimate |λΛ,min| ≥ |Λ|/fmax already proved

in (2.5.11); if 0 ∈ σ(DB), then either ν+
Λ,1 = 0 or ν−Λ,1 = 0, and hence,

altogether, λΛ,min satisfies the two-sided estimate

|Λ|
fmax

≤ |λΛ,min| ≤
|Λ|
fmin

.

In the special case of a Riemannian spin manifold B with parallel spinor Ψ,

i.e. ∇Ψ=0, the estimate for the first positive eigenvalue λΛ,1 of weight Λ

of the Dirac operator on B×fF is improved by Remark 2.11.9 to

|Λ|
fmax

≤ λΛ,1 ≤
1

volB

∫

B

|Λ|
f

dB.

Examples of such manifolds are the warped products M=S1×fF with a

closed manifold F ; here the basis manifold is one-dimensional and the esti-

mates may be improved by ODE methods like Floquet theory (see [Kra03]).

Finally, we derive eigenvalue estimates for J -self-adjoint block operator

matrices; we restrict ourselves to Theorem 2.10.8, i.e. to the case where the

quadratic numerical range is real and hence κ = 0.

Theorem 2.11.13 Suppose that A = A∗ is bounded from below, D = D∗

is bounded from above, maxσ(D) =: d < a := minσ(A), B is closed,

C = −B∗, and D(|A|1/2) ⊂ D(B∗), D(|D|1/2) ⊂ D(B) (so that A sat-

isfies condition (a) in Proposition 2.10.1 and is J-self-adjoint). Assume

that W 2(A) ⊂ R, that there is a γ ∈ R with Λ−(A) < γ < Λ+(A), and

define λe := min
(
σess(A) ∩ (γ,∞)

)
. Let ν1(A) ≤ ν2(A) ≤ . . . ≤ νM (A),
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M ∈N0 ∪ {∞}, be the eigenvalues of A below σess(A) counted with multi-

plicities, set νk(A) := minσess(A) for k >M , and let λ1 ≤ λ2 ≤ . . .≤ λN ,

N ∈ N0 ∪ {∞}, be the finite or infinite sequence of eigenvalues of A in

(γ, λe) counted with multiplicities. If D is bounded, then, for n = 1, . . . , N ,

λn ≤
νn(A)+minσ(D)

2
+

√(
νn(A)−minσ(D)

2

)2

−minσ(BB∗).

If B is bounded, ‖B‖ ≤ minσ(A) −maxσ(D)

2
, then, for n = 1, . . . , N ,

λn ≥
νn(A) + maxσ(D)

2
+

√(
νn(A) −maxσ(D)

2

)2

− ‖B‖2.

Proof. For β ≥ 0, s > t, and (s− t)2 ≥ β, the function

f(s, t) := s+ t+
√

(s− t)2 − β
is increasing in s and decreasing in t. For every ε > 0, there exists a sub-

space Lε ⊂ L(−∞,νn(A)+ε](A) with dimLε = n. Then, by Theorem 2.10.8,

λn = min
L⊂D(A)
dimL=n

max
x∈L

‖x‖=1

min
y∈H2
y 6=0

λ+

(
x

y

)
≤ max

x∈Lε
‖x‖=1

min
y∈H2
y 6=0

λ+

(
x

y

)
≤ max

x∈Lε
‖x‖=1

λ+

(
x

B∗x

)
.

From the monotonicity of f (note that the condition (s− t)2 ≥ β is fulfilled

because W 2(A) is real) together with the inequalities (Ax, x) ≤ νn(A) + ε,

(DB∗x,B∗x)/‖B∗x‖2 ≥ minσ(D), x ∈ Lε, it follows that, for x ∈ Lε,

λ+

(
x

B∗x

)

=
(Ax, x)

2
+

(DB∗x,B∗x)

2‖B∗x‖2 +

√(
(Ax, x)

2
− (DB∗x,B∗x)

2‖B∗x‖2
)2

−(BB∗x, x)

≤ νn(A) + ε+ minσ(D)

2
+

√(
νn(A) + ε−minσ(D)

2

)2

−minσ(BB∗);

since ε > 0 was arbitrary, this proves the upper estimate for λn.

For the proof of the lower estimate, let L ⊂ D(A) with dimL = n be

an arbitrary subspace. By the classical variational principle for the semi-

bounded operator A, there exists an xL ∈ L with ‖xL‖ = 1 such that

(AxL, xL) ≥ νn. Then, again by Theorem 2.10.8,

λn = min
L⊂D(A)
dimL=n

max
x∈L

‖x‖=1

min
y∈D(D)
‖y‖=1

λ+

(
x

y

)
≥ min

L⊂D(A)
dimL=n

min
y∈D(D)
‖y‖=1

λ+

(
xL
y

)

≥ νn(A) + maxσ(D)

2
+

√(
νn(A)−maxσ(D)

2

)2

− ‖B‖2. �
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We conclude this section by applying the above results to estimate the

eigenvalues of a λ-rational spectral problem for the Laplace operator on

a bounded domain Ω ⊂ Rm. In the one-dimensional case, which is the

λ-rational Sturm-Liouville problem considered in Example 2.4.3, the eigen-

values were investigated in many papers, see e.g. [AL95], [GM03], [MSS98],
[Lut99], and the references therein.

Example 2.11.14 Let Ω ⊂ Rm be a bounded domain, q, w, u ∈ L∞(Ω),

and assume that either w ≥ 0 or w ≤ 0. We consider the spectral problem
(
−∆ + q − λ− w

u− λ
)
ϕ = 0, ϕ|∂Ω = 0. (2.11.12)

As in Example 2.4.3, we see that (2.11.12) is equivalent to the eigenvalue

problem for the block operator matrix

A =

(
−∆ + q

√
w

(signw)
√
w u

)

in L2(Ω)⊕L2(Ω) with domain D(A) = {y1 ∈W 2
2 (Ω) : y1|∂Ω = 0}⊕L2(Ω);

in fact, the equation (2.11.12) is exactly the spectral problem S1(λ)ϕ = 0

for the first Schur complement S1 of A. We distinguish two cases:

a) w ≥ 0: Here A is self-adjoint and satisfies all assumptions of

Theorem 2.11.2 with b′ = b′′ = 0, a′ = ess supw, a′′ = ess inf w (see

Remark 2.11.3). Let ν1 ≤ ν2 ≤ · · · be the eigenvalues of the left upper

corner A of A, i.e. of the spectral problem
(
−∆ + q − λ

)
ϕ = 0, ϕ|∂Ω = 0. (2.11.13)

If λ1 ≤ λ2 ≤ . . . are the eigenvalues of (2.11.12) greater than ess supu and

κ is the number of negative eigenvalues of S1(γ) = −∆ + q− γ−w/(u− γ)
for a fixed γ ∈

(
ess supu, λ1

)
, then, for n = 1, 2, . . . ,

λn ≤
νκ+n + ess supu

2
+

√(
νκ+n − ess supu

2

)2

+ ess supw,

λn ≥
νκ+n + ess inf u

2
+

√(
νκ+n − ess inf u

2

)2

+ ess inf w.

(2.11.14)

For the one-dimensional case, the first inequality in (2.11.14) was proved

in [Lan00, Corollary 4.2] by different means for q = 0. In [EL04], using the

variational principle for the Schur complement, it was shown that

λn ≤ νκ+n +
ess supw

νκ+n − ess supu
;



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

216 Spectral Theory of Block Operator Matrices

however, due to the inequality

s+ t

2
+

√(s− t
2

)2

+ β ≤ s+
β

s− t , s > t, β ≥ 0,

this estimate is weaker than the estimate from above in (2.11.14).

b) w ≤ 0: Here A is J -self-adjoint. If we suppose that

ess sup
√
|w| < 1

2

(
minσ(−∆ + q)− ess supu

)
,

then A satisfies the assumptions of Theorem 2.11.13; in particular, its qua-

dratic numerical range and spectrum are real. Let again ν1 ≤ ν2 ≤ . . .

be the eigenvalues of (2.11.13). If λ1 ≤ λ2 ≤ . . . are the eigenvalues of

(2.11.12) greater than
(
min σ(−∆+q)+ess supu

)
/2, then, for n = 1, 2, . . . ,

λn ≤
νn + ess inf u

2
+

√(
νn − ess inf u

2

)2

− ess inf |w|,

λn ≥
νn + ess supu

2
+

√(
νn − ess supu

2

)2

− ess sup |w|.

Applications of the eigenvalue estimates derived in this section are given

in Section 3.1 to a spectral problem from magnetohydrodynamics and in

Section 3.2 to the eigenvalue problem for the angular part of a Dirac oper-

ator in curved space-time.
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Chapter 3

Applications in Mathematical Physics

Systems of linear partial differential equations of mixed order and type arise

frequently in mathematical physics, e.g. in linear stability problems in mag-

netohydrodynamics and fluid mechanics, as well as in quantum mechanics.

Such systems may be described by block operator matrices whose entries are

differential operators. This opens up the way to use the spectral properties

of parts of the system (the entries of the block operator matrix) to obtain

spectral information about the whole system (the block operator matrix).

In this chapter we apply the results of Chapter 2 to three different

examples: to an upper dominant block operator matrix arising as a force

operator in magnetohydrodynamics, to a diagonally dominant block oper-

ator matrix governing the linear stability of the Ekman boundary layer in

fluid mechanics, and to the prototype of an off-diagonally dominant block

operator matrix, the Dirac operator from quantum mechanics.

3.1 Upper dominant block operator matrices

in magnetohydrodynamics

The linearized equations of ideal magnetohydrodynamics (MHD) are used

to describe some phenomena occurring in the interaction of a magnetoac-

tive plasma and an exterior magnetic field (see [Lif89]). These equations are

systems of partial differential equations of mixed order and type (Douglis-

Nirenberg elliptic systems); the corresponding linear operator, also called

force operator, is an upper dominant block operator matrix which is typi-

cally essentially self-adjoint. If the spectrum of the force operator is non-

negative, then the plasma configuration is stable; knowledge about the

essential spectrum of the force operator may be used to heat the plasma

by means of so-called Alfvén waves (see [Răı91], [Lif85]). The first rigorous

217
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mathematical approach to calculate the essential spectrum of block oper-

ator matrices occurring in MHD was based on pseudo-differential calculus

and is due to G. Grubb and G. Geymonat (see e.g. [GG77], [GG79]) and

J. Descloux and G. Geymonat (see [DG79], [DG80]). They seem to be the

first who observed that, unlike regular differential operators, regular matrix

differential operators may have non-empty essential spectrum.

In this section, we present an operator theoretic approach to investigate

the spectrum of the force operator associated with a plane equilibrium

configuration of a gravitating ideal plasma in an ambient magnetic field (see
[LL84, §68], [Goe83], [Lif89]). We apply the results of Sections 2.4 and 2.11

to determine the essential spectrum and to estimate the eigenvalues of this

problem (see [Răı91], [ALMS94], [AMS98], [KLT04, Example 4.5]).

Example 3.1.1 The linear stability theory of small oscillations of a

magnetized gravitating plane equilibrium layer of a hot compressible ideal

plasma, bounded by rigid perfectly conducting planes (at x = 0 and x = 1,

say), leads to a spectral problem for a system of three coupled differen-

tial equations on the interval [0, 1]. The corresponding linear operator is a

(1+2)×(1+2) block operator matrix given by (see e.g. [ALMS94, Section 5],
[Lif89, Chapter 7.3, (3.19)], and [Răı91])

A=




ρ−1
0 Dρ0(v

2
a+v

2
s )D+k2v2

a

(
ρ−1
0 Dρ0(v

2
a+v

2
s )+ig

)
k⊥ (ρ−1

0 Dρ0v
2
s+ig)k‖

k⊥
(
(v2

a+v2
s )D−ig

)
k2v2

a+k2
⊥v

2
s k⊥k‖v

2
s

k‖(v
2
s D−ig) k⊥k‖v

2
s k2

‖v
2
s




on [0, 1] with Dirichlet boundary conditions for the first component at x = 0

and x = 1. Here D = −i d/dx is a first order derivative, g is the gravita-

tional constant, and all other coefficients are functions on [0, 1]: ρ0 the

equilibrium density of the plasma, va the Alfvén speed, vs the sound speed,

k⊥, k‖ the coordinates of the wave vector k with respect to the field allied

orthonormal bases, and k =
√
k2
⊥+k2

‖ the length of k.
The above block operator matrix A is considered in the Hilbert space

product L2
ρ0

(0, 1) ⊕
(
L2

ρ0
(0, 1)

)2
where L2

ρ0
(0, 1) denotes the L2-space on

[0, 1] with weight ρ0. If W k,2
ρ0

(0, 1) and W k,2
ρ0,0(0, 1) denote the Sobolev space

of order k associated with L2
ρ0

(0, 1) without and with Dirichlet boundary

conditions, respectively, then the entries A, B, C, and D of A are given by

A := ρ−1
0 Dρ0(v

2
a+v

2
s )D+k2v2

a , D(A) :=
(
W 2,2

ρ0
(0, 1) ∩W 1,2

ρ0,0(0, 1)
)
,

B :=
((
ρ−1
0 Dρ0(v

2
a+v

2
s )+ig

)
k⊥ (ρ−1

0 Dρ0v
2
s+ig)k‖

)
, D(B) :=

(
W 1,2

ρ0
(0, 1)

)2
,
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C :=

(
k⊥
(
(v2

a+v2
s )D−ig

)

k‖(v2
s D−ig)

)
, D(C) :=W 1,2

ρ0,0(0, 1) ,

D :=

(
k2v2

a+k2
⊥v

2
s k⊥k‖v

2
s

k⊥k‖v
2
s k2

‖v
2
s

)
, D(D) :=

(
L2

ρ0
(0, 1)

)2
.

Proposition 3.1.2 The block operator matrix A with its domain

D(A) = D(A)⊕D(B) =
(
W 2,2

ρ0
(0, 1) ∩W 1,2

ρ0,0(0, 1)
)
⊕
(
W 1,2

ρ0
(0, 1)

)2

is upper dominant and essentially self-adjoint.

Proof. It is not difficult to see that A is an unbounded positive self-

adjoint operator in L2
ρ0

(0, 1), D is a bounded self-adjoint operator in(
L2

ρ0
(0, 1)

)2
, B is closed, and C=B∗. Since D(A) ⊂ D(B∗), D(B) ⊂ D(D),

the block operator matrix A is upper dominant by Remark 2.2.2 iii). Fur-

thermore, D(B) ∩D(D) =
(
W 1,2

ρ0
(0, 1)

)2
is dense in

(
L2

ρ0
(0, 1)

)2
and hence

a core of D, and it can be shown that D(A1/2) ⊂ D(B∗) (see e.g. [ALMS94,

Proposition 4.1]). Thus A is essentially self-adjoint by Proposition 2.3.6.

�

The self-adjoint closure A of A is called force operator. Next we deter-

mine the essential spectrum of A using the second Schur complement.

Theorem 3.1.3 The essential spectrum of the closure A of A is the set

σess

(
A
)

= λa,k

(
[0, 1]

)
∪ λm,k

(
[0, 1]

)
,

the functions λa,k,λm,k being the squares of theAlfvén and mean frequencies:

λa,k := k2
‖v

2
a , λm,k := k2

‖

v2
av

2
s

v2
a + v2

s

.

Proof. We calculate the essential spectrum of A in two steps. First we

use Corollary 2.4.13. Obviously, A is positive, in particular, 0∈ρ(A), and A

has compact resolvent. This implies that A−1/2 is compact and hence so is

D−1B∗A−1 = D−1B∗A−1/2A−1/2 because D−1 and B∗A−1/2 are bounded.

Hence A satisfies all assumptions of Corollary 2.4.13, which yields

σess

(
A
)

= σess

(
S2(0)

)
= σess

(
D −B∗A−1B

)
.

Now we employ Theorem 2.4.15 to calculate σess

(
D − B∗A−1B

)
by

splitting off the lower order terms in A, B, C=B∗, and D. To this end, set

A0 := ρ−1
0 Dρ0(v

2
a+v

2
s )D, D(A0) := D(A),

B0 :=
(
ρ−1
0 Dρ0(v

2
a+v

2
s )k⊥ ρ−1

0 Dρ0v
2
s k‖

)
, D(B0) := D(B),
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C0 :=

(
k⊥(v2

a +v2
s )D

k‖v2
s D

)
= B∗

0 ,D(C0) := D(C) = D(B∗
0 ).

Then all assumptions of Theorem 2.4.15 are satisfied with µ0 = 0 and thus

σess

(
A
)

= σess

(
D −B∗

0A
−1
0 B0

)
.

The bounded operator B∗
0A

−1
0 B0 on D(B0) =

(
W 1,2

ρ0
(0, 1)

)2
has the form

(
k⊥(v2

a+v2
s )

k‖v2
s

)
D
(
ρ−1
0 Dρ0(v

2
a+v

2
s )D

)−1(
ρ−1
0 Dρ0

)(
(v2

a+v
2
s )k⊥ v2

s k‖

)

=

(
k⊥(v2

a +v2
s )

k‖v2
s

)
1

v2
a+v

2
s

(
(v2

a+v
2
s )k⊥ v2

s k‖

)
+K0

=

(
k2
⊥(v2

a + v2
s ) k⊥k‖v

2
s

k⊥k‖v
2
s k2

‖v
4
s /(v

2
a + v2

s )

)
+K0

with a compact integral operator K0. Together with the formula for the

matrix multiplication operator D and the relation k2 = k2
⊥ + k2

‖, we obtain

σess

(
A
)

= σess

((
k2
‖v

2
a 0

0 k2
‖v

2
av

2
s /(v

2
a + v2

s )

))
= σess

((
λa,k 0

0 λm,k

))

= λa,k

(
[0, 1]

)
∪ λm,k

(
[0, 1]

)
. �

Next we study the discrete spectrum of the force operator A using the

eigenvalue estimates proved in Section 2.11.

Theorem 3.1.4 Define the functions f± : [0, 1]→ R by

f± :=
k2(v2

a + v2
s )

2
±
√
k4(v2

a + v2
s )2

4
− k2k2

‖v
2
av

2
s .

Then the spectrum of the force operator A in the interval
(
max f+,∞

)

consists of eigenvalues λ1≤λ2≤· · · accumulating at ∞. If ν1 ≤ ν2 ≤ · · ·
are the eigenvalues of the operator

A = ρ−1
0 Dρ0(v

2
a + v2

s )D + k2v2
a , D(A)=

(
W 2,2

ρ0
(0, 1) ∩W 1,2

ρ0 ,0(0, 1)
)
,

in L2
ρ0

(0, 1) and the constant κ is given by (2.10.14) (see also (2.10.14)),

then the eigenvalues of A satisfy

λn ≤ νκ+n + max
(v2

a + v2
s )

2k2
⊥ + v4

s k
2
‖

v2
a + v2

s

+ O
( 1

νκ+n

)
,

λn ≥ νκ+n + min
(v2

a + v2
s )

2k2
⊥ + v4

s k
2
‖

v2
a + v2

s

+ O
( 1

νκ+n

)
.
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Proof. First we show that A satisfies the assumptions of Theorem 2.11.2

and determine a′, a′′, b′, b′′ so that (2.11.2), (2.11.3) hold. Using the

definition of the operators A and B∗= C and integrating by parts, we find

a[y] =

∫ 1

0

ρ0 p1|y′|2 dx +

∫ 1

0

ρ0 q1|y|2 dx,

‖B∗y‖2 =

∫ 1

0

ρ0 p2|y′|2 dx +

∫ 1

0

ρ0 q2|y|2 dx;

here the functions p1, q1, p2, and q2 are given by

p1 := v2
a + v2

s , q1 := k2v2
a ,

p2 := (v2
a + v2

s )2k2
⊥ + v4

s k
2
‖, q2 := k2g2 − g

ρ0

(
ρ0

(
(v2

a + v2
s )k2

⊥ + v2
s k

2
‖

))′
.

Then the assumptions (2.11.2), (2.11.3) of Theorem 2.11.2 hold with

b′ = max
p2

p1
, a′ = max

{
max q2 − bmin q1, 0

}
,

b′′= min
p2

p1
, a′′= min q2 − b′ max q1;

for instance, (2.11.2) follows from

‖B∗y‖2 ≤ b′
(∫ 1

0

ρ0 p1|y′|2 dx+

∫ 1

0

ρ0 q1|y|2 dx
)

+

∫ 1

0

ρ0

(
−bq1 + q2

)
|y|2 dx

≤ b′ a[y] + a′‖y‖2.
Finally, the spectrum of the 2×2 matrix multiplication operator D in right

lower corner of the block operator matrix A is the range of the functions

f± defined above (note that, for fixed x, f±(x) are the eigenvalues of the

2× 2 matrix D(x)), and thus

maxσ(D) = max f+, minσ(D) = min f−.

The claimed estimates now follow from Corollary 2.11.4 of Theorem 2.11.2

if we only use the first two terms in the asymptotic estimates (2.11.5) and

(2.11.6) therein. �

This application illustrates how the two Schur complements may be used

to investigate different spectral properties of a given block operator matrix:

Whereas the essential spectrum of the force operator A in Example 3.1.1

was determined by means of the second Schur complement, the eigenvalue

estimates used for the discrete spectrum of A were based on variational

principles for the first Schur complement.
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3.2 Diagonally dominant block operator matrices

in fluid mechanics

Linear stability in hydrodynamics is often determined by non-self-adjoint

spectral problems which, in addition, may have the non-standard form

Ax = λBx with linear operators A and B. A typical example is the famous

Orr-Sommerfeld equation describing the linear stability of a flow of a vis-

cous incompressible fluid; in this case, the operators A and B are ordinary

differential operators or order four and two, respectively, equipped with

suitable boundary conditions. On a compact interval, the Orr-Sommerfeld

problem has discrete spectrum, on the singular interval [0,∞), it also has

essential spectrum on a half-line parallel to the real axis.

Another example is the linear stability for the two-dimensional Ekman

boundary layer flow which is produced in a rotating tank with small inflow

(see [Lil66]). Here the linear operators A and B are diagonally dominant

block operator matrices whose entries are non-self-adjoint ordinary differ-

ential operators on [0,∞). In fact, the left upper equation of the 2 × 2

matrix equality Ax = λBx coincides with the Orr-Sommerfeld equation.

The essential spectrum for the Ekman boundary layer problem was rig-

orously determined in [GM04] by explicitly constructing singular sequences,

though a heuristic argument of [Spo82] already indicated the result ear-

lier. In this section we demonstrate how the method presented in Sec-

tion 2.4 facilitates the calculation of the essential spectrum (see [MT94,

Theorem 3.1]).

Example 3.2.1 The stability theory of Ekman boundary layers leads to

the system of differential equations (see [Fal63], [Lil66], [Gre80, Section 6.4])
(

(−D2+α2)2+iαRV (−D2+α2)+iαRV ′′ 2D

2D+iαRU ′ −D2+α2+iαRV

)(
y1
y2

)

= λ

(−D2+α2 0

0 I

)(
y1
y2

)
(3.2.1)

on the interval [0,∞) with boundary conditions

y1(0) = y′1(0) = y2(0) = 0, y1(∞) = y′1(∞) = y2(∞) = 0; (3.2.2)

here D = d/dx is the derivative with respect to the independent variable

x ∈ [0,∞). The constant R ≥ 0 is the Reynolds number (a measure for the

viscosity of the fluid), α ∈ R\{0} is a wave number, and the functions U , V

are the unperturbed velocity profiles. The spectral parameter λ = iαRc
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is related to the exponential time dependence of the perturbing stream

function ψ and velocity u by

ψ(x, y, t) = y1(x) exp
(
iα(y − ct)

)
, u(x, y, t) = y2(x) exp

(
iα(y − ct)

)
;

thus Reλ ≥ 0 corresponds to stability of the perturbation and Reλ < 0 to

instability. We suppose that U is differentiable, V is twice differentiable,

and U ′, V, V ′′∈L1[0,∞)∩L∞[0,∞); conditions that are less restrictive but

more complicated to describe may be found in [EE87, p. 443].

In the Hilbert space H1 = H2 = L2[0,∞), we define the operators

A := (−D2+α2)2+iαRV (−D2+α2)+iαRV ′′,

D(A) :=
{
y1 ∈W 4

2 [0,∞) : y1(0) = y′1(0) = 0
}
,

B := 2D, D(B) := W 1
2 [0,∞),

C := 2D + iαRU ′, D(C) := W 1
2 [0,∞),

D := −D2+α2 + iαRV, D(D) :=
{
y2 ∈ W 2

2 [0,∞) : y2(0) = 0
}
,

P := −D2+α2, D(P ) :=
{
y1 ∈W 2

2 [0,∞) : y1(0) = y′1(0) = 0
}
.

The domains for A, C, and D are appropriately chosen in view of the

results in [EE87, p. 443]; in fact, the terms involving U ′, V, V ′′ are relatively

compact perturbations of the respective leading terms whenever U ′, V, V ′′∈
L1[0,∞) ∩ L∞[0,∞). We introduce the block operator matrices

A :=

(
A B

C D

)
, D(A) := D(A) ⊕D(D),

B :=

(
P 0

0 I

)
, D(B) := D(P )⊕ L2[0,∞) ⊂ D(A),

in the product Hilbert space H = L2[0,∞)⊕ L2[0,∞) = L2[0,∞)2. If we

define the linear operator pencil L in L2[0,∞)2 as

L(λ) := A− λB, D
(
L(λ)

)
:= D(A), λ ∈ C,

then the Ekman problem is equivalent to the spectral problem L(λ)y = 0,

y ∈ D(L(λ)), for the linear pencil L. The essential spectrum of L is given by

σess(L) =
{
λ ∈ C : 0 ∈ σess

(
L(λ)

)}

(see (2.4.6)); so we can use our results to decide whether or not 0 belongs

to the essential spectrum of the block operator matrix L(λ) in order to

determine the essential spectrum of the linear pencil L.

To this end, we combine two methods presented in Section 2.4: First we

split off all relatively compact terms in L(λ) and write L(λ) as a relatively

compact perturbation of a block operator matrix L0(λ) whose entries are

differential operators with constant coefficients (see Theorem 2.4.1). In the
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next step we describe the essential spectrum of L0(λ) by means of the first

Schur complement (see Theorem 2.4.7).

Proposition 3.2.2 The block operator matrix L(λ) is diagonally domi-

nant of order 0 and closed for all λ ∈ C. Its essential spectrum satisfies

σess(L) = σess(L0) (3.2.3)

where the linear operator pencil L0(λ), λ ∈ C, in L2[0,∞)2 is defined as

L0(λ) :=

(
(−D2+α2)2−λ(−D2+α2) 2D

2D −D2+α2−λ

)
=:

(
A0−λP B0

C0 D0−λ

)
,

D
(
L0(λ)

)
:= D(A0)⊕D(D0) := D(A) ⊕D(D) = D

(
L(λ)

)
.

Proof. Let λ ∈C be fixed. The order of the differential operator 2D is

strictly less than the orders of the differential operators on the diagonal

and its coefficient is bounded on [0,∞). Thus C0 is (A0−λP )-bounded

with relative bound δC0 =0 and B0 is (D0−λ)-bounded with relative bound

δB0 = 0 by [EE87, Theorem IX.8.1]. This shows that L0(λ) is diagonally

dominant of order 0 (see Definition 2.2.3). Moreover, it is not difficult to

check that A0−λP and D0 − λ are closed (since so are A0 and D0). Hence

L0(λ) is closed by Theorem 2.2.7 i).

If we show that the assumptions i) and ii) of Theorem 2.4.1 are satisfied

with A0 = L0(λ) and A1 := L1(λ) := L(λ) − L0(λ), then L1(λ) is L0(λ)-

compact and all claims follow from Theorem 2.4.1.

For assumption i) we observe that δB0δC0 = 0 < 1. Since U ′, V, V ′′ ∈
L1[0,∞) ∩ L∞[0,∞), assumption [EE87, (8.13), p. 443] holds and hence,

by [EE87, Theorem IX.8.2], the operators iαRV (−D2+α2), iαRV ′′· , and

iαRU ′· are (A0−λP )-compact and the operator iαRV · is (D0−λ)-compact.

Thus also assumption ii) of Theorem 2.4.1 is satisfied. �

Proposition 3.2.3 For λ /∈ [α2,∞), we define

S1,0(λ) := A0 − λP −B0(D0 − λ)−1C0

= (−D2+α2)2 − λ(−D2+α2)− 2D(−D2+α2 − λ)−12D,

D
(
S1,0(λ)

)
:=D(A0) =

{
y1 ∈ W 4

2 [0,∞) : y1(0) = y′1(0) = 0
}
.

Then S1,0(λ) is a densely defined closed linear operator and

σess(L0) \ [α2,∞) = σess(S1,0). (3.2.4)

Proof. The operator D0 =−D2+α2−λ with D(D0) = {y2 ∈W 2
2 [0,∞) :

y2(0) = 0} is boundedly invertible if and only if λ /∈ [α2,∞), and σ(D0) =

σess(D0) = [α2,∞). Let λ /∈ [α2,∞) be fixed. The value of the first Schur
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complement of the block operator matrix L0(λ) at 0 is the operator S1,0(λ).

Hence, since L0(λ) is closed, so is S1,0(λ) by Theorem 2.2.18. The identity

(3.2.4) now follows from Theorem 2.4.7 if we observe that λ /∈ [α2,∞) if

and only if 0 /∈ [α2 − λ,∞), and hence

λ ∈ σess(L0) ⇐⇒ 0 ∈ σess

(
L0(λ)

)

⇐⇒ 0 ∈ σess

(
S1,0(λ)

)

⇐⇒ λ ∈ σess(S1,0). �

By means of Propositions 3.2.2 and 3.2.3, the calculation of the essential

spectrum of L has been reduced to the calculation of the essential spectrum

of S1,0. The latter is performed in the proof of the next theorem.

Theorem 3.2.4 The essential spectrum of the linear operator pencil L
associated with the Ekman boundary layer problem is given by

σess(L) =
{
λ ∈ C : ∃ ξ ∈ R (ξ2 + α2)(ξ2 + α2 − λ)2 + 4ξ2 = 0

}
.

10

i

−i

Figure 3.1 Essential spectrum of the Ekman boundary layer problem.

Proof. In order to calculate σess(S1,0), we define

D1(λ) := S1,0(λ)(D0 − λ), λ /∈ [α2,∞). (3.2.5)

Then D1 is a quadratic operator polynomial, the values D1(λ) are differ-

ential operators of order 6 with constant coefficients given by

D1(λ) = (−D2+α2)(−D2+α2 − λ)2 − 4D2,

D
(
D1(λ)

)
=
{
y1 ∈W 6

2 [0,∞) : y1(0) = y′′1 (0) = y′′′1 (0)− α2y′1(0) = 0
}
.

We prove that

σess(S1,0) = σess(S1,0) \ [α2,∞) = σess(D1) \ [α2,∞). (3.2.6)

To this end, let λ /∈ [α2,∞) be fixed. By [GGK90, Theorem XVII.3.1],

the product TS of a densely defined Fredholm operator T and a Fredholm

operator S is Fredholm. Since D0 − λ and its inverse (D0 − λ)−1 are both

bijective and hence Fredholm (with index 0) and S1,0(λ) is densely defined,
[GGK90, Theorem XVII.3.1] together with the relation (3.2.5) implies that

λ /∈ σess(S1,0) if and only if λ /∈ σess(D1).
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To calculate σess(D1), we introduce the (principal) symbol pλ(ξ) of the

differential operator D1(λ) for λ ∈ C,

pλ(ξ) := (ξ2 + α2)(ξ2 + α2 − λ)2 + 4ξ2, ξ ∈ R.

By well-known results on the essential spectra of differential operators (see
[EE87, Corollary IX.9.4]), we have

σess

(
D1(λ)

)
=
{
pλ(ξ) : ξ ∈ R

}
. (3.2.7)

Altogether, (3.2.4), (3.2.6), and (3.2.7) yield

σess(L0) \ [α2,∞)

=
{
λ ∈ C : 0 ∈ σess(D1(λ))

}
\ [α2,∞)

=
{
λ ∈ C : ∃ ξ ∈ R (ξ2+α2)(ξ2+α2−λ)2+ 4ξ2 = 0

}
\ [α2,∞)

=
{
λ ∈ C : ∃ ξ ∈ R (ξ2+α2)(ξ2+α2−λ)2+ 4ξ2 = 0

}
\ {α2}.

It is not difficult to show by explicit calculation that, for every λ ∈ (α2,∞),

the system of differential equations L0(λ)y = f possesses a unique solution

y ∈ D
(
L0(λ)

)
for every f ∈ L2[0,∞)2. Hence σess(L0)∩ (α2,∞) = ∅. Since

the essential spectrum is closed, and since the formula above shows that

there are points of σess(L0) \ [α2,∞) arbitrarily close to α2, it follows that

α2 ∈ σess(L0) and so, together with (3.2.3),

σess(L) = σess(L0) =
{
λ∈C : ∃ ξ ∈ R (ξ2+α2)(ξ2+α2−λ)2+ 4ξ2 = 0

}
. �

Remark 3.2.5 The first rigorous proof that the essential spectrum of the

Ekman problem has the above form was given by L. Greenberg and M. Mar-

letta in [GM04]; they transformed the problem into a 6×6 first order system

of differential equations and constructed explicit singular sequences.

If a component of the complement C\σess(L) of the essential spectrum of

L contains a point of the resolvent set ρ(L), then the spectrum in this com-

ponent consists only of eigenvalues of finite algebraic multiplicity accumu-

lating at most at the essential spectrum (see [GGK90, Theorem XVII.2.1]

and Theorem 2.1.10). The complement C\σess(L) has two components. In

the component containing the left half plane we can choose a sufficiently

small point λ− ∈ (−∞, 0) so that the distance to the spectrum [α2,∞) of

−D2+α2 is large enough and L(λ−) is bijective.

It is still an open problem whether there also exists a point λ+ in the

component in the left half plane containing the interval (α2,∞) so that

L(λ+) is bijective; in this case, since the imaginary part of this component

is bounded, it is not possible to find a point with sufficiently large distance

to [α2,∞) (see Fig. 3.1).
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3.3 Off-diagonally dominant block operator matrices

in quantum mechanics

The most prominent off-diagonally dominant block operator matrix arises

from the Dirac equation in quantum mechanics. In this section, we apply

the results of Chapter 2 to the Dirac equation in R3 and in curved space

time. Our main results include the block diagonalizability of the Dirac

operator with electromagnetic potential in R3 and eigenvalue estimates for

the angular part of the Dirac operator in the Kerr-Newman metric.

For the free Dirac operator in R3, the famous Foldy-Wouthuysen trans-

formation (see [FW50]) yields an explicit transformation of the Dirac oper-

ator into block diagonal form (see [Tha88], [Tha92, Chapter 4.3]). In the

presence of an electric field, however, such a transformation is not known

in closed form. In this case, Foldy and Wouthuysen obtained successive

approximations of the required transformation (see e.g. [BD64], [CM95])

which, however, do not converge properly. A well-behaved series with limit-

ing block diagonal operator having the same spectrum as the original Dirac

operator was established recently by M. Reiher and A. Wolf (see [RW04a]).

The existence of an exact transformation for the Dirac operator with elec-

tric field was first proved in [LT01] using the results of Section 2.7.

The Dirac equation in the so-called Kerr-Newman metric describes a

system of an electrically charged rotating massive black hole and a spin 1/2

particle. It is a remarkable fact that the corresponding system of partial

differential equations can be completely separated into a system of ordinary

differential equations (see e.g. [Pag76], [Cha98]); the differential equations

for the angular coordinate θ and the radial coordinate r are coupled in a

complicated way through a parameter that originates from the separation

process and acts as the eigenvalue parameter in the angular equation. It

is well-known that this so-called angular part of the Dirac operator in the

Kerr-Newman metric has discrete spectrum. However, until recently, only

numerical approximations of its eigenvalues were known. Analytic eigen-

value estimates were first proved by M. Winklmeier (see [Win05], [Win08])

using the variational principles presented in Section 2.10.

3.3.1 Dirac operators in R3

In this subsection we apply the results of Section 2.7 to the Dirac operator

in R3 with electromagnetic field. First we consider abstract Dirac operators

with supersymmetry, which include the free Dirac operator in R3. Due to

the commutation relations therein, the corresponding transformation into
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block diagonal form in terms of the angular operator K can be determined

explicitly. It coincides with the abstract Foldy-Wouthuysen transformation

established in [Tha92]; for the free Dirac operator, it reproduces the original

Foldy-Wouthuysen transformation from [FW50].

In the second part of this subsection, we consider Dirac operators with

electromagnetic potential in R3. Although in this case no explicit formula

for the angular operator K and hence for the transformation is known, our

results show that, under certain assumptions on the electromagnetic poten-

tial, an exact transformation of the Dirac operator into block diagonal form

exists.

Example 3.3.1 For a relativistic spin 1/2 particle in an external elec-

tromagnetic field, the Dirac operator in R3 is given by

HΦ :=

(
(mc2 + eΦ)I c ~σ ·

(
−i~∇− e

c
~A
)

c ~σ ·
(
−i~∇− e

c
~A
)

(−mc2 + eΦ)I

)
(3.3.1)

in the space H = L2(R3)2 ⊕ L2(R3)2. Here m and e are the mass and

charge, respectively, of the particle, c is the velocity of light, ~ the Planck

constant, ~σ = (σ1 σ2 σ3) is the vector of the Pauli matrices

σ1 :=

(
0 1

1 0

)
, σ2 :=

(
0 −i

i 0

)
, σ3 :=

(
1 0

0 −1

)
,

Φ : R3 → R is a potential, and ~A : R3 → R3 a vector potential. The

corresponding electric field ~E and magnetic field ~B are determined by virtue

of ~E = ∇Φ and ~B = rot ~A (see e.g. [Tha92], [Win00]).

Definition 3.3.2 LetH1, H2 be Hilbert spaces, let A, D be bounded self-

adjoint operators in H1, H2, respectively, and B a densely defined closed

linear operator from H2 to H1. Then the self-adjoint block operator matrix

A =

(
A B

B∗ D

)
, D(A) = D(B∗)⊕D(B),

is called abstract Dirac operator with supersymmetry in H = H1 ⊕H2 if

D
(
D(B)

)
⊂ D(B), BD y = −AB y, y ∈ D(B),

A
(
D(B∗)

)
⊂ D(B∗), B∗Ax = −DB∗x, x ∈ D(B∗).

(3.3.2)

Note that the commutation relations (3.3.2) imply that onD(B∗)⊕D(B)
(
A 0

0 D

)(
0 B

B∗ 0

)
+

(
0 B

B∗ 0

)(
A 0

0 D

)
= 0.



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Applications in mathematical physics 229

Remark 3.3.3 Let A be an abstract Dirac operator with supersymmetry.

If A and −D are positive, we may assume without loss of generality that

B and B∗ are injective.

In fact, by the supersymmetry assumptions (3.3.2), kerB is D-invariant

and kerB∗ is A-invariant. Hence the subspaces kerB∗⊕{0} and {0}⊕kerB

are A-invariant, and we can consider the operator A in the reduced space

H̃ =
(
H1 	 kerB∗

)
⊕
(
H2 	 kerB

)
.

Since A is positive and hence
(
A (x 0)t, (x 0)t

)
= (Ax, x) > 0 for all

x ∈ H1, x 6= 0, the subspace kerB∗ ⊕ {0} belongs to the spectral subspace

L+ of A corresponding to (0,∞); analogously, {0} ⊕ kerB belongs to the

spectral subspace L− of A corresponding to (−∞, 0). If L̃+ and L̃− are the

spectral subspaces of the reduced operator Ã corresponding to (0,∞) and

(−∞, 0), respectively, then the spectral subspaces L+, L− of A are given by

the orthogonal sums L+ = L̃+⊕
(
kerB∗⊕{0}

)
, L− = L̃− ⊕

(
{0}⊕ kerB

)
.

Theorem 3.3.4 Let A be an abstract Dirac operator with supersymmetry

in H = H1 ⊕H2, and let A and −D be positive and boundedly invertible.

Then the operator K : H1 → H2 and its graph G(K) given by

K := B∗
(
A+ (A2 +BB∗)1/2

)−1
, G(K) :=

{(
x

Kx

)
: x ∈ H1

}
(3.3.3)

have the following properties:

i) K is a strict contraction in H1, K
(
D(B∗)

)
⊂ D(B), and K satisfies the

Riccati equation
(
KBK +KA−DK −B∗

)
x = 0, x ∈ D(B∗).

ii) G(K) is an A-invariant subspace, i.e. A
(
G(K) ∩ D(A)

)
⊂ G(K), and

G(K) ∩ D(A) =

{(
x

Kx

)
: x ∈ D(B∗)

}
;

it coincides with the spectral subspace L+ of A corresponding to (0,∞).

Proof. i) First we show that D(K) = H1 and K
(
D(B∗)

)
⊂D(B). Since

A is positive and boundedly invertible, so is the operatorA+(A2+BB∗)1/2.

By means of quadratic forms (see e.g. [Kat95, Sections VI.2.6 and VI.2.7])

and using D(B∗) ⊂ D(A), we see that

D
(
(A2 +BB∗)1/2

)
= D

(
(BB∗)1/2

)
= D(B∗) = D

(
A+ (A2 +BB∗)1/2

)

The last equality yields D(K) = H1 and, for x ∈ D(B∗),
(
A+ (A2 +BB∗)1/2

)−1
x ∈ D

((
A+ (A2 +BB∗)1/2

)2)
= D(BB∗),

which implies that Kx ∈ D(B).
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In order to prove thatK is a strict contraction, we first show that A com-

mutes with BB∗. In fact, if x ∈ D(BB∗), then x ∈ D(B∗) and B∗x ∈ D(B).

Now the supersymmetry assumptions (3.3.2) show that Ax ∈ D(B∗),

B∗Ax = −DB∗x ∈ D(B), and BB∗Ax = −BDB∗x = ABB∗x. Then A

and A1/2 also commute with (A2 +BB∗)1/2. Now let x ∈ H1 be arbitrary

and set y :=
(
A+ (A2 +BB∗)1/2

)−1
x. Since A is positive, it follows that

‖x‖2 =
∥∥(A+ (A2 +BB∗)1/2

)
y
∥∥2

= ‖Ay‖2 +
(
(A2 +BB∗)y, y

)
+ 2
(
(A2 +BB∗)1/2A1/2y,A1/2y

)

>
(
(A2 +BB∗)y, y

)
> ‖B∗y‖2 = ‖Kx‖2.

Next we prove that K satisfies the Riccati equation in i). For this, let

x ∈ D(B∗) and set y :=
(
A+(A2 +BB∗)1/2

)−1
x. Then B∗y = Kx ∈ D(B)

and hence y ∈ D(BB∗). Since A commutes with (A2 +BB∗)1/2, we have
(
(A2 +BB∗)1/2 −A

)(
(A2 +BB∗)1/2 +A

)
y = BB∗y (3.3.4)

and hence

(A2 +BB∗)1/2x = (A+BK)x. (3.3.5)

Using the supersymmetry assumptions (3.3.2), the fact that A commutes

with (A2 +BB∗)1/2, and (3.3.5), we obtain

(B∗ +DK)x =
(
B∗ −B∗A

(
A+ (A2 +BB∗)1/2

)−1)
x

= B∗
(
I −

(
A+ (A2 +BB∗)1/2

)−1
A
)
x

= B∗
(
A+ (A2 +BB∗)1/2

)−1
(A2 +BB∗)1/2x

= K
(
A+ BK

)
x.

ii) TheA-invariance of G(K) is immediate from the Riccati equation in i)

(compare the proof of Proposition 2.9.12). The formula for G(K) ∩ D(A)

follows from the inclusion K
(
D(B∗)

)
⊂ D(B) proved in i). In order to

show that G(K) = L+ = L(0,∞)(A), it suffices to prove that

(Ax,x) ≥ 0, x∈G(K) ∩ D(A), (3.3.6)

(Ax,x) ≤ 0, x∈G(K)⊥ ∩ D(A), G(K)⊥=

{(−K∗y

y

)
: y ∈ H2

}
. (3.3.7)

Using the Riccati equation, we see that, for x ∈ D(B∗),
((

A B

B∗ D

)(
x

Kx

)
,

(
x

Kx

))
=
(
(I +K∗K)(A+BK)x, x

)

=
(
(A+K∗KA+BK +K∗KBK)x, x

)
.
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The operator A is positive by assumption. Since A commutes with

(A2 +BB∗)1/2 and by the supersymmetry assumptions (3.3.2), we have

KA = B∗
(
A+ (A2 +BB∗)1/2

)−1
A = B∗A

(
A+ (A2 +BB∗)1/2

)−1

= −DB∗
(
A+ (A2 +BB∗)1/2

)−1
= −DK.

Hence the operator K∗KA = −K∗DK is non-negative on D(B∗) since −D
is positive. The operator BK is non-negative on D(B∗) since, by (3.3.5),

BK =
(
(A2 +BB∗)1/2 −A

)
≥ 0.

Finally, the operator K∗KBK is non-negative because of the inequality

KB = B∗
(
A+ (A2 +BB∗)1/2

)−1
B ≥ 0.

This completes the proof of (3.3.6). For the proof of (3.3.7) we observe that,

by the supersymmetry conditions (3.3.2), for x∈D(B) we have D2x∈D(B)

and B(D2 +B∗B)x = (A2 +BB∗)Bx. By the assumptions on A and −D,

the operators D2 +B∗B, A2 + BB∗ are boundedly invertible and so

(A2 +BB∗)−nBx = B(D2 +B∗B)−nx, n ∈ N.

Since the square root can be approximated by polynomials, this implies

that (A2 +BB∗)−1/2B = B(D2 +B∗B)−1/2 and hence, again by (3.3.2),
(
A+ (A2 +BB∗)1/2

)
Bx = B

(
−D + (D2 +B∗B)1/2

)
x.

Altogether, we have shown that, for x ∈ D(B),

K∗x =
(
A+ (A2 +BB∗)1/2

)−1
Bx = B

(
−D + (D2 +B∗B)1/2

)−1
x.

Since K and hence K∗ are bounded and D(B) is dense in H2, it follows that

K∗ = B
(
−D + (D2 +B∗B)1/2

)−1
.

This formula is completely analogous to the formula for K, with A replaced

by −D and B by B∗. Hence (3.3.7) follows in a similar way as (3.3.6). �

Since the abstract Dirac operator A from Theorem 3.3.4 satisfies the

assumptions of Theorem 2.7.7, the operator K given by (3.3.3) is, in fact,

the angular operator established in Theorem 2.7.7. Using Corollary 2.7.8,

we now obtain an explicit formula for the unitary operator transforming A
into block diagonal form.

Corollary 3.3.5 Let A be an abstract Dirac operator with supersymmetry

in H = H1 ⊕H2 with A and −D positive and boundedly invertible. Set

K := B∗
(
A+ (A2 +BB∗)1/2

)−1
, K∗ := B

(
−D + (D2 + B∗B)1/2

)−1

and define
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U :=

(
I −K∗

K I

)(
(I +K∗K)−1/2 0

0 (I +KK∗)−1/2

)
.

Then U is a unitary operator in H and on D(B∗)⊕D(B) we have

U−1

(
A B

B∗ D

)
U =

(
(A2 +BB∗)1/2 0

0 −(D2 +B∗B)1/2

)
.

Proof. Since K is the angular operator from Theorem 2.7.7, the equality

U∗U = I follows from (2.8.2); the proof for U∗U is similar. If we set

Γ+ := (I +K∗K)−1/2, Γ− := (I +KK∗)−1/2, then Theorem 2.8.1 yields

U−1

(
A B

B∗ D

)
U =

(
Γ+ 0

0 Γ−

)−1(
A+BK 0

0 D −K∗B∗

)(
Γ+ 0

0 Γ−

)
;

note that Corollary 2.7.25 together with the inclusion K
(
D(B∗)

)
⊂ D(B)

implies that D+ = D(B∗), D− = D(B). By (3.3.5), we have

A+BK = (A2 +BB∗)1/2;

analogously, one can show that D −K∗B∗ = −(D2 +B∗B)1/2. It remains

to be proved that e.g. Γ−1
+ (A + BK)Γ+ = (A2 + BB∗)1/2, that is, Γ+

commutes with (A2 +BB∗)1/2. From (3.3.4) it follows that

BB∗ =
(
A+ (A2 +BB∗)1/2

)2 − 2A
(
A+ (A2 +BB∗)1/2

)

and hence

I +K∗K = I +
(
A+ (A2 +BB∗)1/2

)−1
BB∗

(
A+ (A2 +BB∗)1/2

)−1

= 2
(
I −A

(
A+ (A2 +BB∗)1/2

)−1
)
.

Using the Neumann series for Γ2
+ = (I+K∗K)−1, one can now deduce that

Γ+ commutes with (A2 +BB∗)1/2. �

Remark 3.3.6 The Dirac operator H0 in R3 without electric poten-

tial, i.e. Φ = 0 in (3.3.1), satisfies the supersymmetry assumptions (3.3.2).

According to the previous corollary, it is unitarily equivalent to the operator
((
m2c4+c2

(
−i~∇− e

c
~A
)2−ec ~σ· ~B

)1/2
0

0 −
(
m2c4+c2

(
−i~∇− e

c
~A
)2−ec ~σ · ~B

)1/2

)
.

The corresponding unitary transformation in Corollary 3.3.5 is called Foldy-

Wouthuysen transformation in quantum mechanics (see [Tha92, Theo-

rem 5.13]). In this case, the subspaces L+ and L− from Theorem 3.3.4

correspond to the so-called electronic and positronic subspace, respectively.
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If the potential Φ is not a constant, the Dirac operator HΦ is no longer

supersymmetric. Nevertheless, the existence of a transformation bringing

it into block diagonal form is guaranteed e.g. if the norm of the potential is

sufficiently small; it should be possible to extend this result also to relatively

bounded potentials that do not close the spectral gap.

Theorem 3.3.7 Suppose that ~A is i~∇-bounded with relative bound < 1

and that Φ is a bounded multiplication operator in L2(R3)2 with

‖eΦ‖ ≤ mc2. (3.3.8)

Then the Dirac operator HΦ is self-adjoint on H1(R3)4=H1(R3)2⊕H1(R3)2

where H1(R3) is the first order Sobolev space. If we set

L+ := L(0,∞) u

{(
x

0

)
∈H1(R3)4 : ∃ y∈H1(R3)2

(
x

y

)
∈kerHΦ

}
,

L− := L(−∞,0) u

{(
0

y

)
∈H1(R3)4 : ∃x∈H1(R3)2

(
x

y

)
∈kerHΦ

}
,

then H1(R3)4 = L+ u L− and the subspaces L± have representations

L+ =

{(
x

Kx

)
: x ∈ L2(R3)2

}
, L− =

{(−K∗y

y

)
: y ∈ L2(R3)2

}

with a contraction K : L2(R3)2 → L2(R3)2. On the subspaces

D+ :=
{
x ∈ H1(R3)2 : Kx ∈ H1(R3)2

}
,

D− :=
{
y ∈ H1(R3)2 : K∗y ∈ H1(R3)2

}
,

the Dirac operator HΦ admits the block diagonalization

V−1

(
mc2+eΦ c ~σ ·

(
−i~∇− e

c
~A
)

c ~σ ·
(
−i~∇− e

c
~A
)

−mc2+eΦ

)
V

=

(
mc2+eΦ + c ~σ ·

(
−i~∇− e

c
~A
)
K 0

0 −mc2+eΦ + c ~σ ·
(
−i~∇− e

c
~A
)
K∗

)
,

where the transformation matrix is given by

V :=

(
I −K∗

K I

)
.

If the norm inequality (3.3.8) is strengthened to ‖eΦ‖ < mc2, then
(
−mc2 + ‖eΦ‖ ,mc2 − ‖eΦ‖

)
⊂ ρ(HΦ),

and the contraction K is uniform.
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Proof. The self-adjointness of HΦ follows from the Kato-Rellich Theo-

rem (see [Kat95, Theorem V.4.3]). All other statements follow from Theo-

rem 2.7.7 together with Remark 2.7.12 and from Theorem 2.8.1. �

Remark 3.3.8 The assumption on ~A is satisfied e.g. if, for some p > 3,
~A ∈ Lp(R3) + L∞(R3) (see [Pro63]).

3.3.2 The angular part of the Dirac equation

in the Kerr-Newman metric

The Dirac equation in the so-called Kerr-Newman metric describes an elec-

trically charged rotating massive black hole. Separation of variables in

the corresponding system of partial differential equations leads to two sys-

tems of ordinary differential equations for the angular coordinate θ and the

radial coordinate r; the coupling parameter λ is the spectral parameter for

the angular part and appears as a parameter in the radial spectral problem.

The latter has essential spectrum covering the whole real axis (see [BM99]),

whereas the angular part has discrete spectrum (see [Win05] and below).

Any knowledge about the eigenvalues of the angular part may be useful to

decide whether or not the full Dirac equation in the Kerr-Newman metric

possesses eigenvalues.

In this section, we investigate the spectral problem of the angular part of

the Dirac equation in the Kerr-Newman metric. The corresponding system

of differential equations for the angular coordinate θ∈(0, π) is of the form






−am cos θ
d

dθ
+
k + 1/2

sin θ
+ aω sin θ

− d

dθ
+
k + 1/2

sin θ
+ aω sin θ am cos θ


− λ


Ψ = 0

where a ∈ R is the angular momentum per unit mass of the black hole,

m ≥ 0 is the mass of the spin 1/2 particle, k ∈ Z is related to the motion

perpendicular to the symmetry axis, and ω ∈ R is the energy of the particle.

Lemma 3.3.9 In the Hilbert space L2(0, π), we define the operators

A := −am cos( · ) · , D(A) := L2(0, π),

and, for k ∈ Z,

Bk :=
d

dθ
+
k + 1/2

sin( · ) + aω sin( · ),

D(Bk) :=

{
g∈L2(0, π) : g absolutely continuous, g′+

k+1/2

sin( · ) g∈L2(0, π)

}
.
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Then A is bounded and self-adjoint, ‖A‖ = |am| and σ(A) =
[
−|am|, |am|

]
.

The operator Bk is boundedly invertible and has compact resolvent. The

eigenvalues νn(BkB
∗
k), n ∈ N, of BkB

∗
k satisfy the two-sided estimates

νn(BkB
∗
k) ≥ ν−n (BkB

∗
k) := max

{
0,
(
|k + 1/2| − 1/2 + n

)2
+ Ω−

}
,

νn(BkB
∗
k) ≤ ν+

n (BkB
∗
k) :=

(
|k + 1/2| − 1/2 + n

)2
+ Ω+

(3.3.9)

with

Ω− := 2(k + 1/2) aω− |aω|,

Ω+ :=

{
a2ω2 + 1/4 + 2(k + 1/2) aω if 2 aω /∈ [−1, 1 ],

2(k + 1/2) aω+ |aω| if 2 aω ∈ [−1, 1 ].

Proof. The assertions for A are obvious. That Bk is closed follows

from the theory of ordinary differential equations (e.g. noting that Bk is

the adjoint of the differential operator in the other off-diagonal corner);

the estimates (3.3.9) follow with the help of Sturm’s comparison theorem

(see [Win05] for details). �

Remark 3.3.10 If a = 0, then Ω− = Ω+ = 0. Then the upper and

lower bound in the estimates (3.3.9) coincide and yield the true eigenvalues

νn(BkB
∗
k) =

(
|k + 1/2| − 1/2 + n

)2
.

Theorem 3.3.11 The operator of the angular part of the Dirac equation

in the Kerr-Newman metric is given by the block operator matrix

Hang :=

(
A Bk

B∗
k −A

)
, D(Hang) := D(B∗

k)⊕D(Bk),

in L2(0, π)⊕L2(0, π) with the operators A, Bk defined as in Lemma 3.3.9.

It is self-adjoint and has compact resolvent. The eigenvalues of Hang form

two sequences (λn)n∈N, (λ−n)n∈N with λn→∞, λ−n→−∞ if n→∞.

Proof. We decompose

Hang =

(
0 Bk

B∗
k 0

)
+

(
A 0

0 −A

)
=: S + T . (3.3.10)

Then S is self-adjoint with compact resolvent since Bk is closed (see Propo-

sition 2.6.3) with compact resolvent, and T is bounded and self-adjoint; the

eigenvalues of S are the two sequences
(
νn(BkB

∗
k)
)
n∈N

,
(
−νn(BkB

∗
k)
)
n∈N

.

Hence standard perturbation arguments (see [Kat95, Theorems IV.3.17,

V.4.3, V.4.10]), together with the estimates (3.3.9), yield all claims. �
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In the following we give two different eigenvalue estimates for Hang.

First we apply the variational principle from Theorem 2.10.4 to obtain

upper and lower bounds for all eigenvalues of Hang (see [Win05, Theo-

rem 4.32]), [Win08, Theorem 5.4]). This estimate only depends on the

quantity am; it may also be obtained by perturbation arguments for the

decomposition (3.3.10). For the smallest eigenvalue in modulus, we derive

another estimate in terms of the product aω by means of a unitary trans-

formation of Hang and arguments similar to those of Theorem 2.5.18 and

Remark 2.5.19 on the spectral gap (see [Win05, Theorem 5.10]).

Theorem 3.3.12 Let (λn)∞n=m++1 with m+ ∈ N0 be the increasing

sequence of eigenvalues of Hang in the interval
(
|am|,∞

)
. Moreover, let

the functionals λ+(x, y) be defined as in formula (2.10.5) for x ∈ D(B∗
k),

y ∈ D(Bk), and let S1(λ) = A − λ + Bk(A + λ)B∗
k , λ > |am|, be the first

Schur complement of Hang as defined in Proposition 2.10.1. Then

κ := κ−(γ) = dimL(−∞,0)S1(γ) <∞
for all γ ∈

(
|am|, λm++1

)
and the eigenvalues of Hang satisfy

λm++n = min
L⊂D(BkB∗

k
)

dimL=m++κ

max
x∈L
x6=0

max
y∈D(Bk )

y 6=0

λ+

(
x

y

)
; (3.3.11)

in terms of the physical parameters a,m, ω, they can be estimated by
√
ν−κ+n(BkB∗

k)− |am| ≤ λm++n ≤
√
ν+

κ+n(BkB∗
k) + |am|; (3.3.12)

here ν±n+n0
(BkB

∗
k) are the bounds for the eigenvalues of BkB

∗
k in (3.3.9).

Proof. For λ > |am|, the operator Bk(A + λ)B∗
k is positive and hence

dimL(−∞,0)

(
Bk(A + λ)B∗

k

)
= 0. Moreover, since Bk(A + λ)B∗

k has com-

pact resolvent by Lemma 3.3.9 and A − λ is bounded, it follows that

dimL(−∞,0)

(
A− λ+ Bk(A + λ)B∗

k

)
<∞. Thus the index shift κ is finite.

Now formula (3.3.11) follows from Theorem 2.10.4; the estimate (3.3.12) is

a consequence of Theorem 2.11.5 and of the estimates (3.3.9). �

If the quantity |am| is large, the above eigenvalue bounds are of limited

use. In this case, the following alternative estimate may give a better bound

for the smallest eigenvalue in modulus.

Theorem 3.3.13 Assume that the physical constants a, ω satisfy

sign(k + 1/2) aω ≥ −|k + 1/2|.
Then every eigenvalue λ of Hang satisfies |λ| > λgap with
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λgap :=

{
sign(k + 1/2)

(
aω + k + 1/2

)
if |aω| ≥ |k+1/2|,

2
√
aω(k + 1/2) if sign(k+1/2) aω > |k+1/2|.

Proof. The block operator matrix

U :=
1√
2

(
I I

−I I

)

defines a unitary transformation of L2(0, π) ⊕ L2(0, π). If we define the

formal differential expressions

τA :=
k+1/2

sin( · ) + aω sin( · ), τB :=
d

dθ
+ am cos( · ), τ∗B :=− d

dθ
+ am cos( · ),

then the operator HU
ang :=UHang U−1 with domain D(HU

ang) =U D(Hang)

is given by

D
(
HU

ang

)
=

{(
f + g

f − g

)
: f ∈ D(B∗), g ∈ D(B)

}

=

{(
x

y

)
∈L2(0, π)2:τAx+ τBy∈L2(0, π), τ∗Bx− τAy∈L2(0, π)

}
,

HU
ang

(
x

y

)
=

(
τAx+ τBy

τ∗Bx− τAy

)
;

note that, in general, HU
ang is no longer a block operator matrix since its

domain may not decouple.

Let λ∈σp(Hang)=σp(HU
ang) be an eigenvalue with corresponding eigen-

function (x y)t ∈D(AU ). We can show that the scalar products (τAx, x),

(τAy, y), and (τBy, x) = (τ∗Bx, y) exist and hence

(τAx, x)−λ‖x‖2 = −(τBy, x), −(τAy, y)−λ‖y‖2= −(τ∗Bx, y). (3.3.13)

Now assume k + 1/2 > 0; the case k + 1/2 < 0 is analogous. It is not hard

to see that k + 1/2

sin θ
+ aω sin θ ≥ λgap ≥ 0, θ ∈ (0, π),

if sign(k + 1/2) aω ≥ −|k + 1/2|, and λgap is attained in at most one point

θ ∈ (0, π). Thus (τAx, x) > λgap‖x‖2 for all x ∈ L2(0, π) for which the

scalar product exists. In both equations in (3.3.13), the left hand side is real

and hence so are the right hand sides. This implies (τBy, x) = (τBy, x) =

(x, τBy) = (τ∗Bx, y). Hence, subtracting the equations in (3.3.13), we obtain

λ
(
‖x‖2 − ‖y‖2

)
= (τAx, x) + (τAy, y) > λgap

(
‖x‖2 + ‖y‖2

)
≥ 0. (3.3.14)

It follows that λ 6= 0 and ‖x‖ 6= ‖y‖, and that λ > 0 if and only if ‖x‖ > ‖y‖.
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If λ > 0, then

λ > λgap
‖x‖2 + ‖y‖2
‖x‖2 − ‖y‖2 ≥ λgap.

If λ < 0, then ‖x‖2 − ‖y‖2 < 0 and

λ < λgap
‖x‖2 + ‖y‖2
‖x‖2 − ‖y‖2 ≤ −λgap. �

Remark 3.3.14 Numerical approximations for the eigenvalues of Hang

were calculated by K.G. Suffern, E.D. Fackerell, and C.M. Cosgrove, and by

S.K. Chakrabarti (see [SFC83], [Cha84]). In [SFC83] the authors employed

a series ansatz for the eigenfunctions in terms of hypergeometric func-

tions and obtained a three term recurrence relation for the coefficients.

They expanded the eigenvalues in terms of a(m − ω) and a(m + ω) and

approximated them numerically for −5 ≤ k ≤ 4 and two fixed pairs of

values of am and aω. In Table 3.1 the numerical approximations λnum

from [SFC83] for the first eigenvalue are compared to the corresponding

lower bounds λvar from Theorem 3.3.12 and λgap from Theorem 3.3.13 for

0 ≤ k ≤ 4, am = 0.25, and aω = 0.75; note that Theorem 3.3.13 applies

since aω = 0.25 ≥ |k + 1/2|. Moreover, one can show that κ = 0 and

m+ = 0 in Theorem 3.3.12.

Table 3.1 Numerical values and analytic lower bounds for the

first positive eigenvalue in the case am = 0.25 and aω = 0.75.

k 0 1 2 3 4

λnum 1.59764 2.65654 3.68229 4.69685 5.70622
λvar 0.75000 2.09521 3.21410 4.27769 5.31776
λgap 1.22474 2.25000 3.25000 4.25000 5.25000

0

1

2

3

4

5

6

0 1 2 3 4

wave number k

λnum

λgap

λvar
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eigenvalues of Dirac operators. Calc. Var. Partial Differential Equa-
tions, 10(4):321–347, 2000.

[DES00c] Dolbeault, J., Esteban, M. J., Séré, E. Variational methods in rel-
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[GM81] Glöckle, W., Müller, L. Relativistic theory of interacting particles.
Phys. Rev. C, 23(3):1183–1195, 1981.

[GKK90] Godunov, S. K., Kiriljuk, O. P., Kostin, V. I. Spectral portraits of
matrices. Inst. of Math. Acad. Sci. USSR, Technical Report, 3, 1990.

[Goe83] Goedbloed, J. Lecture notes on ideal magnetohydrodynamics. Riijn-
huizen Report, pp. 83–145, 1983.

[Gol66] Goldberg, S. Unbounded linear operators: Theory and applications.
McGraw-Hill Book Co., New York, 1966.

[Gol85] Goldstein, J. A. Semigroups of linear operators and applications.
Oxford Mathematical Monographs. The Clarendon Press Oxford Uni-
versity Press, New York, 1985.



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Bibliography 247

[GGK90] Gohberg, I. C., Goldberg, S., Kaashoek, M. A. Classes of Linear Oper-
ators. I, vol. 49 of Oper. Theory Adv. Appl. Birkhäuser, Basel, 1990.
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51(3):231–263, 1989.

[GG77] Grubb, G., Geymonat, G. The essential spectrum of elliptic systems
of mixed order. Math. Ann., 227(3):247–276, 1977.

[GG79] Grubb, G., Geymonat, G. Eigenvalue asymptotics for selfadjoint ellip-
tic mixed order systems with nonempty essential spectrum. Boll. Un.
Mat. Ital. B (5), 16(3):1032–1048, 1979.

[GR97] Gustafson, K. E., Rao, D. K. M. Numerical Range. Universitext.



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

248 Spectral Theory of Block Operator Matrices

Springer, New York, 1997. The field of values of linear operators and
matrices.

[Hal69] Halmos, P. R. Two subspaces. Trans. Amer. Math. Soc., 144:381–389,
1969.

[Hal82] Halmos, P. R. A Hilbert space problem book, vol. 19 of Grad. Texts in
Math. Springer, New York, 2nd ed., 1982.

[HM01] Hardt, V., Mennicken, R. On the spectrum of unbounded off-diagonal
2×2 operator matrices in Banach spaces. In Recent advances in oper-
ator theory (Groningen, 1998 ), vol. 124 of Oper. Theory Adv. Appl.,
pp. 243–266. Birkhäuser, Basel, 2001.

[HMM02] Hardt, V., Mennicken, R., Motovilov, A. K. A factorization theorem
for the transfer function associated with a 2×2 operator matrix having
unbounded couplings. J. Operator Theory, 48(1):187–226, 2002.

[HMM03] Hardt, V., Mennicken, R., Motovilov, A. K. Factorization theorem for
the transfer function associated with an unbounded non-self-adjoint
2× 2 operator matrix. In Singular integral operators, factorization
and applications, vol. 142 of Oper. Theory Adv. Appl., pp. 117–132.
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[Hil66] Hildebrandt, S. Über den numerischen Wertebereich eines Operators.
Math. Ann., 163:230–247, 1966.

[HP92] Hinrichsen, D., Pritchard, A. J. On spectral variations under bounded
real matrix perturbations. Numer. Math., 60(4):509–524, 1992.

[HP05] Hinrichsen, D., Pritchard, A. J. Mathematical systems theory. I. Mod-
elling, state space analysis, stability and robustness, vol. 48 of Texts
in Applied Math. Springer, Berlin, 2005.

[HJ91] Horn, R. A., Johnson, C. R. Topics in Matrix Analysis. Cambridge
University Press, Cambridge, 1991.

[HSV00] Hryniv, R. O., Shkalikov, A. A., Vladimirov, A. A. Differential oper-
ator matrices of mixed order with periodic coefficients. In Differential
operators and related topics, vol. I (Odessa, 1997 ), vol. 117 of Oper.
Theory Adv. Appl., pp. 155–164. Birkhäuser, Basel, 2000.
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Engl. transl. Amer. Math. Soc. Transl. (2), 13 (1960), 105–157.
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[Lid59b] Lidskĭı, V. B. Non-selfadjoint operators with a trace. Dokl. Akad.
Nauk SSSR, 125:485–487, 1959. In Russian.

[Lif85] Lifschitz, A. E. The Fermi golden rule for ideal magnetohydrodynam-
ics. J. Plasma Phys., 33:249–256, 1985.

[Lif89] Lifschitz, A. E. Magnetohydrodynamics and spectral theory, vol. 4 of
Developments in Electromagnetic Theory and Applications. Kluwer



3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

254 Spectral Theory of Block Operator Matrices

Academic Publishers Group, Dordrecht, 1989.
[Lil66] Lilly, D. On the instability of the Ekman boundary flow. J. Atmo-

spheric Sci., 23:481–494, 1966.
[Lin03] Linden, H. The quadratic numerical range and the location of zeros

of polynomials. SIAM J. Matrix Anal. Appl., 25(1):266–284, 2003.
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[Var04] Varga, R. S. Geršgorin and his circles, vol. 36 of Springer Series in
Comp. Math.. Springer, Berlin, 2004.
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